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IIpegucaoBue

Ilpennaraemas KHuUra cocraBjeHa mo yuebuuxky M. f. Ilpa-
TyceBuua, K. H. Crosn6oBa u A. H. I'ostoBuHa «AJjredopa u Ha-
yajla MaTeMaTHuecKoro amaimsa. 11 KJjacc», IIpeqHasHaYeH-
HOMY [OJIs TPOMPUIBHOTO HM3yueHHUs. MeToanuecKue pPeKOMeH-
Jaluy SBJIAIOTCSA JOTUYECKUM ITPOMOJIMKEeHUEeM aHaJOTUUYHON
kHuru aiadg 10 Kiacca.

B coctaBe aBTOpOB KHUTM — YUYHUTEJA, MCIIOJIH30BABIIHE
yueOHUK B IIOBCEJHEBHOUW NPaKTUUYECKOU paboTe B KJaccax
dusuro-maremaruueckoro Jjguies Ne 239 u junea «Pusuko-
TexHnueckad Imrkosia» Cankt-IleTepOypra.

ITocKoJIBKY OAHOII M3 OCHOBHBIX OCOOEHHOCTEH yuyeOHUKa
ABJSAETCA Haludue OOJIBIIIOTO YHCJa 3aJad, CPeaud KOTOPBIX
€CTh U BeChbMa CJIOKHBLIE, B METOAUUYECKUX PEKOMEHIAIUAX
M3JI0KEeHBI PeIeHUs WU YKasaHWusA K PeIleHnui0 HEeKOTOPBIX
3amady, K 0oJiee IPOCTHIM 3ajlayaM IIPUBEJEHBI OTBETHI.

OTMeTM, YTO B TeKCTe maparpadoB yueOHUKA HMEIOTCS
KaK HeoOXOAMMBbI€ TeOpeTUUecKHe CBeJeHWA, TaK U MHOTO-
YKCJeHHbIe IPUMEPhl PellleHnsa 3aadu pasJIndyHON TPYIHOCTH,
MPUYEM MBJI0KEHHBIEe C TOUKHU 3PEeHUS TOT0, KaK MOKHO IIpPU-
IyMaTh COOTBETCTBYIOII[eE peIlleHIe.

CrpyKkTypa MaTepuaja ydeOHHKA II03BOJSIET K KOHILY
yueOHOTr0o rofa yAeJUTh OOJIbIIle BHUMAHUSA 3aJaHUSIM HTOTO-
BOM aTTecTaIluU.

ABTOpCKasa KOHIENIUA IIpeArnoJaraeT OTCYTCTBUe B yuel-
HUKe oTBeTOB. IlojlaraeM HeZONYCTHMBIM HajJInuune B yUueOHU-
Ke OTBeTOB, a TeM OoJiee pellleHUil 3amad, IpeqHa3HAUEHHBIX
IJIA CAaMOCTOATENbHON paboThl ydaluxcda. ITO Ne30PUEHTUPY-
eT yuYeHMKa, HeBOJLHO 3aCTaBJIsAeT ero IOATOHATHL peIleHue
IO TOTOBBLINI OTBET, a TaKsKe IMpeHeOperaTh ComeprKaHueM 3a-
Iauu pagyd BBIUMCJIEHUIH.

ABTOpPHI TIOTIBITAJINCH IIEPEIaTh CBOI OIBIT ITPEIOoaBaHMUsI
II0 JAaHHOMY YVUYeOHMKY B eQUHOII MeTOAMUYEeCKOil cucreme,
IIpeaIogaraolneii n3yueHrne TeOpuUd Ha YPOBHE, COOOpasHOM
YPOBHIO MaTeMaTHYeCKON KYJbTYpPhl KJacca, B COUETAHUU C
pertieHreM OOJBIIIOTO YMCJIa PAas3HOILIAHOBBIX 3a4ad.

B HekKoTOpBIX pasmesax OPUBEAEHBI AOIMOJHUTEJIbHBIE 3a-
Iaum, pellleHre KOTOPBIX, II0 MHEHHIO aBTOPOB, MOJKET CIIO-
cobcTBOBATh 00Jiee YCIIEIIIHOMY M3YVUYEHUIO MaTepuaJia.

B kHure mpuBemeHO TaK)Ke TeMaTHUeCKOe ILJIaHUPOBaHUE
n3ydeHUdA KaKkgoii ruaswl. Ilomaraem, uTo yray0JéHHOe
n3ydyeHWe MaTeMATUKN HaCTOJbKO WHIAWBUIYAJIBHO, YTO He
CYII[ECTBYET BO3MOYKHOCTH CO3JaTh BapuaHT 0oJjiee IIOAPOOHO-
ro (Hampumep, IIOYPOUHOTO) IIaHuUpoBaHus. Kpome Toro,
cunTaeM KOJLJIer, paboTamIuxXx B KJjaccax C yriayOJEéHHBIM
U3yueHeM MAaTeMaTHUKU, TOCTATOUYHO IIPO(ecCHOHATbHBIMU,
YTOOBI, OTTAJKHBAsSCHL OT BBLIOPAHHOTO MMM COIEPKaHUI,
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CaMOCTOSATEJIBLHO pas3paboTaTh COOTBETCTBYIOIEe IIJIaHUPOBA-
HUEe. Bmec're C TeM BapHAHTHI IIJIAHNPOBAHUA M KOHTPOJIbHBIE
pa6oThel MO TeMaM ONyOJMKOBAHBI B rasere «MaremaTura»
(2009 r. — Ne 10).

IloguepkHEM aBTOPCKUM B3IJIAA Ha BOIIPOCHI O(popMIIeHUA
pertteruii 3amau. ITomaraem, 4TO 9TH BOIIPOCHI HE JOJIKHBI BBI-
XO4UTHh Ha HepBBIfI IIJlaH, HO TeM He€e MeHee OTAeJIbHBIM BO-
nmpocaM oopMJIeHUS yoesleHO HeKOTOpOoe BHUMAaHNeE.

ABTOpPBI OyAyT HpU3HATEJIbHBLI 3a JIIOOble TMPEII0KEeHUS U
3aMeYaHus [0 YUYeOHMKY U IIpeljaraeMoil KHUre, KOTOpPbIe
MOYKHO TMPUCBLIATL IO JJEKTPOHHON MOodYTe Ha alpec
algebraianalyz11@mail.ru uam prosv@prosv.ru, a TakxKe
mouToii Ha aapec uamaTtenbcTBa «IIpocserieHues.




Mmaea VIII. MNMpepen v HenpepbiBHOCTb dyHKLMM

KomMmenTtapuu x riaase VIII mMo:xHO mpeaBapuTh IapagokK-
CaJbHBIM 3aMedYaHHMeM O TOM, uYTO HEeT HeOOXOIMMOCTHI
n3ydyaTh MaTepHaJ 9TOU IJaBbl C TOHW CTEIIeHbIO IIOAPOOHOCTH,
C KOTOpO# oH HammcaH. Taxoe MHeHMHe MTOATBEPKIAETCS
HCTOPUEN pPa3BUTUA OCHOBHBIX IIOHATUI MaTeMaTUYECKOI'O
aHaJm3a, MOKa3bIBAIOIIel, UYTO KJIOUEeBBIMU U HamboJiee HeoO-
XOAMMBIMU B aHAJAN3€ ABJIAIOTCA IMOHATHSA IPON3BOSHON U OII-
pPemeseHHOr0 MHTerpaJa.

Marepuan maHHOHM TJIaBbl IMOMEIEH B YUeOHHUK KaK OaHb
TPagUIIUAM yIJayOJEHHOrO0 Kypca MaTeMaTHKMU, B KOTOPOM IIO-
HATUSAM IIpeJeJia IIOCJeNOBATENIbHOCTH W Ipeneaa (PpyHKIINH
BCcerja yAeJsajoch 3HAUNTeJbHOe BHHMAHUE.

B zaBucumMocTu OT YpOBHS KJacca MaTepHaJ IJaBbl MOMK-
HO MO0 M3ydYyaTh B O3HAKOMUTEJHLHOM IJIaHe, JubO B 0Oojee
moapoOHOM wm3ajgokeHuu. IlaaH m3ydeHHsa MaTepuaja TrJa-
Bel VIII mpuBenén B Tabiuiie (KOJMYECTBO UacOB AaHO Ha 4
u 5 yacoB ajaredOpnl M HaAUaJ MaTeMaTHUYECKOro aHaJu3a B He-
IeJsio).

T'maa VIII. IIpenes u HenpephIBHOCTH (ByHKIIMH 9 18
ITonsatue npepena ¢pyHrummu. [IBa ompeneneHuUs 2 4
npenesia QYHKIUU U WX SKBUBAJIEHTHOCTD.

Brruucinenue mnpemesna ¢ IIOMONIBIO TeopeM 00
apudMeTHUYECKUX AENCTBUAX C IIpeaeaaMu

3ameuaTeabHbIe IIpeAeabl. ACUMIITOTHI 2 2
ITopamok masoctu. Illkana GeCKOHEUHO MAaJbIX 2
KourposnbHasa pabGora Ne 1 2
Ompepneiienre HEIPEePLIBHOCTU 1 2
TeopeMbl 0 IPOMEKYTOUHOM 3HAYEHUU 2 2
Teopema BeiiepmiTpacca 2
KouTrposnbuasa pabora Ne 2 2 2




§ 44. Monatve npepena ¢yHKUMU

Habop sagauuii K 9TOMy pasfeiy IIOMOTaeT yUYall[IMCs IIO-
HATHh BasKHEMNIIlee M MOCTATOUHO CJIOXKHOE OIIpejeJieHue IIpe-
mesa (PYHKIIMM B TOUKEe M Ha 0ECKOHEUHOCTH U PaCCMOTPETH
pa3JindHbIe €0 YaCTHBbIe CJIydau. B 3aBHCHMOCTH OT YPOBHSA
OJATOTOBKM KJacca U HAJIWUYNUS BPEMEHU MOXKHO O00OMTMCEH 00-
IIMMMHA IIOHATHAMM MW IIPpeacTaBJ€HHAMM, IIpeAIoumTasd Ha-
IJIASHOCTb. B CHUJIBHBIX KJlaccaxX IlesiecooO0pasHO pasodpaTbCcs
C OCHOBHBIM OIIpefiejieHreM, pPasOMUB ero Ha YacTU U IIOAUYEepPK-
HYB CMBICJI KasKJOM TAKOM 4acTU: BBIOOD €, HAXOMKIeHUue O II0
BBIOPpAaHHOMY € U T. . ECTeCTBEHHO, HYKHO ITPOUJIIIOCTPUPO-
BaTh cKasaHHoe rpaduuecku. IIpenmaraeM OJjs 9TOW IIeJIU MC-
IOJIb30BATh <«PACIIMPEHHOEe OIIpeaeseHre Hpemesia (PYHKIIHN»
U CBABAHHBLIA ¢ HUM HAOOp 3aJaHUM OJA SOMAaIIlHel paboThI:

€ > 0, ectu B — u4wucJo,
limf(x) = B © paa moboro | E > 0, eciu B = +00, uin
xoa B = -0, uim B =

0 > 0, ecim @4 — YHCJIO, WUIH

HaWAETCA TaKOe |, — yoo pm g = —00, mum a = O,

1) x € D(f);

2) x # a;

YTO AJIA JHOGOTO X, 3) |x —a| <3,
VIOBJIETBOPAIOIIEr0 YCIOBUAM | €CJIU a4 — YHUCJO,

x > 0, ecqiu a = +0,
x < -9, ecau a = —0,
lx| > §, ecmu a = oo,

|f(x) — B| < &, ecnu B — uucio,
f(x) > E, ecnu B = +,
BBIIIOJIHAETCS HEPABEHCTBO | f(x) < —E, ecom B = —o0,

If(x)| > E, eciu B = o,

Mo:kHO mOCTABUTH IIepejl ydyalllumMUCA TaKyI0 3aJady:

HUcnonb3ysa «pacHimpeHHOe OoIpenelieHHe Iipeneya (PYHK-
nuu» (CM. BBIIIE), 3AIIUIINTE YACTHBLIE OIpeaesieHns, COOTBeT-
CTBYIOIIME KaKAOMY caydaio (BIOpaB MX M3 CXEMbI), YKasaH-
HOMY B Tabjawuile, maiite rpauMuecKyi0 UJJIOCTPAIIUIO IJIS
Kayxaoro cayudas (IoxasaB HAa PHUCYHKe BLIOGOD € W O) WM IIpHU-
BeIUTEe NpuMep KOHKPETHON (PYHKIIMU, HOAXOOAINUNA K dTOMY
cayJaro.
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a — 4YHUCJIO0 a =+ aq = —o a =

B — uwucimo

B = 400
B = —o©
B = oo

Tak, Hampumep, Ipu a =+ u B =00 (3amMeTuM, He +OO
u He —O°!) ompezmesieHne mpepeiia OyZeT BBITVIALETH TaK:

VE >0 36 > 0: VxeD(() x > 95
BLITIOJIHSAETCA HepaBeHCTBo |f(x)| > E. y

B kauecTBe KOHKPETHBIX IIPUMEPOB
TaKUX @QYHKIUH MOMKHO PacCMOTPETH E
dyarmun: y = (-1 - x (puc. 8.1) u
y = (_1)[96] . 9%

Sameuanue. Canyuau «B — umcjao, a =+,
WIN @ = —O0, UWIN a = OO» Jal0T HAM Bapu-
AaHThbl TI'OPHM30OHTAJBbHBIX ACHMIITOT (COOTBeT'
CTBEHHO B +00, —00 p ©0), a «@ — YHUCJO,
nam B = +00, uau B = -0, ujgu B = ©0» — \
BEePpTUKAJIBHBIX AQCHMIITOT. _E

3amaum K JaHHOMY maparpady cBomsaTCs
K [PUMEHEHHWIO OIpeAejieHnuN Ipemea
(MPYHKIIUU B TOUYKE. Puc. 8.1

Pemrenuss m ykasaHUA K 3agadyaM

VIII.1. a) Pemeuue. TpebyeTcss HANTU OKPECTHOCTH TOY-
Kz a =1, B KOTODO#i BBITNOJHANOCH ObI HepaBeHCTBO |2x — 1 —

€ €
— 1| < &. Pemasa 5To HepaBeHCTBO, HoJydaeM 1 — 5 <x< 1+5'
TakuMm oOpasom, B KadeCTBe MCKOMOM OKPECTHOCTH TOLUTCS

€
OKPEeCTHOCTb pajmyca —.

2
VIIIL.2. a) YTBep:kaenue HeBepHo. Penre Hue. Hanpuwmep,
nas f(x) = 1, x<0, BoimonHeHo lim f(x%) = 0, B To Bpems
Oa X > 0 x—0

Kak IIpeneja camModl (PYHKIUN B HyJe HeT.
6) VYrBep:kaenme BepHo. Pemenmue. [lelficTBUTENABHO,

Bo3bMéM € > 0. M3 ycaoBua lim f(x®) = 0 caexyer, uTo
x—0

cyiectsyer 0 > 0, Takoe, 4TO KakK TOJIBKO —0 < x <0 m x % 0,
rak cpasy |f(x®) < €. 9To HepaBeHCTBO MOKHO Ieped)OPMYJIH-
poBaTh TaK: KaK TOJIBKO —o° < x° < & m x® # 0, rak cpasy
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[f(x®)| < €. Takum o6pasom, obo3HaUad x° = ¢, IPUAEM K CJe-
ayomeMy: IJd Bcex € > 0 cylecTByeT MOJIOKUTEJILHOE UKC-
10 &® rakoe, 4TO Kak TOABKO —O° < t<d° m ¢ # 0, Tak cpasy
[f(t)) < €. DTo u ecTh ompejeleHHe TOTO, UTO IpeAesa (DYHK-
nuu f B Touke 0 paBeH HYJIO.

3ameuanue. Pasziuuue MesKAy OTBeTAMH JTHUX IYHKTOB
BBI3BBAHO TEM, UTO JI000€ BeI[eCTBEHHOE UMCJIO IIPEeACTABUMO
KaK Ky0 BeIleCTBEHHOTO UMCJIa, B TO BpeMsA KaK B BUIe KBaJ-
paTa BeIIeCTBEHHOI'0 4YHMCJia IIpeacTaBMMBI JIMIIIb HEOTPHILA-

TeJbHbIE YUCJIA.
VIII.10. a) Her. 6) Her.

§ 45. Hekotopble ceoMcTea npeaenos ¢pyHKUMMU

Nzyuenue matepmajia maparpada (ocobeHHO myHKTa 1)
IIO3BOJIUT IIJIOTHEE O3HAKOMUTBLCSA C IMOHATHEM IIpeqesa QyHK-
muu B Touke. Marepmanm myuHKTa 2 «IIpemes MOHOTOHHOI
(GYHKIIUU» MOXKeT OBbITh M3y4YeH O3HaAKoMutesibHO. Teopemy,
ITOKAa3aHHYI0O B 5TOM NYHKTE, AOCTATOUHO C(HOpMyImMPOBATH
0e3 JoKasaTeIbLCTBA.

3amauu sToro maparpada OpPeACTaBJISIOT co00Ii BasKHBIE
TeopeTUUeCcKre yIpaKHeHUs, IPUydarolrue MIKOJIbHUKOB K
TIIATEJbHOM paboTe C ompeaeeHUIMU, yBA3Ke HATJIATHBIX
IpeAcTaBIeHN ¢ popMaIn3alueil HeKOTOPhIX 0a30BbIX UIEl.
HNmMmenno Takue 3agadyu B OOJIbIIEHl CTEIEeHH CIOCOOCTBYIOT
GopMUPOBAHNIO NPABUJIBbHBIX IIPENCTABJIEHUIN W B3TJIALOB,
ydaT paccyskIaTh XM BCMATPHUBATLCSI B CyTh 3amadu, YeM Ha-
00p BBIYMCJIUTEIbHBIX YIIPaKHEHUH, dKCIJIYaTUPYIOIIUX B OC-
HOBHOM CTAHAAPTHBLIE NMPUEMBI. OTH 3aJadyl KMMEET CMBICJI B
IEePBYI0 OUepenb IMOAPOOHO pasdupaTh U OOCYKIATHh B KJacce
(HO Tocse JOCTATOUHOTO BpeMeHHW Ha pasaymbe). Hawmboiee
PasyMHBIM HpPeJCTaBJIAETCS COBMECTHOEe OOCy:KIeHUe 3TOU
cepum 3azad IIocjie moMalllHeill paboTbl HAJ HUMU, AA0LI He
IpeBpaIiaTh 9TO OOCYKAeHNe B YUHUTEIbCKHI MOHOJIOT.

Pemenusa u yKkasaHuUs K 3ajadyam
VIII.11. a) HesepHo, Hampumep:
_fO,x<O, 1, x<0,
M =11, x>0, 8= {0, x>0.
0) HeBepHo. B KauecTBe mpumMepa MOXKHO B3ATH (PYHK-

nuio f(x), Besme ompeneéHHYI0 M PaspbIBHYIO B HyJe (Ha-
npumep, f(x) = signx u g(x) = 0 mHa R).

-1, x<a,

1, x>a unu f(x) =

VIII.12. a) Hampuwmep, f(x) = {
= D(x) — 0,5, rme D(x) — dpyHruua Hupuxie.
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0) IlogxomaT Te ke mpuMepbl, uTo U B 3amauve VIII.12 a).

3, x<a,

. Torma
1, x>a A

B) Pemenue. Hamnpuwmep, f(x)—{

fA(x) + 2f(x) — 3 = (f(x) + 3)(f(x) — 1) = 0 Ha R.
VIII.13. Vkasanue. JlocTaToOuHO, B3SAB € > 0, maiiTu 1O
HeMy Takoe 0 > 0, mna koroporo Bce x mu3 Ug(a) momazyr

B UE(A) (t. e. muTepBan aauuou €). Torma maa JaMOOBIX X/,
2

x" e Ua(a) BLITIOJIHEHO HepaBeHCTBO [f(x) — f(x")| < e.
VIII.14. Yka3aHnue. JIns poxasaTelbCTBa JOCTATOUYHO

3
JoKas3aTeIbCTBe TeOPEeMBbl O €IMHCTBEHHOCTH IIpefesa) U AJdA
Hero HailTum Takue O; U J,, UTO VX € U6 (a) Bce snauenuda f(x)

JexkaT B U(A), a Vx e Us, (a) Bce 3sHaueHus f(x) Jmexxar
B U(B) ITomoxum o = m1n{81, d,}. Torga Vx € Us(a)

A-B A
B3ATh € < (Hamrpumep, €= , KaK ObLJIO CIeJlaHO HpU

g@)<B+e< L <A-e<f).

VIIL.15. a) MoxHo, xlirilm(f(x) - g(x)) = +oo,

6) Mo:xuo, xlir&o(f(x) - g(x)) = —co. B) Henb3sa onmpeneanTh.
IATo HeompeneaeéHHOCTh Bumaa (o * 0). Hanpumep, ecau f(x) = x
mg(x)=1, 1o lim (f(x) - g(x)) = 15 ecm f(x) = x° w g(x) = 5,
o lim (f(x) - g(x)) = +00; ecom f(x) = x m gx)= % To
Jim (f(x) - g(x)) = 0.

r) Mo:xHo, liIP (f(x) - g(x)) = +°0, nmocroabry g(x)> i> 0.

M
VIIL.16. a) MosxHo, lim 1z)

x —+ oog(x)

Buio lim g(x)= A, A > 0. BospméMm mocraTourno majioe € > 0
X — 400

=400, Pemenmue. Ilo ycio-

(tak, uTob6bl A — ¢ <0). Ias sroro € Hangércsa 6 > 0 Taxoe, 4TO
IIA BCexX X > 0 BBINOJHAITCA HepaBeHcTBA 0 <A —¢g <

1 1 1 1
< < . < < .e. ——
g(x) < A+e¢. Orcrozma At 2w A+ T e 2() SABJISIETCSA

MIOJIOXKUTEJILHON OrpaHMYeHHOU (yHKImell npu x — +°. Ho
IIpousBeieHe 0eCKOHEUHO OOJIBIITON Ha OrpaHUYEeHHYI0 (QYHK-
IIUI0 eCThb O0eCKOHEUHO OoJiblliad (PYHKIUA (a B HAIIEM ciydae

.. x
ellé m IoJoXKuTenbHass). Takum obpasom, lim ) _ = +00
x — 400 8(x)




3ameuanue. Ina oOOCHOBAHUSA TOTO, UYTO IIPOU3BeJeHUE
0ecKOHEYHO OOJIBINION Ha OTPAHUUYEHHYIO (GYHKIUIO €eCTb
0ecKOHeUHO OoJbIlasd (PYHKIHUSI, MOMKHO OBLIO MCIIOJH30BATH
pasobpaunusbie B ryaBe VII yuebnmka (§ 41, m. 2) cayuau dact-
HOT'O U HPOM3BeIeHUs IOCJIefOBaTeJbHOCTel, IepeBelsd nX Ha
ABBIK (PYHKIIUHM IIPOM3BOJLHOTO apryMeHTa.

(ee)
0) Henbssa. Ilomyuaerca HeompeneIéHHOCTL BHUIA o Ha-
()

npumep, ecau f(x) =-x u g(x) = x, TO 11m e )——1; ecau
f(x) = —x u g(x) = x*, To lim%=0; ecnu f(x) = —x% u
1(x)
= x, li — _ 0o
e
B) MooxHo, lim 1 _ oo, r) MoxHo, lim 22 — 4o
x —+oo 8(X) x —+oo 8(x)

Yraszanue. Cm. samauy VIII.16 a).
VIII.17. a) Pemenue. Bospmém € > 0. [Tomoxxkum ¢ = 2x.

ITocKoaBKY 11113 f(t) = 0, mo sromy & Hanmércs Taxoe O > 0,
—

uTO NyA Bcex umceJs t € (—O; §) BBIMOIHHTCA |f(t)|<§. Bosb-

MEM X Tak, 4Tobel f{ = 2x okasaJysochk BHyTpu Uy(0); Torma
u x € Uy(0), m oJHOBpPeMEHHO BBINOJHATCA HepaBeHCTBA

|7(x)| <§ u |[f(2x)| < g IIpu BHIOPAHHOM TaKUM 06pasoM & 1Jis
Beex x € Uy(0) [f(x) + f(2x)| < [f(x)| + |f2x) < S+ =¢

6) Pemenue. OueBUIHO, MOKHO OTPAHUYUTHCA MAJIBIMU
6 > 0, B wacTHOCTHM MOJKHO paccmarpuBarh O < 1. Torga,

ecsiu o0 BuIOpaHHOMY € > 0 B3aTh 0 < § < 1 Tak, uro Vx € U’S(O)

3
BLITIOJIHAETCA HepaBeHCTBO |f(x)| < 5> TO TIPU 3TOM IOJYYHUTCAH,

uro u x° € Uy(0) (meiicTBuTenbHo, ecnu 0 < |x] <8 <1, 10 u
0 < x% <|x| <), a Torga |[f(x?)| < % B pesynbrare Vx € (.]5(0)

sermosHAeTca |f(x) + f(x%)| < |f(x)| + [f(x?)] < %4- % —¢

VIII.18. Pemenue. Bygem mgoxkassiBaThb OT IIPOTHBHOIO.
IIycrs pyurnua f— He KoHcTaHTa. Torza CyIiecTBYIOT X,
u x, Takme, 4ro f(x;) =a, f(x;)=b mw a # b. Ilycre T —
raaBuHbIA mnepuon GyHKIuu f. Ilo ycaoBUIO CyIIeCcTBYyeT
lirP f(x)=C. Torma pns awo6oro € > 0 mOMKHO HAUTHUCH
X — +0oo

rakoe 0 > 0, uTO IIA Bcex X > O 3HaueHUs [f(X) OTIMUAIOTCA
or uucja C MeHee ueM Ha €. 3aMeTHUM, UTO IIPW STOM 3HaUe-
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HUSA (PYHKIUK B ABYX PAa3JIMYHBIX TOuKax x > 0§, x” > &
MOJIKHBI OTJHMYaThcA He Oosee uem Ha 2¢: |[f(x') — f(x")| <
< |f(x) = C| +|C - f(x")| < 2e. Ograko sTO HeBOSMOXKHO, II0-
CKOJIBKY CYIIIeCTBYIOT CKOJIb YIOJHO OoJbIlime yucaa X = x; +
+ kT n x" = x, + nT, 3aBegoMo GoOJbIINe O, 3HAUECHUSA cpyHR-
U B KOTOPBIX PABHBI COOTBETCTBEHHO a u b: f(x') =

f(x") = b. PasHocTh 3HaueHUil PYHKINU B STUX TOUKAX paB-
HaA Fa b| u He MoxeT OBITH clejaHAa MeHbIe HAIepéj BbI-
6panHoro umcaa 2¢. (iaa popmMarbHOTO JOKA3aTEIhCTBA MOMK-

HO OBbLIIO OBI B3ATH, HAIIPUMEpP, € —‘ ‘ )

VIII.20. Pemenue. BospméM € > 0 m 110 HeMy HalAéM
0 > 0 rakoe, uro Vx € Uy 0) BBIMOJIHAETCA HEPaBEHCTBO

‘M‘ < g, KOTOpoe MBI TepenuiieM B Buze |f(2x) — f(x) <

<e¢ - |x|. Bamerum, uro BMmecre ¢ umcaom x B Us(0) mo-

x o
magalT Bce UYHcIa BuUga -5, n € N (meficTBUTeNBbHO,

2

|x| < 8), a mosTOMYy TaKKe BBIMOJIHAIOTCS HepPaBeHCTBA

ol 6

f 2n 1 f(zn)<£ |2X|, v .

CkyagbiBas 5TU HepaBeHCTBA U YyUHUTBIBAaA, uTo |a + b| <

<la| + |b|, momyuaem |[[(2x) f[zi] <IH220) — f(0)| + fx) - f(gj n

€ €
f[%]— f(z—ﬁj <|«f - (s +o+ et ?) < 2¢*|x|. Orcroza,

Imepexonda K IIpenejly B HepaBe€HCTBE IIPpU 711 — (SO /| ydaurTnsiBad,
f2x)|
2x

£

<8.Z,

+ .o+

4TO f(zin) — 0, moxyuaem, uto |[f(2x) < 2/x| - €, T. e.
n—oo

BaBepmafomne mrarm gJoxasaTeJsIbCTBa Yyie OUEeBHUIHBI.

§ 46. Bolumcnenve npepena ¢yHKuMM B TOuKe

Marepuan maparpada IpuU3BaH BOOPYIKUTH yUalllerocs
MHCTPYMEHTapUEeM IJsA BbIUMCJICHUSA MIpeneoB (pyHKIIUI. ITO
TeOpeMbl O Ipeleax Pe3yabTATOB apU(PMeTUUYeCKUX IeicT-
BUI, TeopeMa O IIpelejie KOMIO3WIIMK W HECKOJbKO TaK Ha-
3bIBAEMbBIX 3aMeudaTeJbHBIX IIPenesoB.

B mpocThIX BBIUMCANTEJILHBIX 3amadax paszgena «IIpemen
OTHOIIIEHUA OBYX (PYHKIUI Ha OecKoHeuHOCTU» (c. 45 yueb-
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HUKAa) HCIOJb3YIOTCSA TJIABHBIM 00pasoM CTaHIapTHBLIE IIPHE-
MBI, KOTOpPBbIE y:Ke NPUMEHAJNCh B paboTe c IpenesaMu IIO-
cJaeqoBaTeIbHOCTEN: MesieHe UNCJIUTESA WM 3HaMeHaTeJasd OPo-
Ou Ha CTapIIyIO CTelleHb IIePeMEeHHON, a TaKJiKe IIePeBOJ Hp-
paloHaaBbHOCTY M3 YHNCJIUTEJA B 3HAMEHATEeJb U HaobopoT
(yMHOKeHIe Ha CONPSKEHHOe BbIpaskeHue). Hy:KHO TOJIBKO
He 3a0BIBAaTh, UTO MPEAEJbl MPU X — +O0° U IpU X — —O° MO-
I'yT OKa3aThbCs Pa3IUMUYHBIMU.

OcHOBHBIE NPUEMBI IIPU PEINeHUH 3amad Ha HaXO0KIeHUe
mpegesia OTHOIIEHUS ABYX (PYHKIUHA B TOYKE COCTOSIT B W3-
0aBJIeHUU OT HeoIpeaeséHHOCTH (ecau OHa ecTh, YUTO He-
00X0qMMO TIPOBEPUTH B IIEPBYIO OUepenb) MIYTEM CTAHIaPTHBIX
ajarebpamyecKux IIpeoOpasoBaHUl W COKpAaIleHUs ApoOeii.
(ITogpo6wo cm. mpumep 9 u3 § 46 yue6HUKA.) OOpaTuUM BHU-
MaHNe Ha TO, UYTO B HEKOTOPBIX 3aJauaxX OJHOCTOPOHHUE IIpe-
IeJbl MOTYT OKAa3aThCA Pa3HBIMU.

Jajiee Ipu BBIYMCJIEHUU IIPEAEJIOB MPENCTABIAETCA YMECT-
HBIM IIPEAJIOMKUTEL yUYallUMCsA CTaHTapTHYIO cxeMy paboThl
¢ mpemeaamu (cMm. c. 13). [[na HauMHAOIIErO TaKasd cxXeMa
OymeT BechbMa IOJIEBHBIM IIOJICIIOPHEM W NPUAACT YBEPEHHO-
CThb, OCOOEHHO Ha IIE€PBBIX IIOpax.

3amevarnue. IIoCcKOIBKY IIOUTH BCE 3aMeuaTeJIbHbIE Ipee-
Jbl paccMaTpPUBAIOTCA B OKPECTHOCTH HYJISI, MBI CTapaeMcs
BBECTU TaKyI0 3aMeHy, UTOObI HOBasd IepeMeHHad CTPEMUJIAaCh
K HYJIO OPU CTPeMJIEHHUH X — d. 9TO OTPaKeHO B cXeMe.

Boésbmasa ugacTe 3amad paspgena <«llpegenbl BbIpAXeHUI,
COZIEPJKAIUX TPUTOHOMETPUUECKUE (PYHKI[UM» OCHOBBIBAETCSH

sinx 1

Ha HCIIOJB30BaHMM 3aMedaTeJIbHOI'O IIpeaeJia lim *
x—0

u cjencTBUi m3 Hero. Tak Ke KaK U B IIpedbIAyIIleM pasne-
Je, WCIIOJIb3YeTCsA CTaHIapTHAs cXeMa PACKPBITHUS HeoIlpeje-
JEéHHOCTel, mpeaycMaTpUBaloIias 3aMeHy IIepeMeHHou (B He-
00XOQUMBIX CJyYasX) C IIOCHEAYIOIIMM IIePEeXOJOM K OJHOMY
M3 3aMeuaTeJbHBIX IIpenenioB. Cpeau s3agau K 9TOMY pasaeay
OIPaKTUYECKN HET CJOKHBIX: BCe OHU MCIIOJIL3YIOT CTaHIapT-
Hble moaxonabl. O0paTuTe BHUMAaHNE: He Be3le MMeeTCs aske
HeompeneaeéHHOCTD (3amaua VIII.30 ).

ITpu pemennu 3amau um3 pasgesia «PacKpoiTue Heolpeje-

aérnocreil Buza (17°)» mMcHonb3yrOTCS 3aMedaTelbHBIE IIpeje-

. 1Y . L
Jbpl lim (1 + ;j =e, hn%(l + x)*=e u ciaexyriiee coobparke-
x—

X — 00

HUEe:
1

a(x)

ecin 0x) = 0 u Vi € Uy(a) o(x) # 0, to lim(1+ a(x))* =e.

Ho HaumHaThL pelieHuWe cjelyeT, KaK BCerJa, ¢ IIPOBEPKU
HagIuuus HempeneiaéHHocTu. OO0paTuTe BHUMAaHNE:

12



Cxema ébLuucnienus npedena PYHKUUU 6 MOUKe
(packpvimue nHeonpedenénnocmu)

lim f(x)

\

umeem JAU CMbLCL 2080pumb 0 npedese?

\

Haauyue HeonpedeaéHHOCMU

(9], [%) (0 00), (1), (00— o)

0

\

3amewamenvHvle npedesivl

A

Y Y

COOMHOUWeHUS 3aMeHa NepemMenHoll:
Mmexncdy 6/m u 6/0,

ecaiu x — a, 8godum HO-

8 yacmHocmu: 8y NepeMeHHyl Yy mak,
00 1 ymobvr y — 0:
= 3=

ecau a — ducJao, noJjazaem
y=x-a;

ceolicmea QPUHKUUILL,
ecau a = © (+00, —00), mo-

8 YacmHocmu.

1
(a+°°) = o0, (aim) =0 Jlaraem y =;
npu a > 1;
\
(@) =0, (@) = +oo
ynpoujerue
npu 0 <a<1 U cokpawerue

B 3amauax VIII.34 B), e) u 3) HeT HeONpPeAeJEHHOCTU BHUIA
(1)

Omnpenesenne OOJHOCTOPOHHUX MHpeneJsioB ObLI0 mamo B § 44
yuebHKa. OOHAKO TOJBKO cefiuac y HAC MOABUJINCH JOCTa-
TOUYHBIE HaBBIKM IJd paboThl ¢ HumMu. B 3amauax VIII.42 u
VIII.43 Kak pas ¥ uUAET PeuYb O BBIYMCJICHUUN OJHOCTOPOHHIX
IpeneioB, IPUYEM 3aJauyl paclmoJjaraiTcs IapaMu: cHadaja
IIPABOCTOPOHHUM IIpemesa (pYHKIHNU B TOUYKe, 3aTeM — JIeBO-
CTOPOHHMNII, na0bl OIEHUTHL PA3HUIY MEXXKAYy HUMHN U BIIPEIb
obpaIaTh BHUMAaHNWE HA STOT MOMEHT B PeIeHMUSAX 3amad.
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Pemrenuss m ykazaHuA K 3agadam

VIIL.21. a) 1. 6) 0. B) © (+°° mpu x — +00; —0O TpH
x — —0), 1) +0, 1) 0. e) 1.

VIIL22. a) 3. 6) % B) 8. 1) 0.
VIIIL.23. 0, ecau n < k; %, eciu n = k; °©, ecau n > k.
0

VIIL24. a) 7. 6) 5. B) /5. 1) 3.
VIIL25. a) 0. 6) lim f(x)=-co, lim f(x)=+c0. =) -2.

) Jim f) = —co, lim () =40 ) .

VIII.26. a) 2. 6) 2. B) —1. 1) —%. n) 5050. Pemenue.

. x01-100x+100 .. (x 1%+ 22+ ...+ 99x+100)
lim 5 =lim 2
X1 x“—-2x+1 x—>1 (x-1)

+ ... + 99 + 100 = 5050.

VIIIL.27. a) 2. Yrkasanue. Bocnosb3oBaTbCcA 3aMeHOMN \/; =t.

—1+2+

0) 3. Vrasanue. Bocnoib3oBaTbCA 3aMeHON $/x =1t.

B)

4 o
. Yra3aHnue. Bocmoab3oBaTbea 3amenonn x =t.

3
T) %. Vrkasarnue. BocmonbzoBaThCcsa 3aMeHON §/x =t.
1 3 1 1 5
VIIIL.28. a) % 6) 12. B) E I‘) g /I[) 1. e) § HC) E
3) % u) 0.

VIIL.29. a) % Pemenue. IlockonbKy OMHOMUANTBHBIN

mmpenes paccMaTpUBaeTCAd B OKPECTHOCTU HYJSA, BBEIEM TAKYIO
3aMeHy, 4TOOBI HOBad IIepeMeHHAs CTPEMWJIACH K HYJIIO IIPU

x — 1: mycets t = x — 1, Torma t —>10 ux =1+ t. (3anucse-
X —
o0bscHeHHe Bujga «t = x — 1, Torga ¢ —>1 Oux=1+ t» ume-
x—

eT CMBICJI CHeJiaTh 00s3aTe/JbHBIM 3JIEMEHTOM 3aIlliCH pelle-
x’"—l_lim(1+t)’”—1_ . A+p"-1 t m
x"-1 FS50@+)"—1 50 t a+y*-1- -

aual) lim
x—1
3amewanue. OcHoBHOII mpuéM (Korga yike OoJjiee MIU Me-

Hee SICHO, K KaKOMy M3 3aMeuaTe/IbHBIX IIpPeneioB CBOIUTCS
KOHKpeTHas 3ajJada) 3aKJIJYaeTcad B TOM, YTOObI BBIJEIUTH
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3HAaKOMbBbIe KOHCTPYKIIMI, pas0buBas BBIpaskeHNe Ha YacTu u
HCIIOJNIB3YydA BBeJEHME OOIIOJHUTEJIbHBIX CJaraeMbIX M MHOMM-
TeJIe.

3aMeuaHne OTHOCHUTCS, B YaCTHOCTH, K 3amgadam VIII.29
r) — VIII.29 e). Pasbepém moapoOHO 3amady T).

4
) 7 Pemenue. Ilepenumem npenea B Bume

1 1

lim (1+2x2+10x)° - (1 + 2" +102)7

x—0 x

1 1
— lim (1+(2x*+10x)° -1 (1+(2*+10x)7 -1
x—0 X X
1 1
o e . (1+@2x2+10x)° -1 . 1+ (x%+10x)7 -1
Haiiném llm( (2x %) llm( (x %)
x—0 X x—0

OHU CYIIECTBYIOT, TO CYIIIECTBYET IIPelieJ PasHOCTU ITUX BBI-
pPaKeHui.

. Ecan

1 1
. A+@x%+10x)° -1 ., (A+@2x%+100)° -1 2x2+10x
lim = lim 5 . =
x>0 x x50 2x°+10x x

MIOCKOJIBKY

2,

1

. (1+@x%+10x)° -1 1 .
lim 252 + 10x 5> & lim

2x% +10x

li:r%(2x +10)=10.

AnanoruusHo
1 1
o AFEEH100)T 1 (. (A4 (P +10)7T 71 #4102 1

}c%o x =JIC£I(1) 2% +10x x 7

Temepp MCXOOHBINA IIPeIes pPaBeH
1 1

lim (1+(2x*+10x)° -1 _ (1+(x*+10x)" -1 _g-10 _4

x—=0 x x 7 7
7

mn 15

3amevanue. Eciu Ha MOMEHT penieHnd 9THUX 3adad Yyixe
COCTOSIJICSA Pa3roBOp 00 HCIOJB30BAHUU JHKBUBAJEHTHBIX
QYHKIUI, pellleHre MOJKeT ObITh 3alHCaHO CYIIIeCTBEHHO KO-
poue. ITO 3aMeuvaHMNEe OTHOCUTCA U KO BCEM IIOCIEeAYIOIIIMM
pasgeiam.
ak —bn
e) —
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VIIL30. a) 3. 6) g B) é r) T m) é Pemenmue.

X
2sin?=
lim =% _ (0} _yim 2 4=1 e) cosa. k) —sina. 3) ™
x50 x? 0] x-0 (x)? 2° : :
2
. tgnx 0
Pemenmue. lim =|—=~|. Coenaem 3ameny: t = x + 2, Tor-
x—>72x+2
. tgnt sinm¢ = m
Ia txj 0, x =t — 2. Ilonyuaem hm—t —1 m = cost =
1 1 2—m2
1) COSX. K) —T. a) 0. m) 1. H) —. 0) 0. o) _$° p) ————
_sm2x
1 1 x —sin2x 0 . 2x
c) 5 T) e Pemenue. ,lcllr(l,x+s1n3x (OJ_}}E}) o 3_
3x

Lyl

VIIL31. a) 4. 6) % B) 2. 1) —1.

VIIL32. a) —g. 6) i B) m. 1) 1.

x—0 0

VIII.33. a) 1. Pemenue. Cmoco6 1. lim$=[gj.

Bseném samemy t = arcsinx, Torma t —>00 u x = sint. Ilpe-
x—

¢
IeJ ImpuoOpeTaeT BU/I llm =1.
t—>0sint

3ameuarnue. Mbl TOJIBKO UTO JOKA3aJ 5KBUBAJIEHTHOCTD
arcsinx ~ x nmpu x — 0 (cm. 3amauy VIII.50), u kesnaroiue
MOTYT BOCIIOJIb3OBAThCA STUM B OYHKTE 0).

2
0) —.
) 3
Cmoco6 2. IIpuBemém pelieHue 0e3 HCIOJIL30BAHUSA DKBU-
. arcsin2x 0 .. .
BaJIEHTHOCTM : l1mT= ol BBeném 3ameny t = arcsin2x;
x—0

Torma t —> 0 u 2x = sint. Ilepemumiem 1mpenges B Buiae

. arcsm2x 2_2.. t 2
lim——m—- <lim =_.

* 50 2x 3 37 50sint 3

B) 1. VrkasaHue. 3amaua peltaeTcs aHAJOTUUYHO 3agaue
VIII.33 a).
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arccos(1l — x) _(0
0

r) \/§ Pemenue. xli_)r& Jx —]. ITonoxum

t = arccos(l — x), torma t — O+, m cost=1—-x, T.e.
x— 0+

x =1 — cost. Orcrozma \/; =,/1~cost = [2sin2%= \/5

.t
= \/5 Sin 3, IOCKOJIbKY ¢ MaJIO ¥ IOJIOXKUTENBHO (! — 0 u ¢ > 0).

sini =
2

Ucxomupiii mpezes mpeobpasyeTcs K CJIeAyIONeMYy BUIY:
t

. t
tli%lh/l—cost t~>0+\/751n_ 2= \/_
VIIL34. 5) 1. ¢) 7. 3) 5. K)

VIIL.35. a) In2. 6) 101g2. B) 1.
ln(cosx) (9] —lim In(1 +(c<;sx—1)) _

x —0 X

Q| =
.

1
r) ——. Pemenmne. lim
2 x—0 x

. In(1+ -1 -1
= lim nd + (cosx ~ 1) -cosxz . ITockonbKky t = cosx — 1 cTpe-

x>0 cosx —1 X

. In(1+(cosx—1))
MuTcAa K HyJaioo npu x — 0, To, smauur, lim————FF——=1.

x—0 cosx —1
Bropoit ipenesn mMbl yike Hamiu npu pertenuu 3amadm VIIIL.30.

1 . cosx—1 1
) --. Pemenume. lim——5—=--. CiegoBaTenbHO,
2 x—0 X 2
. In(cosx 1
11m¥=——.
x=0 X 2

3ameuanue. Haummarh pelieHue CcJIeaAyeT ¢ BOIpOca:
a ecTh Jiu TYT HeompenaenénuocTb. (Tak, B 3agaue VIII.35 a) He-
onpeneJéHHOCTU He'r!)

25
VIII.36. a) 101 o 6) 0,25. B) 8. 1) 16"
VIIL.37. a) a — b. 6) In3. B) In4. r) log,10 (wam, uro TO

1 3
JKe camoe, lg_2)' I) 5. e) 2. xK) 5

VIIL38. a) 442. 6) % B) 0.
VIIL.39. 2. Pemenue.

2 2
e —1 . e -1 sina? x?

lim ——————=lim| ~——- —
x-0 1+sinx"-1 x-0 x . 9\3 sinx
(1+s1nx ) -1
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VIII.41. Pemenue. B ogHy CTOpPOHY 5TO yTBEp:;KIAEHUE OUe-
BugHO: ecau degP < 1, To f(x) = sinP(x) — mepuomuueckas
GyHKIUA. [[eficTBUTENbHO, W KOHCTAHTA W (QPYHKIUA f(x) =
= sin(ax + b) mepuogmuecKue.

JloKasaTesbCTBO B OOPATHYIO CTOPOHY MOJKET OBIThH ITPOBE-
IeHO ABYMs CIIOCO0aMU.

Cmoco6 1. ITyers f(x) = sinP(x) — mepuomuyeckas QPyHK-
nus, mepuoj Koropoii paBex T >0, npuuém n =degP > 2.
Torma mpum BcexX BeIIECTBEHHBIX X BBITIOJHEHO PaBEHCTBO
sinP(x + T) — sinP(x) = 0. IIlpuMeHUB ycJOBHUEe pPaBeHCTBa
cunycoB (mpumep 51 § 38 yuebmumka 10 xiacca), moaydaem,
YTO IIPU BCEX 3HAUEHUAX BEIECTBEHHBIX X BBIIOJHEHO YCJIO-
BUE:

P(x+T)— P(x)=2rk, ke Z,
P(x+T)+ P(x)=n+2nl, le Z.

OpHaxko mpu 3aJaHHOM 3HAYEHUU I[EJIOUMCJIEHHOTO mapa-
MeTpa Kamaoe M3 MBYX YPAaBHEHUIU COBOKYIHOCTH MMeeT He
0osee yeM n KopHel (cTemeHb IIEPBOTO ypPaBHEHUSA paBHA
n—1 > 1, cremenp BTOporo paBuHa n). Torma MHOKeCTBO
BCeX peIleHUl AaHHOII COBOKYIIHOCTHU IIPeJCTaBJIAET CO0O0ii
o0bequHEHNE CUETHOTO UMCJIa KOHEUHBIX MHOMKECTB U ABJIA-
eTcsa CUETHBIM MHO:KecTBOM. C Ipyroii CTOPOHBI, PeIIeHUs-
MU JaHHO COBOKYITHOCTU JOJIYKHBI OBITH BCE BeEI[eCTBEHHBIE
yuca.

Cmoco6 2. Ilyers f(x) = sinP(x) — mepuommnueckas (pyHK-
nus, mepuoa Kortopoit paseH T > 0, npuuém n =degP > 2. He
yMaJisgsg OOIIHOCTH, MOYKHO CUMTATh, UTO CTaApIIuil Koahdu-
IIUEeHT MHOTOWJieHa P TOJIOMKUTeIbHBIN.

fcuo, uTo Ha JIOOOM HpPOMEXKYTKe AJIMHBI T QyHKIua [
OIPUHUMAaET KasKJoe CBOE 3HAUEHWEe KOHEUHOEe YMCJIO pas, OIu-
HAKOBOEe JJsA BCeX TaKUX IMPOMEKYTKOB. VIHBIMU cJiOBAMU,
ypaBHeHUe f(x) = a mMeeT Ha KaKIOM 13 IPOMEXKYTKOB IJIM-
Hbl T OHO U TO ’Ke KOHeuHoe umcjo pernenwuii. Torma cyie-
cTByeT 0/(a) — HauMeHbIllee M3 PACCTOAHUIN MeXKIy pasimd-
HBIMU KOPHAMHN ypaBHeHusa f(x) = a.

JlorkaskeM, UTO, C APYroil CTOPOHBI, IPHU OOJBINHX X pac-
CTOSHUE MeXKIy KOopHaMU (He 00A3aTeIbHO COCeIHUMM) ypas-
HeHusa f(x) = a 6yIeT yMeHbIIIAThCA, CTPEMSACh K HYJ0. ITO
IPUBEAET K IIPOTHUBOPEUUIO.

Wrak, mycTb t — HEKOTOPBIM KOpPeHb ypaBHeHHus f(x) = a.
IIycth u — Kopeub ypaBHenus P(u) = P(t) + 2rn. Torma oue-
BUOHO: U — TaKsKe KopeHb ypaBHeHus f(x) = a. O6osmauum
t —u=v. 3amerum, uro P(u) — P(t) = v * Q(¢, u), rme @ — cum-
MEeTPUYECKHIN MHOTOUJIEH OT NBYX IIePEeMEHHBIX, HambOJIbIas
CTeleHb BXOMKIEHUSA KaKIOW M3 KOTOPBIX paBHa n — 1, mpu-
4éM KOI(PUIIMEHTHI HMPU CTAPIINX CTEeIeHSaX II0 KaKIou Iie-

18



PEeMeHHOI TOJIOYKUTEJbHBI U PaBHBI cTapiieMy KoahGUINeHTy
MHOTrousieHa P (9TO pasjiosKeHre MOMKHO IMOJYUYUTh, IPAMO BbI-
IIACAaB PA3HOCTh OBYX MHOT'OUJIEHOB U IIPUMEHUB 3aTeM Qop-

MyJbl padHocTu k-x cremeneit). Torma v = . fcHo, uTO

27
Q(u,t)
3HaUeHWe MHOTOouJieHa () CTPEMUT-
cid K OECKOHEUHOCTH IIPU CTpeMJIe-
HUM K OECKOHEUYHOCTH JII000# mu3
mepeMeHHbIX. 3HA4YUT, 4eM O0O0JIb-

y=4n
muM OygeM OpaTh 3HaUeHue t, TeM
MEHBIIIUM OKAaYKeTCsI V — Paccrosd-
HUEe [0 OJHOTO M3 TOCJIENYIONTUX
KopHell ypaBHeHusA f(x) = a. J—2n

3amevanue. IlpuBeméunoe mo-
Ka3aTeJIbCTBO (POPMAJILHO OIMCAJIO
cJIeyIOIIYIO IPOCTYIO MBICIb: ec- y=,_f\(x)
JU MHOTOYJIEH HMeeT CTeleHb 7 >
0oJIbIlle OBYX, TO C POCTOM apry-
MeHTa ero rpa@uK CTAHOBUTCS BCE
Kpyue, U AJd ONpubaBIeHUA K 3HA-
YeHHI0O MHOTOUJIeHa umcja 27 Tpe-
OyeTcd yBeIWUYUTHh 3HAUEHUE apry- Puc. 8.2
MEHTA HA BCE MEHBIIYIO W MEHb-
Iy BenuuuHy (puc. 8.2).

VIII.42. a) 1. 6) 0. B) 0. r) 1. x) —1. e) 1. ) —1. 3) 1.
u) —0, K) +00,

VIIL.43. a) f(0-) =1, f(0+) = 0. 6) f(0-) =0, f(0+) = 0.
B) f(0-) = 0, f(0+) = +o0.

§ 47. Knacenomkauus 6eckoHeyHO Manbix yHKLMHA

O BasKHOCTHU STOT'0 KOPOTKOIro Iaparpada CBUIETEJILCTBY-
eT, HaIupumMep, TO, YTO PaHbIIle OCHOBHOM KypC MaTeMaTHue-
CKOro aHaJim3a IIOPOM MMEHOBAJICS «HCUMCJIeHe 0eCKOHEUHO
MaJibIix». HaM OH HeoO0XOoAuMM B IIEPBYIO OUepenb IS OaJlb-
Helimieii paboOThI C IIPOM3BOIHOIM.

Heobxoamnmoii 4acTbi0 SBJISIOTCS OCHOBHBLIE ONIpeneIeHNs
u 3agaum VIII.44—VII1.46, moI0OBUHY KOTOPBIX MMEET CMBICJI
peiuTs B KJacce, a IIOJIOBUHY OCTaBUTh B KaueCTBe JOMAIIl-
Hero 3aJaHusd.

Marepuaj, cBI3aHHBINA C HMCIIOJB30BAHIEM SKBUBAJEHTHOC-
™ (PYHKIIUN IJd BBIYMCJICHUA IIPEIesOB, IpedHasHaueH IJIS
caMbIX IOATOTOBJEHHBIX M 3aMHTEPECOBAHHBIX KJIACCOB U 005-
3aTeJIbHLIM HE SBJISIETCSH.

OueHb IOJIE3HBIM IIPEJICTaBJIdAETCA TaK:Ke 3amanue VIII.48,
IOIIOJIHAIOIIlee yTBepsKAeHMe maparpada o cBoiicTBax 0ecKo-
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HeuHO MaJbIiX (cBoiicTBa cumBoJa 0(f)), OZHAKO MOKHO B Ka-
YyecTBe OMAIITHErO 3aJaHUA OTPAHUUYUTHCA TO0KA3aTeIHCTBOM
caMoOro yTBep:KIeHHUs maparpada, ecCTeCTBEHHO, C pa3bopoM B
KJiacce.

Pemrenuss m ykazaHuA K 3agadaM

VIII.44. a) Ha. 6) Ilpu x — +°°© ga, mpu x — —O° HerT.
B) Ha. r) Ilpu x — +°© ga, npu x — —°° Her. 1) Ma.

VIIL.45. a) Ta. 6) IIpu x — +°° HeT, mpu x — —° 1a.
B) IIpu x — +0°© mer, mpu x — — ga. r) IIpu x — 0+ wmer,
opu x — 0— na.

VIII.46. a) IIpu x — 0 ga, ipu x — ©© Her. 0) Ilpu x — 0
HeT, IPU X — O° 3T QYHKIUU He ABJIAIOTCA 6ECKOHEUHO Ma-
JbIMU, a moHATHUe o(f) ompenensasoch HaMU TOJBKO naA Oec-
KOHEUYHO MAaJbIX!

VII1.47. 3ameuarnue. B pellleHun 5TON 3aJauym MOYKHO He
OrpPaHUUYMBATHCA OTBETOM HA BOIIPOC, KakKas u3 0ECKOHEUHO
MaJIbIX MMeeT 0oJiee BBICOKUII MOPAMOK, a OOCYAUTH C YUeHU-
KaMM TO, UTO MOJKET Ha3bIBATHCA ITOPSIAKOM OMHOIN BeIWYU-
HBI OTHOCHUTEJBbHO nApyroii. BcrmomMmHas 3HaYeHUEe CJOBa
«IIOPAOOK» KaK IIOKasaTejsd cTelleHU (Hampumep, creneHb 10
B JECATUYHON 3aIlMCU YICJIA), MOKHO BBECTHU €T0 CJIEeAYIOINM
obOpasom:

ecau O m [ — (pyHKImUYM, GECKOHEUHO MaJible Ipu X — 4,
opuuéM lim ()
x—)aBp(x)
0ECKOHEUHO MaJIOH MOPSAAKA P [0 OTHOIIEHWIO K 3 mpu x — a.
IIpuBeném oTBeT AJaA TaKOro omnpejenaeHusa: a) p = 1

=K, rne K # 0 — uucigo, To 0. Ha3bIBaeTCs

(byHKIMYM SKBUBAJEHTHHI). 0) p=i. B) p=§. r) p=2.

) p=3 (cm. sagauy VIII.30 c).

VIIL51. a) % 6) ﬁ ) 15. 1) —1. 1) —1. e) 3.

VIII.52. Pemenue. IIpuBegéanoe yTBep:KIeHUE HeBep-
HO. B KauecTBe mpuMepa MOXKHO IIPUBECTH YiKe PACCMOTPEH-

o . . 1 1
ublii B 3amaue VIII.30 e) mpemen lim(tgx — sin x)?= 5 Ecanu
x—0
JK€ BOCIIOJIb30BATHCA SKBUBAJEHTHBIMU (PYHKIIMAMH Sin x ~ X,

tgx ~ x mpu x — 0, mosryuuTca limx_gx =0.

x—0

VIII.53. BuTuHo yTBep:KJeHUe TOBOPUT HA CaMOM JeJe
JUIIL O TOM, 4YTO [ ABJsAeTCcsa OecKoHeuHo MaJioi mpu x — 0,

ma u To, ecnu limf(x)=0. Pura gana BepHoe olpeneieHUe.
x—0
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§ 48. HenpepbieHOCTb PYHKUMIA B TOuKe

Cob6cTBeHHO, § 44—46 MOXKHO CUMTATh TEXHUYECKON IIOM-
FOTOBKOM K BaXKHEHNIINM IIOHATUAM, PacCMATPHUBAEMBIM B
5TOM M Imocjaexnymoiux mnaparpadax. Ctporo rosopsi, Bce 3ana-
Yy Ha BBLIUKCJEHHE IIpeaesia (PYHKIUK B TOuKe u3 § 46 MbI
peiiajy, MHTYUTUBHO HCIIOJL3YS IMOHATHE HENPEePLIBHOCTH
(1 3a0HO HENPEPBLIBHOCTH PA3JIMUYHBIX JJIEMEHTAPHBLIX (PYHK-
muit, cm. § 49).

Hamomuum, uto ¢pyHKnmua f(x), ompenenéHHas B HEKOTO-
poOii OKPECTHOCTH TOUYKHU Q, HA3LIBAETCS HEIIPEPBLIBHOM B TOU-

Ke x = a, ecau lim f(x) = f(a).
x—a
Yarmre Bcero Ipu BBIYUCJIEHUUM IIpenesia, eciau (PyHKIIUA

HeIlpepblBHA B TOUKE X = 4, HCIIOJb3yeTCsa MMeHHO (opMmyJia
lim f(x) = f(a). 9TuM MBI BOCIIOJIL30BAJINCHL B pasbope IpuMe-
x—a

pa 9 a) uz § 46:
lin%(x3+2x2+1)=23+2-22+1=17.

daxkTruecku OblJIa MCIOJNb30BaHa HEMPEPBIBHOCTL (HyHK-
mun f(x) = x® + 2x? + 1 B Touxe x = 2. JleficTBUTEIHHO, TOT-

Ia linéf(x) =f(2)=17.
Ecau :xe dopmymnoii lim f(x)= f(a) Heab3ss BOCIOJIB30BATH-

CsA HEIIOCPEeACTBEHHO, IIOCKOJIBKY (PYHKIUsS [ He oIpeaesieHa
B TOUKE X = @, TO BBIpAKEHME IIPeo0pa3oBLIBAETCSA TaK, YTO-
6bI OKasajyoch f(x) = g(x) mpu X # @, HO IPU ITOM (PYHKIUA
g(x) Oblma OBI ompefesieHa B TOuKe a; Torga limf(x)=
= lim g(x) = g(a). e
x—a
HMenHO Takas cuUTyanua pacCMaTPUBAeTcCA B IIYHKTe 0)

»©-8

npumepa 9 u3 § 46, rme MbI BeIumcadgeM lim Hamowm-

x—22x—4
HUM HaIlle PacCy’KAeHUe: Ipm X = 2 QYHKIUA He OoIpegese-
Ha, HO B OCTAJILHBIX TOUKax objacTtu ompenesieHus x —2 = 0,
U MBI MOKEM COKPATUTH APOoOb; IIPH 3TOM KaK pas U IOJy-
yuTcA HOBas (QyHKIuUa g(x), coBmamamIias ¢ QyHriuei f(x)
Be3le, KpoMe TOUKU X = 2, u Opu sToMm g(x) OyaeT HeOopepbIB-
Ha B TOYKe X = 2.

f(x) =

¥-8 (x-2)(x*+2x+4) 1 , _
0w 4 2(x—2) =5x +x+2=g(x), x#*2.

Torga lirr;f(x) = linég(x) = g(2)=6.
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ITousaTHO, uTO BO Bcex 3amauax § 46 MbI ITOJIB30BAJNCH
HeIIPepPbIBHOCTHIO dJIEMEHTapPHBIX (PYHKIIUN BCAKUI pas3, KOr-
Ia yTBep:KOalu, Hamnpumep, 4To limcosx=cosO0=1, u BO

x—0

BCeX MOJOOHBIX TOMY CJIAyUYAIX.

Jabbl yualuecs OCBOMJINCH C OIIpeJesieHreM HeIpepbIB-
HOCTH U CTaJIM BOCHPUHUMATH €r0 €CTeCTBEHHO, MMeeT CMBICJI
HAYaTh C PEIIeHNs CAMBLIX IPOCTLIX 3a1ad, alllleJUPYIONuX He-
IIOCPEeACTBEHHO K OIpeneJeHnio, Hampumep ¢ 3azaum VIII.55.
E1ié sayuiiie momMoraeT OCBOUTBHLCS C OIIpeJesIeHMeM COIIOCTAaB-
JIeHNEe IMOHATHUS HEIPEPLIBHOCTH C IIOHATHEM PAa3pPBIBHOCTH,
KOTOpOe MMeeT CMBLICJI pacCMaTpPUBATEL Cpasy IIOCJe olIpenese-
HUs HEeIPepbIBHOCTH, BO3MOJKHO, Jaske Ha TOM JKe ypoKe. 3a-
mauue VIII.56 Kak pas u HaleJeHO Ha OTPabOTKY 39TUX IIO-
HaTtuii. Mbl IpeaaaraemM gesaTh 3afauu K § 48 B ciaemyroiem
nopanke: VIII.55 a), B), ) paccmoTpeTh B KJjacce; VIIL.55 0),
I), €) IpeloKUTh B KauecTBe AomalrHero samanusd; VIII.56
a), 0) paccmorperh B KJjacce; VIII.56 B)—na) mpenao:KuTh B
KauecTBe aoMmalrHero saganus; VIII.58 paccmorperh B KJiac-
ce; VIII.57 mpenyoXuUTh B KadecTBe JOMAIIHEro 3aJaHNsd;
VIII.59 mpenio:XuUTh B KadecTBe AOMAIIIHEro 3aJaHuA C 00sd-
3aTeJbHLIM pPasbopoM B KJiacce.

ITociie sToro MoKHO pasodOpaTh 0ojiee CJIIOKHBIE 3amaun
VIII.60 u VIII.61.

Jlasee MOKHO IIepedTU K CBOWCTBaAM (DYHKI[MMU, HEIIPEPHIB-
HOM B TouKe. IIpocreiimue ynpaskuenusa Ha oty Temy (VIII.62
u VIII.63) MOXHO BBITIOJHUTH cpaldy B KJacce B KauecTBe WJI-
JIoCTpanuii K IPUMEHEHUI0 CBOMCTB (DYHKI[MU, HEIIPEPHIBHOM
B Touke (§ 48, m. 2).

Jns momalliHeTo 3aJaHusS ¥ UJJIOCTpPaIluu cBoMcTBa 4
HeIIPephIBHON (PYHKIUKU B TOUuKe (HEIIPEepPLIBHOCTh KOMIIO3U-
nuun) mpenHasHadena sagaua VIII.65, KoTopyio mOTOM HYIKHO
o0CcyauTh B KJacce.

OcranbHble 3agaum (Cpeay KOTOPBLIX €CTh BechbMa CJIOMK-
HbIe) 00sI3aTeJIbHBIMU He SBJSAIOTCSA W OCTAIOTCS Ha yCMOTpe-
HUe YUYHNTeJs, KOTOPBLIHA MOKeT BKJIIOUNTh UX B JOMAaIllHee 3a-
JaHue sl CUILHBLIX YUEHHKOB.

Pemrenuss m ykazaHusA K 3agadam

VIIL.55. a) f(-1) = —2. 06) f(1)=§. B) f(0)=l. r) f(0) = 1.

2 2
m) f(0) =1. e) f(0) = 1.
VIIL.57. a) x; = -3, x,,=2.06) x;, =1, x,=1. B) x; = -2,
N e R R R Ohte?
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VIIL58. a) {§+nn: neZ}. 6) x = 0, f(0) = 0. B) x, = 0,

x, =1, f(1)=—g. r) {nn;gﬂLnn: neZ}, B TOYKAaxX BHUIa

x =nmnn: npu n = 2k f(xn) = f(2nk) = 1,5, ipu n =2k + 1
f(rn) = f(2nk + ©) = —1,5.

VIIL59. a) a = 0. 6) a =~

3 B) Takoro a He cylecTByer.

r) a = —1.
VIII.60. x=1 u x=2. Pemenune. OueBuaHO, PpyHKIIMIA

f(x)={3x_2’ x€Q,

5 IOJIKHA OBITH HEIPEpPBLIBHOM TaM, TIe
x°, xe R\Q

sHaueHns obemx (yHKnmi g(x) = 3x — 2 u h(x) = x* Gyayr
6JIU3KU, T. €. B TouKax x =1 m x = 2 (KOPHAX ypaBHEHUA
3x — 2 = x%). Ho 970 emé HYKHO JOKAa3aTh.

HoxaskeM, HampuMep, 4To PyHKIUA [ HempepbiBHA B TOY-

Ke x = 1. [l;ig 9TOTO HYXKHO ZOKAas3aTh, YTO lirrif(x)= f(1)=1

BocmoanzyeMmesa ompefeeHneM Ha fA3LIKe € — 0. Bo3bMéM
€ > 0. ITo sromy € Haiiném mua QyHKnuu g(x) = 3x — 2 Takoe
8, > 0, uTo Aya Bcex X € U51(1) OyZeT BBLIIIOJIHEHO HepaBeH-
ctBO |g(x) — 1| = [8x — 3| < & (Takoe & Haiimérca B cuiay He-
npepbIBHOCTY (QYHKIIUM & B TouKe X = 1). 3ameTuM, UTO 3TO
HepPaBeHCTBO BBINOJIHAETCA, B YaCTHOCTH, IJIA BCeX paluo-
HaAJbHBIX X € U51(1). Tenmeps mo TOMY Ke € TOUHO TaK Ke

HaWgéM ansa pyHrmun h(x) = x? (xkoTopas TOKe HeIlpepbIB-
Ha B x = 1) Takoe 0, > 0, uTO ;AJIA Bcex X € U52(1), B HacT-
HOCTHU [JIsI UPPAIMOHAJBbHBIX, OyJeT BBLIIOJHEHO HepaBeH-
ctBo h(x) — 1| =|x® — 1| <e. Ecau Tremepb B3ATH O =
= min{d;; O,}, TO AIA Bcex X € U5(1) 3aBeOMO BBIIIOJIHAIOT-
cAa o0a HepaBeHCTBa, O KOTOPBIX IIJIa PeUYb BBIIIE, a CTAaJIO
ObIThb, HepaBeHCTBO |f(x) — 1| <e&. AHamormuHO JOKa3bIBaeT-
cda, uTo (PYHKI[MSI HeIpepbiBHA B Touke X = 2. OueBuAHO,
BO BCeX IPOYMX TOUKAX BEIeCTBEHHOU ocu GyHKIuUs [ pas-
pBIBHA.

VIII.61. a > 1 uau a < —3. Vkaszanue. Touku Hempe-

PBIBHOCTH WHIIEM, pelnas ypaBHeHme x> — x = ax — 1. YUro-
60bI (yHKIUA ObIlJTa HeNpepbIBHA POBHO B ABYX TOYKAaX,
HYKHO, UTOOBI 5TO YpaBHeHUEe MMEJIO ABa Pa3JIUUYHBIX pelie-
HUA.
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VIIL.62. a) He o6sasaTenbuo. MoskeT 6bITh, f(x) = 0 Ha R.

6) Bepuo. Eciu 6b1 3T0 OBLJIO HE TaK, TO QYHKIIUA & TOJK-
Ha Oblja OBI OBITH HENPEPBLIBHOII B TOYKE @ KAaK Pa3HOCTh
IBYX HeINpPepbIBHBIX (QPyHKIuH f+ g u f.

VIIL.63. Pemeuune. Pyuxnusa 2f HempepbiBHA B TOUYKE a
KaK CyMMa ABYX HeIIPepPbIBHBIX (pyHKnuili f + gu f— g, a Tor-
Ila HempepbIiBHA U caMa (GpyHKIUA f (110 cBOMCTBY 3 QyHKIIUH,
HeIIPepbIBHON B TOUKeE).

VIII.64. a) Henbssa. Pemenue. Tak xax lim f(x)=0 u
lim f(x) = +oo. *o0n
x— 0+

0) Henbzsa. Pemenue. Tak Kak linil_f(x) =0mu lirgf(x) =1.

B) MokHO, f(0) = 0. Pemenue. [leficTBUTENbHO,
1

.1 2 . y 1
lim—-e * =1lim “5=0 (3mecn: y=—).
x—0X xaooeyz (IL y x)

1
r) Henbssa. Pemenune. Tak Kax {;} — Too, TO mOTOMY

x— 0t

lim f(x)=+oc0 u lim f(x) = 0.
x—0- x— 0+

VIIL.65. a) ®yuruusa f(g(x)) = sign(l — x*) = 1 HenpepsIB-

. a 0, x#0,
Ha Ha R; pyurmusa (g(f(x)) = 1 — sign®(x) = 1. x—( Hempe-

pPBIBHA Besle, Kpome HYJI.
6) ®ymrnua f(g(x)) = sign(x® — x) HempepslBHa Ha
R\{-1; 0; 1); dyurmusa g(f(x)) = sign®x — signx = 0 Hempe-
peiBHa Ha R.
-1, x<-—
B) ®ynknusa f(g(x)) =

0 x>-1 s HeIIpepbhIBHA HA R\{_l};

0, x<1,
1, x>1

r) f(g(x)) = 1; g(f(x)) = 1 + {signx} = 1; 06e KOMIIO3UIINHA
HenlpepbIBHBI Ha R.

HemnpepnsiBHA Ha R\{1}.

byrrnua g(f(x)) = {

1, x>1,

0, x=1,
VIII.66. a) f(x)=+-1, -1<x<1,

0, x=-1,

1, x<-1.
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0, x>1,
1 x=1

0) f(x)=<2’ ’ B TouKe x = —1 GQyHKIUA He
1, -1<x<1,
0, x<-1,

ompezeseHa.
)1, x=27n, neZ, _
B) f(x)—{o’ xznk, keZ, B Toukax x =2nl +n, l € Z

GyHKIIUA He oIIpeesieHa.

r) Ha wmuTepBasax Buaa (—%+2nk; %+2nk] u (5—§+2nk;

7 . o
?n+2nk), k € Z ¢(pyuxnua sagaérca opmysoin f(x) = x;

5 ..
B TOUKaX X = % +71n u x= ?n +7mn, n € Z QyHKIUA 3aqaéT-
o x n b
ca dopmysoit f(x)= 55 B TOUKAX X ="~ +nl u x= ~8 + l,

l€ Z @yHKIUA He oOIpelejeHa; Ha HHTepBajJlaxXx BHIA

5 5
(—§+2nm; —%+2nmj u (%+2nm; ?n+2nm), me Z pyHK-
nusa 3agaérca gopmyaoii f(x) =0, k, n, I, m € Z.
1 )
nl . ITockoabKky z 0, To

14+ —= n—oo
n2x

) Pemenmune. f(x)=1lim

n—oo

1
IJisi JII000T0 (PUKCHUPOBAHHOTO X # ( BBIIIOJIHSAETCS o 0.

n—oo

1, x#0,
0, x=0.

e) Pemenmue. IlockosbKy mpm J000M (PUKCUPOBAHHOM
x > 0 BoimosiHgerca €' — +oo, a mpu x < 0 BBIIOJIHAETCA

n— oo

Eciau e x = 0, To %=1. Takum obpasom, f(x)={

b

Sl

e"™ — 0, moayuaem f(x)=

n — oo

x>0,
x=0,
x <0.

B

k) Pemenue. 3amerum, uto QyHknusa uétuada u f(0) = 0.
IIpu 0 < x < 1 BbimosHsAeTca x' — 0, mosromy f(x) = 1.

n — oo
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Hamnee, mpu x = 1 umeem f(1) = lim (L/§= 1. IIpu x > 1 BBIIOJ-

2 2
Haerca x' — +oo, mpu atoM 1+ x* «mouru paBHO» Yx*",

n— oo

2

x5, x<-1,
a Yx®" = x” OxomuarempHo f(x)=1:1, —1<x<1,
x% x>1.

3) Pemenue. IlockonbKky ¢ — +oco, To mpu t — +©

t— +oo
In(1 + €') ~lne' =t u nmpu x > 0 (3aMeTUM, UTO IPHU JTIO6GOM

(duxcupoBarHOM X > 0 BeImONHAeTcA €' — +0o0) In(1 + &) ~
t— +oo

~ Ine* = xt. Torga mpu a060M (ukcupoBaHHOM X > 0 BHI-

_ s In@4e™y L oxt
TOJHSIETCA f(x)_tlirf},o—ln(1+et) _xlir-{loo .= X IIpu x < 0 BEI
. In(1+e*
nonHAeTca e — 0, mosromy f(x)= lim n(—et)=0. Haxo-
= oo t>+oo In(1+e%)
0, x<0
mer, f(0) = 0. OkonuaresbHO f(x)=1 ’ ’
m, £(0) ) {x, Y
T
2x+2, x>0,
u) f(x)=+0, x=0,
T
X5 X 0

VIIL.67. HamomHUM ycioBue: QyHKIUA [ HeIpepblBHA B
Touke a u VO > 0 dx;, x, € Us(a) Takue, 4TO BHIIOJHAETCA
HepaBeHCTBO f(x;) * f(x,) <0 (T. e. B n000¥ OKPECTHOCTH

TOYKH d WMEIOTCSA TOUKU, B KOTOPBIX GyHKIUA [ IpuUHHMA-
eT 3HadyeHUA Pas3HBIX 3HaKoB). Tpebyerca moxasaTbhb, YTO

f(a) = 0.

Pemenue. ITockonbky (GpyHKIIUA [ HempepblBHA B TOU-
Ke a, To 1mo ompezneaenuio limf(x)= f(a). Ilocrpoum aBe mo-
x—a

CJIeIOBATEJILHOCTA apryMeHTa {x,}, CXOAAIIueca K @, CIERY-
IOIIUM 00pas3oM.

ITonosxxum 6, =1 m BbeIGepem x;€ Uy(a): f(x}) >0 m
xje Uya): f(x}) < 0;

1

s O, = 5
f(x3) < 03
26
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2 2



LSt 5n=% BeIGepeM x, € U,(a): f(x;) >0 u x, e U,(a):

f(x) < 0; ' '

B pesyabraTe moJsiyuaTcsi [OBe€ IIOCJI€LOBATEIBHOCTU:
{x)}: x, T OpUUYEM B CHJIY HeOpepbIBHOCTH (QYHKIUU [

BeIIONIHAEeTCA f(x,) — f(a); {x,}: x, — a, IpUYEM B CHIY
n— oo n—oo
HellpepbIBHOCTU (GYyHKIuM [ BeImogHdgercd f(x,) — f(a).
n— oo

ITockonpry Vn € N f(x;) > 0, a f(x,) <0, To, MCHOJb-
3y NIpemeJbHBINl IIepexoJ B HepaBeHCTBE, II0JydYaeM, UTO
IJIs TEepBOM mocJiefoBaTeJIbHOCTH MOJIKHO OBITH f(a) = 0, a
oy BTopoii mociaemoBareabHOocTHU f(a) < 0. Orcioma f(a) =
= 0.

VIII.68. BepHo, HTOCKOJBKY IIOJYy4YaeTCsd KOMIIO3UILUS
HeIpepbIBHBIX (QyHKIUi. OO0paTHOoe HeBepHO. Ilpumep:

f(x)= D(x) - %, rae D(x) — dpyurmnua Hupuxie.

VIII.69. a) Pemenue. 3 pasenctBa f(0 + 0) = f(0) +
+ f(0), unu f(0) = 2f(0), cnemyer, uro f(0) = 0.

0) Vkasanue. [JlokasaTh 0 UHAYKIIUH.

B) Pemenmue. [locraTouHo maokasaTb, uTo [(—x) = —f(x).
IeiicTBUTENBHO, AJIS IPOU3BOJIBHO BBIOPAHHOTO apryMeHTa X,

BhIIIOJNIHEHO paBeHcTBO f(0 — x,) = f(0) — f(x,); HOCKOJBKY
f(0) = 0, o f(—x,) = —f(xy). Tpebyemoe ciexyer m3 dTOro pe-
gyJbTaTa W OyHKTa 0).

r) Pemeuue. OGo3uauum %=y; TOTZA X = nYy, U pPaBeH-

1
CTBO IIepellChbIBaeTCsA B BUJE f(y)=;f(ny). ITocnennee ysxe

moxaszaHo B 3amaue VIII.69 06).

n) Pemeuue. Ham manmo, uto f(1) = ¢. TpebGyercsa moxa-
3aTh, 4YTO MJid BCeX pPAaIMOHAJBHBIX X BEPHO pPaBEHCTBO
f(x) = cx. PanmuoHasbHOE YMCJIO X IIpeacTaBideTcsa (HecOoKpa-

THUMO¥) APOOBIO: x=%. HWcnonb3yss nmyHKTBHI 0), B) U T') 3ama-

yn VIII.69, mepemuinmem TpebyemMoe paBeHCTBO B BHIE

f[%): % - f(1). Ocrasoch IpeaAcTaBUTL €AUHHUILY B BHIE % . %,
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4TOOBI YBUIETH 3[4€Ch PABEHCTBO [ (m p

n m n m
. )= pl f(;) , BEPHOCTb
KOTOPOTO y:Ke JOKasaHa BBIIIIE.

e) Vkaszanue. Bocronb3oBaTbCA TEM, UTO JIIO0OOE MPPAI[UO-
HaJbHOE YMNCJIO MOMKET OBITh IIPEeJCTaBJIEHO KaK IIpeAes Io-
CJIeq0BaTeIbHOCTH PAI[MOHAJIBHBIX UKCEJI.

k) Pemenmune. [Joxkakem, uTo ecnu (pyHKIUSA [ HeIpepbIB-
Ha B TouKe x = 0, To myig Bcex x € R BepHO paBeHCTBO f(x) =
= cx, rme mo-upe:xxkHemy c = f(0). HamomHuUM, UTO B IIyHKTE
I) 5TO PaBEHCTBO JOKAa3aHO Js BCEX PalMOHAJIBHBIX X.

IIycte Temeps X, — HppamuoOHAIBbHOEe UHCJO0. Bo3pMéM
IOCJeN0BaTeIbHOCTD PAIlMOHAJBHBIX UNCEJI, MMEIOIIYI0 CBOUM
IIpefesIoM YHUCIO X,: t — X, t € Q. Iaa Kaxgoro taxkoro t

BEpPHO paBeHCTBO f(x, — t) = f(x,) — f(t), unu, Mo KOKasaHHO-
My B OyHKTe n), f(x, — t) = f(x,) — ¢ * t. Bocnosbsyemca mpe-
JeJIbHBIM II€PeXOJOoM IIpu t — X, B IIOCJeJHEM DPaBEHCTBe, IIe-
penncasHOM B Buue f(x,) = f(x, — t) + ¢ * t. Tak Kak B cuiy
HenpepeIBHOCTH (GyHKNuum [ B Hy’Ie f(x,— 1) t—:)co f(0) u

f(0) =0 wm3 myHKTa a), TO IpemeJNbHBIN IepexoJ MIacT
f(xg) =c * x,.

VIIL.70. Pemenune. Oyuaxiua OygerT 3ajaHa Ha OTPe3Ke
[-2; 2] m npuHUMaTL 3HaueHUA Ha OoTpesdke [—1; 1].

Cmoco6 1 (popmyaoit). Ha monyuHTepBasiax Buja (nil; %}

3aaéM JIMHEeHHYIo (GPYHKIINIO, 3aMEeTalIy0 3HAUeHUSIMHU BeCh

1 1
MMOJIYUHTEPBAaJI (m; ﬂ} Takum o6pasoM MBI 3amaiu

dyuarmnuio Ha (0; 1].

Ha nmonmyunTepsanax Buna (1 Rl .

1 1 .. .
5 —:| 3amaeM JIMHEMHYIO

GYHKIIUIO, 3aMeTaI[yI0 3HAYEHUAMHN BeCh IIOJYWHTEPBAJ

1 1
(Zn’ 2n+1}. Takxum ob6pasom MBI 3amaau (pyuxiuio Ha (1; 2].

Ha orpuiiaTeibHOl 4YacTu 3aJaéM BCE <«II0 HEUYETHOCTHU .

Ha nmosyunTepBasax Bujaa [——; - } 3a/laéM JIMHENHYIO

(I)YHKI_[I/IIO, 3aMEeTarIIyIO 3HaUYe€HMHAMM BeE€Ch IIOJIYHMHTEepPpBaJ

1 1
(—2n; _2n—1i|‘ TaxuMm 00pa3oM MBI 3afajl (PYHKIIAIO HAa
[-1; 0).
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1 1
AHaJIOTUYHO Ha IIOJIYyHHTEepBajJiaX BHOa (_;; -1- :l

3aIaéM JIMHEHHYIO (PYHKIINIO, 3aMeTAaIIyI0 3HAUeHUIMU BECh

1 1
IIOJIyUHTEPBAJ (—m; _ﬂ}' Takum o6pasoM MBI 3amajun

dyurnuio Ha [—2; —1). U makoner, f(0) = 0.

Cmoco6 2 (omucanuem). Paso6bém moayuHTepBan (0; 1]
ocu Ox Ha HOJYUHTEPBAJBI, CXOAAIHecsd K HyJo. HasoBém
ux KpacubIiMu. To Ke camoe chaejlaeM C IIOJYUHTEPBAJIOM
(1; 2] — paszoObéM ero Ha TOJYUHTEPBAJBI, CXOAAIIUECST
K emuHuie. OHu OyayT CUHUMU.

Teneps Ha ocu Oy orpesdok (0; 1] pazobrémM Ha OTpe3KU,
cxXomsfAIrecss K HYJI0, W IOKpPacUM KX uepe3d OAUH B Kpac-
HBIM M cuHUK 1nBera. Hy a Temepb KpacHBIe OTPE3KU Ha OCU
Ox orobOpasuM Ha KpacHble oTpe3ku ocu Oy (cobaiomas MO-
HOTOHHOCTH), a CUHHMe — Ha cuHme (cobJogas MOHOTOH-
HOCTB).

Ha orpumarenbHoii yacTu olpeneiseM «II0 HEUETHOCTH»,
T. €. TaK, 4TOOBI IIPH BCeX 3HAUEHHUSIX X BBINOJHSIJIOCH YCJIO-

Bue HeuéTHOCTH (pyHKIUHN f(—x) = —f(x). Ionyuennasa (pyHK-
IUs, OUeBUIHO, OMEeKTHUBHO OTOOpaskaeT oTpes3ok [—2; 2] B or-
pesok [—1; 1].

Teneps sicHo, uTOo (PyHKIIUs [ HempepbIBHaA B HyJie. B ca-
MOM JeJjie, Jii00as IOCJIeLOBATEIbHOCTH {X,}, CTpeMAIasaca K
HYJII0, BXOOUT B KpPacHYIO 00JlacTh, U €€ KpacHble 00pasnl 0y-
IYyT CTPEMUTHCA K HYJIIO.

Ho obparHas yHKIMa He HempepbiBHA B HyJie. B camom
Zese, BOBbMEM IIOCJIELOBATEIbHOCTh CUHUX TOYEK {y,}, CTpe-
MAITyIocAa K Hy 0. VX mpoobpassl — cuHUE TOUKHU Ha ocu Ox
3aBeJIOMO He CTPeMATCA K HYJII0, TaK KaK HaXOAATCsS 3a IIpe-
menamu orpeska [—1; 1].

8§ 49. HenpepbiBHOCTb PYHKLMI HO NpOMEXYTKe

Marepuan maparpada saBaAeTCA TeM, pagud Yero CTOUT
nayudars ryaaBy VIII. dakTuuecKkm IIpu HEXBATKe BpeMeHU
WU cO caabbIM KJacCoOM MOJKHO M3ydyaTh MaTepuaj TJaBhl
VIII cinenmyioimum obpasom:

1. HarnsagHoe ompepesieHre HeNPePLIBHON (QPYHKIUMU Ha
IIPOMEIKYTKE.

2. Nsyuenme martepuana § 49 no. 3 (6e3 moKasaTeilbCTB, HO
Cc pasbopoM IIPHIMEPOB).

3. Pemenne zamau VIII.71—VIII.81, VIII.84, VIII.85, Ko-
TOpBIEe OJA CTPOTOro O(MOPMJEHUSA pPeIleHusA TPeOyloT JIUIIh
Teopem us § 50.
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Pemrenuss m ykazaHuA K 3agadam

VIIL.71. Yrkasanue. I nokasaTelbCTBA JOCTATOYHO pac-
CMOTpPeTh HeNpepbIBHYIO (QyHKIUIO ¢O(x) = f(x) — g(x), KOTO-
pas mpuHUMaeT 3HAUEHUA Pa3HBIX 3HAKOB HA KOHIIaX OTPE3-
ka [1; 3], m OmpuMeHUTH IIePBYIO TeopeMy DBouabllaHO—
Kormnm.

VIII.72. a) Peme Hue. CMBICT 9TOTO YTBEPIKIEHUA B TOM,
YTO KaK ObI COOTBETCTBYMOIasd KpuBas (rpa@uK Takoil (pyHK-
V1) HU W3BUBaJIach, OHAa 00s3aHa TJe-TO IIepeceub IIPAMYIO
y = x. [Ina morasareabcTBa paccMoTpuM (GYyHKIUIO O(x) =
= f(x) — x. OueBuguo, ¢(0) < 0, a ¢(1) = 0. Ecau ¢(0) =0
uimu (1) = 0, To nckomasa Touka yKe HaiimeHa. B mpoTuBHOM
cayuae ¢(0) < 0 m ¢(1) > 0, a Torga o nepBoit Teopeme Bosb-
nmano—Komu cyimecrByer Takas Touka ¢ € (0; 1), uro
o(c) =0, T. e. f(c) =c.

0) Vrkaszanue. I3 pesdyibTaTa OpeabIAyINEero IyHKTa cJie-
IyeT, UTO TaKOh (GYHKIMU He CYIIeCTBYeT.

VIIL.73. VkaszaHue. MHOTOUJIEH HEUETHON CTEIeHU — He-
npepbiBHAS (QYHKIIUA, NPUHUMAONAsd pasHble 3HAKH INIPU
X = +0 u x - —00,

VIIL.74. 9to mpsamoe ciaeactBue m3 3amaum VIII.72 a),

. o T T T
IPUMEHEHHON K OTPE3KY [_E; 5}' Ha otpeske [O; 5} Kocu-

HyC yObIBaeTr, a PyHKIUA y = X BO3PACTaeT, IIO9TOMY Ha 5TOM

2

VU UMEIOT Pa3Hble 3HAKW, MOITOMY HAa HEM KOPHEU HET; IIpu

T
oTpe3Ke He 0ojiee OTHOIO KOPHSA; HA OTpe3Ke {——; 0} byHK-

s
BCeX OCTAJbHBIX X BBLIMOJHAETCH |x|>§>1, a |cosx| < 1,

m09TOMYy OOJIbIlle KOpPHEeH B0OOOIe OLITH He MOJKeT.

VIIL.75. Pemenue. Ilo ycmoBuio g(a) =2 f(a)=0 u
g(b) < h(b) = 0. Ecau okasanoch, uto g(a) = 0 mau g(b) = 0,
TO MBI yKe Halu Tpedbyemyro Touky c. Ecam ke g(a) # 0 u
gb) # 0, o g(a) >0 u g(b) <0, a Torma, MOCKOJbKY g He-
mpepbIBHA Ha oTpes3ke [a; b], 1o mepBoii TeopeMe Boabiiano—
Komu mHa unTepBase (a; b) HaiigéTca Takas TOUYKA C, YTO
8(c) = 0.

VIIL.76. Pemenue. Paccmorpum (QyuKIHO f(X) = x° —
— 20x — 30. Hatiném sHaueHud (PYyHKI[UU, HAIIPUMEP, B TOU-
kax —10, -2, 0 u 10: f(-10) = —830; f(-2) = 2; f(0) = —30;
f(10) = 770. Takum ob6pasom, f(—10) < 0; f(—2) > 0; f(0) < 0;
f(10) > 0. Torma mo mepBoii Teopeme Boabmamo—Koru pyHK-
IUA WMeeT IO MEHbIeld Mepe II0 OJHOMY KOPHIO B KayKJIOM
u3 Tpéx mHTepBasioB (—10; —2), (—2; 0) u (0; 10).

VIIL.77. Pemenue. [[oxaxkem, uTo f(x) = e nmmasa Bcex
x € [1; 5]. HomycTum, UTO 5TO HEe TaK U CYIIECTByeT TOUKAa
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x, € [1; 5] (xoHeuHO, X, # T), B KoTOpo# (yHKnIuUA [ Ipu-
HUMaeT Apyroe 3HaudeHue: f(x,) =a # e (IycThb, Halpumep,
I ompenenéHHoctu a < e). Torma mo BTOpoil Teopeme
Boapmano—Komu GpyHKIUA mKoMKHA IPUHUMATL UM BCe 3HA-
yeHUA 13 WHTepBaja (a; €) B CUJy HEIpephIBHOCTU (PMYHK-
nuu [ Ha orpeske [x,; m] (maum [w; x,]). Ho, xak m 060
HemyCcTOl MHTepBaJ, UHTepBaJ (a; €) COmepKUT XOTsd ObI Of-
HY (a Ha caMoM Jeje OECKOHEUYHO MHOTO) PallMOHAJbHBIX TO-
yeK. A 5TO HEBO3MOYKHO, TaK KaK II0 yCJIOBUIO (QPYHKIUA [
IPUHUMAET TOJHKO HppaluoHaJbHbIe 3HAUEHUS.

VII1.78. He cymiectByeT. Peme nue. Ilpenmonoxum, 4To
Takasa QyHKIUS [ cyiecTByeT. PaccMoTpuM QYHKIUO g(x) =
= f(x + 1) — f(x). s ycioBus caenyer, 4uTo GpyHKIUA g He-
IIpephIBHA U MIPUHUMAET TOJbKO MPPAIlMOHAJNLHLIE 3HAUEHUS.
CrnemoBaTesibHO, QYHKIIUSA g NMPUHUMAET HPU BCEX X OMHO U
TO Ke uppamuoHainbHoe 3HaueHme C (CM. pellleHHe 3amadyn
VIIL.77).

BreiGepem Temeps Kaxkyo-HUOYAL TOUKY 4, OJIsI KOTOPOH f(a)
panuonansuo. Torga f(a + 1) mpparnuoHaaibHO, a Caeq0oBaTeb-
HO, f(a + 2) pammomanpuo. Torma pasmocts f(a + 2) — f(a)
panuomanpua. Ho mpum »stom f(a+ 2) — f(a) = f(a + 2) —
—fla+ 1)+ fla+1) - f(a) = gla+ 1) + g(a) = 2C pomKHO OBITH
MPPAIOHAIBLHBIM YKCJIOM, UTO HMPUBOAUT K IIPOTUBOPEUMIO.

VIII.79. Peumienue. IlpeamoysosXmm, UTO ypaBHEHIE
f(f(x)) = x umeer KOpeHsb X = a, T. e. f(f(a)) = a. O6o3Hauum
b= f(a), Torma a = f(b). s ycaoBusa, uto ypaBHeHuUe f(x) = x
He MMeeT KOpHeH, cjeayeT, uTo a um b pasaumdHbl. PaccMor-
puM HempepbIBHYIO (QyHKIHO g(x) = f(x) — x Ha oTpeske
[a; b]. Ha xoumax storo orpe3ka (GyHKIUA g(xX) IPUHUMAET
3HAUEHUs pasHbIX 3HaAKOB: g(a) = f(a) —a=b—a, a gb) =
= f(b) —b=a—b. Ilo mepBoii Teopeme Boasmamo—Koinu
dyHKIIUA g(X) MMeeT KOpeHb ¢ Ha uHTepBaje (a; b), T. e.
g(c) = 0. Ho »To smauuT, uto f(c) =c, T.e. ypaBHeHUe
f(x) = x nMeeT KOpeHb X =C, UTO IIPOTHUBOPEUYUT YCJIOBUIO.

VIII.80. Pemenue. Ilo BTOpOii Teopeme Beiiepiurpacca
f(x) mocturaer Ha orpeske [a; b] cBoero HamMMeEHBIIIETO 3HAYE-
Hua m. Taxum oOpasom, m ABJAETCA OJHUM M3 3HAUEHUN

dyukmuu, a moromy m > 0. Torma yciaoBUIO yAOBJIETBOPSET,
HampuMmep, yuciao M = %
VIII.82. Pemenue. Ilycts mpezes IocjemoBaTeIbHOCTU

{x,} paBeHn a, T.e. limx,=a. Torga B culy HeIpepHIBHOCTU

n — oo

¢dysrnuu f moayuum f(x,) — f(a). Ho f(x,) =x,.,, a mo-

cJIel0BaTeJIbHOCTD {X, , |} TaKiKe CXOOUTCA K a. B cuny enus-
CTBEHHOCTH IIpemesia mojayuaem f(a) = a.
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VIIL.83. Pemenue. BoibepeM mIpousBOJILHOE BEIECTBEH-
HOe uYMcJo X W JoKakeMm, uTo f(x) = f(0). Paccmorpum tmo-

X
CIe/OBATENILHOCTD X, = o W3 ycmoBus cpasdy ciaemyeT, UTO

f(x)=f[§}=f(%j=..., T. €. IOCJexoBaTeJbHOCTH {f(x,)} mo-

crogaHa. Ho x, — 0, m B cmyuy HempepwIBHOCTH (PYHKIUU f

n — oo

ImocjefoBaTeabHOCTS {f(x,)} momxHa cTrpemutrbea K f(0), T. e.
f(x,) — f(0). ITosromy f(x,) = f(0) npu nr060M 71, B YaCTHO-

ctu f(x) = f(0). B cuny mpom3BOJBLHOCTU BBIOOpA X 39TO Bep-
HO mis Bcex x € R, 1. e. f(x) = f(0) Ha R.

VIIL.86. Pemeuue. Cuoco6 1. IIpoeném moKasaTeIbCTBO
oA MakcumyMa m3 ABYX (QyHKOuii. JlorkakeM HeOpepbIB-
HoCTh YHKIUU A, B Touke ¢ oTpeska [a; b]. Paccmorpum mo-

CJIeOBAaTeJIbHOCTh {X,}, CTpeMdAllyloca K ToukKe c. Ecuanm

f(c) > g(c), To B HEKOTOPOH OKPECTHOCTU TOUKUH C UMEeT MecC-
TO HepaBeHCTBO f(x) > g(x). Yucna x,, HaumHAA C HEKOTOPO-

ro HOMepAa, IIOIaAyT B 9Ty OKPECTHOCTD, IIO3TOMY IJIA HUX Oy-
JleT BepHO paBeHCTBO h,(x,) = f(x,). B cuny mHenpepwiBHOCTH
dyurnuu f mocimemoBarenbHOCTb {f(x,)} crpemurca kK f(c) =
= hy(c), 9TO M TpebOBAJOCH AJA IOKA3aTEJIbCTBA HEIPEePHIB-
HoCTH (pyHKOUM A, B TOUKe c. AHaJOrM4YHO pasbupaercd ciy-
qait f(x) < g(x).

IIycts Temeps f(c) = g(c) = d. Pa3ob6béM mociiemoBaTesb-
HOCTH {X,} Ha [Be IOJIOCJIEAOBATEIbHOCTU A, 1 b,: K IepBOil

U3 HHUX OTHECEM Te WIeHBI, IJd KOTOpHIX f(x,) = g(x,), a Ko
BTOPOII — ocTaJbHBIe. 3aMmeTuMm, 4uto h4(a,) = f(a,), h(b,) =
= g(b,). Ho o6e mocnemoBaresvHocTu {a,} um {b,} crpemarca
K ¢, IIO9TOMY IIOCJIEeNOBaTeJbHOCTS {f(a,)} cTpemurca k f(c) = d
u mociemoBareabHOCTh {g(b,)} crpemurca kK g(c) = d. Taxkum
obpasoMm, obe mociaenoBareabHOCTH {h4(a,)} u {h(b,)} cTpemar-
ca K d, a 3HAUHUT, IIOCJIENOBATEJIbHOCTE {h,(x,)} cTpeMurca K
d = hy(c).

Cmoocob6 2. Bocmosbdyemes: Tem, uro max{f; g} = %,
a min{f; g}=%. CymMa, pasHOCTb U MOAYJb Hempe-

PBIBHBIX (DYHKI[MII TOXKe HempepbIBHBI (cMm. 3amauy VIII.68).

VIII.87. Pemeunue. Ilpeqnonoxum, OJs OIpPeaeEHHOC-
™, f(a) > 0, f(b) <O0. IlockoabKy (YHKIIMS [ HempepbIBHA,
TO B HEKOTOPOH OKPECTHOCTHM TOUKHM 4 OHa MOJOKUTEJbHA,
a B HEKOTOPOHW OKPECTHOCTM TOUKU b orpumareinbHa. IlycTh
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f(x) >0 ompu a < x < a + 0, f(x) <0 mpu b—06 < x < b.
Paccmorpum ¢pyaKIuio g(x)=f(x)+ f(x + g]+ f(x+ 8). Omna

ompenejeHa 1 HeIpepbIBHA Ha oTpeske [a; b — 0], mpuuém
g(a) mMoNoKUTEIHPHO KAaK CyMMa TPEX IOJIOKHUTEJbHBIX CJia-
raeMbix, a g(b — 8) orpunarensuo. ITosTtomy QYHKIUA ¢ UMe-

eT HEeKOTOpPLIi KOopeHb ¢, T. e. f(c)+ f(c + g)+ f(c+8)=0,

YTO M TPeOOBAJIOCh AOKAa3aTh.
VIII.88. a) Ilpumep rpadura

TakoW (PYyHKIIUM TpeAcTaBJIeH Ha y
pucyuke 8.3.
0) IIpumepoM Takoil (PYHKIINU
MOJKeT CIYy:KUThb g(x) = arctg f(x), 0
rae f — pyurnus, us VIII. 88 a). x

B) Pemenmue. Ilycts f— He-
npepbpiBHaA (QYHKIUA, IPUHUMA-
oIasg KakIoe CBOE 3HaueHUe
POBHO naBa pasa.

Bribepem mpousBoJIbHOE 3Ha-

yenne y, = f(a) = f(b). Iycrn Puc 8.3
Y, — HauboJblllee 3HadeHHe f(x)
Ha orpes3ke [a; b]. IlpeamosiosKuM, YTO OHO JOCTUTAETCSA B
IBYX TOYKax ¢ m d Ha orpeske [a; b], T. e. y, = f(c) = f(d).
Ilyers ¢ <d. PaccmoTpum enié Kakoe-HUOYyJAb 3HaUeHUE Y
byurnum f mexay Touxkamu ¢ u d, 6oxabliee, 4eM Yy,, HO
MeHbIIlee, UeM Y, (Takoe, OUYeBUAHO, HAWAETCA B CHJIIy HeIpe-
peiBHOCcTH (QyHKINUu f). Ilo mepBoit Teopeme Boabiano—Ko-
mu GyHKIUA [ OpUHUMAaeT 3HAUYEHUE lJ eIfé, Kak MUHUMYM,
B OBYX TOUKAX: MEXIY @ W C, a TaKe Mexnay d u b, 4rto
IIPOTHUBOPEUYHUT YCJIOBUIO.

Teneps MPEAIOTOKUM, UTO HAUOOJIbIIIEE 3HAUEHUE ITOCTU-
raerca TOJBKO B OJHOI TouKe ¢ oTpesdka [a; b] m y, = f(c).
Torma BHe oTpeska [a; b] (mycTh, O ONpeneaéHHOCTU, CIpa-
Ba OT b) HaWaETcaA eIé oAHA TOUKA € C TaKUM sKe 3HAYeHU-
em: y, = f(e). PaccMoTpuM IpOMBBOJILHOE 3HAUEHUE MEXKAY Y,
u y,. OHO mpmHHMaercsa, KaK MHHUMYM, TPHU pasa: MeXIY
TOUKAMHU a4 U C, MEKIY TOUKAMMN ¢ M b U MeXIy TouKaMu b
U e. A 9TO CHOBa IIPOTHUBOPEUYUT YCJIOBUIO.

VIIL.89. a) Pemrenune. PaccMmoTpuM HempepbIBHYIO (QYHK-
muo g(x) = f(x) — f(x + 0,5), ompemenéHHyYI0 Ha OTpe3Ke
[0; 0,5]. Bamerum, uto g(0)=7(0) - 7(0,5) = —£(0,5),
g(0,5)=f(0,5) — f(1) = f(0,5). Takum o6pazoM, 3HAUEHUSA
GYHKIIMN ¢ Ha KOHIAX OTPEe3Ka IPOTUBOIIOJIOKHBI, a IHOTOMY

33



Ha otpeske [0; 0,5] pyHKOIUA £ WMeeT KOpPeHb a, T. €.
g(a) = 0. Torma f(a) = f(a + 0,5), T. e. orpesok mauabl 0,5,
COeUHAIOMINN TouKu rpadura c adbcimccamu a u a + 0,5,
mapaJijiejied ocu abcIumce.

0) Pemeunmume. PaccmoTpuM HempepbIBHYIO (GYHKIINIO

g(x) = f(x) = f(x + %) , OUpEeNeJIEHHYI0 HAa OTPEe3Ke [O; 1- %}

Jlerxko yOeaurbcsa, uto g(0)+ g[%]vL g[%]vL ot g(l - %)=

= f(0) — f(1) = 0. IlosTOoMy cpenu STUX cjlaraeMbIX eCThb [Ba,
nMeIloIue pasHble 3HAKHW, T. €. PYHKIUA g(x) mMeeT KakK IIO-
JOXKUTEJbHBIE, TaK W OTpUIlaTeJabHbIe 3HaueHus. Ciemosa-
TeJIbHO, Y HEE eCTh KOPeHb, T. €. HAUAETCA TOUKA a, OJIA KO-

. 1 1
Topoir f(a)= f(a+;). 3HAYUT, OTPE3OK AJIMHBI ,, COELVHJ-

. 1
oIui TouKu rpadura c abciuccamMm a u a+ -, mapaeneH

ocu abcIuce.

B) Pemenue. IcHO, UTO HJOCTATOUHO MCCJIEIOBATH CJIydaii
o > 0. ITpuseném nBa cmocoba pellleHus sTou 3amauu. Ilep-
BBIII TOpasmo Kopoue, HO ero TpyAHee IPUAYMAThL; BTOPOM
JKe — IJIMHHee, HO ero MOPOoIle IMOCTPOUTH.

Cmoco6 1. PacecmoTpum 100yi0 QYHKIINIO g(X), MMEIY0
nepmozn o, u Takyr, uro g(0) = 0, a Bo Bcex TOUuKax, He KparT-
HBIX O, 3HAUEHUEe g MOJIOKUTeJbHO. Eciu umcio o He ABJIA-
eTcs oOpaTHBIM K HaTypaJabHOMY uucay, To g(1) > 0. Temeps
noadoxkuM f(x) = g(x) — g(1)x. fcumo, uto f(0) = f(1) = 0.
Eciu f(x) — f(x+ o) = 0 gaa KaKo#-To TOUKU X, TO g(x) —
—g(x+ o)+ g(l)x — g(1)(x+ a) = 0. Orcroma g(1)ao=0, uro
HEBO3MOYKHO, IMOCKOJABKY g(1) > 0 um o > 0.

1
Cmoco6 2. ITycTh UMCI0 O HAXOAUTCA MEKAY UUCIaAMU .

1
u o1’ rme 1n — HaTypaJbHO€ YHCJIO. PaS}IeJII/IM OTPE30OK

AKX S
TN N X XN

Puc. 8.4
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[0; 1] HA n — 1 uyacTeidl U TPOBEAEM Uepe3 TOUKHU [eJeHUus U
KOHIIbI OTPe3Ka HpAMLIe C yIJIOBBIM Koa(duiiumentom 1. By-
IeM HasbIBATh STH IIPAMbIe KpacHbIMU. Kpome Toro, pasie-
aum orpes3ok [0; 1] Ha n yacTeit U MpPoBedEM Uepes3 TOUKH Ie-
JIeHUS TPAMbBIE€ C YIJIOBBIM Kos(pduruenrom —1. Bygem HasbI-
BaThb OTU MOpPAMbIe CHUHUMHU. SICHO, UTO TOUYKH [eJIeHUus
IIepBOTrO M BTOPOro THUHOB Ha orTpesdke [0; 1] uepenyrorca. Or-
MeTHUM TOUKH IIepeceueH’s COCeIHUX IPSAMbBIX WM PACCMOTPUM
JIOMaHyI0 C BepIIMHAMU B 9TUX TOodKax (cMm. pmc. 8.4 maa
n==6).

Paccmorpum J100y:0 TOPU3OHTAJBHYI XOPAY IIOJYYUB-
mietica jJomaHol. [IBe cocenHue cUHUE IPAMBIE OTJIUYAIOTCA

IPyT OT Apyra CABUTIOM Ha % IO TOPUB3OHTAJU; IIOITOMY JIIO-
0asa ropmsoHTaJbHAS XOpAa C KOHI[AMM Ha HUX UMeeT IJNHY
POBHO % CiemoBaTesibHO, Jl00as TOPH3OHTAJbHAs XopAa C
KOHITaMHU Ha COCEJHUX 3BEHBbAX JIOMAHOW MMeeT AJUHY MeHb-
e % (1 mosTomMy He paBHYIO (). ['Opm30OHTAJNIbHBIE XOPIBI

BCeX OCTaJIbBHBIX BHAOB COJepXaT TOYKH IIepeceueHuda C OBY-
MsA COCeJHMMM KPACHBIMU IIPDAMBIMMK; IIO3TOMY HMX MOJWHBI HE

1
MeHbIIle ——— (1 onATh :Ke He paBHBI 0). Takum obGpasom, IIO-

CTPOEHHASA JIOMaHas SABJIAETCA IpaUKOM (QYHKIUH, yIOBJIE-
TBOPSIOIEN YCJIOBUIO.

3ameuarnue. O6 sTO 3amade CM. 3aMeYaTeJIbHYIO CTATHIO
. M. dArmoma B :xkypHade «KBaur» (1977. — N 4) uau Ha
http://kvant.mirrorl.mccme.ru/1977/04 /0 hordah
nepreryvnyh krivyh.htm.

VIIL.90. a) SameuaHue. Bo BTopoM M3ZAaHUU HYKHO OymeT
matu f(2004), a me f(2006). Pemenue. N3 ycaoBus 3sa-
KJIIOUaeM, 4YTO [Jisi BCeX UYMCEeJ Y W3 MHOYKEeCTBAa 3HAUYEHUN

1
GyHKIUK [ BBITIOJNHSETCA paBeHCTBO f(y) = 7 ITockonbRy umc-

ao 2005 sxomut B E(f), TO f(2005)=ﬁ. Torma, mo cien-

CTBUIO U3 BTOPO#l TeopeMmbl DBoawsmano—Komu, oTpesor

1 .
[2005; 2005} COZIEPKUTCS B MHOJKECTBe 3HAUEHUU (PYHKIUU

f, T. e. [20105; 2005i|CE(f). 3uauut, 2004 € E(f) u, ciegosa-

TeabHO, [(2004) = ﬁ.
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6) ITIpumepomM Takoil (GYHKIUU SABISETCS HeIpepbIBHAS

2005’

HOII YacTu oCu, NMpMHUMAaKIIlasd 3HAYeHUA M3 3TOr'0O OTPE3Ka.

VIII.91. Pemenue. Ilpegmono:xkum, uro (pyHKIusa [ He
nMeeT HaNMEHBIIIET0 IIOJOMKUTEJIbHOTO mepuoga. Torma mis

1 1
(PYHKIINI, paBHASI -, Ha orpeske [— 2005}, a Ha OCTaJb-

I 1
JII000TO HaTypaJIbHOTO uucjia n Haiigérca nepuog T, < o Yoe-

IUMCs, 4TO Torga (PYyHKIHA f IIOCTOAHHA.
Boeibepem ai100yiI0 TOUKY X U mOKakem, uto f(x) = f(0).
OTkyjazpiBasg OT X OTPe3KH, paBHble IO JuuHe 1,, MOXKHO

1
NONYYUTH TOUKY X,, TAKYIO, 4TO |x,|< . V3 mepumopmanocTH

dyrrnuu f nonyuaem f(x,) = f(x). Ho mocnemoBaTeslbHOCTH
{x,} cTpemMuTca K HYJI0, a B3HAUUT, IIOCJEJOBATEIbHOCTH
{f(x,)} crpemurca x f(0). Iro osuauaer, uto f(x) = f(0), uTO
n TpeboBaJIOCh JOKAa3aTh.

VIIL.92. Pemeunue. OueBugHO, J100asa JuHeliHad GpyHK-
nus f(x) = cx + d ymoBiaeTBopsAeT ycJOBUIO 3amauu. Jloka-
JKeM, UTOo JApyrux Takux QYHKIu HeT. IIpexxnae Bcero
3aMeTuM, UYTO ecau (PYHKIUA [ yIOBJIETBOPSIET YCJIOBUIO
3aJjauv, TO BTO BepHO mJa (PYHKI[UU, OTJAMUalolneics or f
Ha KoHcTaHTY: g(x) = f(x) + ¢ (u HaoGoporT). IlosTomy Oymem
cuntath, uro f(0) = 0, m moxaswiBaTh, 4YTO f(Xx) MMeeT BULI
f(x) = cx.

Ilycts a, b — mpomsBoJbHBIE Ymcaa. PaccMoTpum mocJie-
LOBAaTEJIbHOCTDb, 3aJaHHYIO YCJIOBUAMHU X,, = 4, Xy, 1 = b.

X +t...+x
Herpyauo yb0emmThbCsi, UTO IIOCJIELOBATEILHOCTDH {T”}

a+b
CTpeMUTCA K 9 AHaJIOI‘I/I‘IHO IIocJjgenoBaTeJIbHOCTH
flx)+ ...+ f(x) f(a)+ f(b)
f CTPEMUTCA K T HOJIB3y&Cb ycJaoBHueM

3ajaun, IOJydaeM COOTHOIIICHIE
f(a+b]= f(a)+f(b). (*)

2 2

IToacraBasasa B paBeHcTBO (*) sHauenme b= 0, mosydaem

a
f[§)=%. 3HauUUT, paBeHCTBO (¥) MOKHO 3amucaTh B BUE

fla+b) _ f(a)+ f(b)
7 9 > uau f(a + b) = f(a) + f(b). Takum obpasom,
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MBI HaxoamMcsa B ycaoBuAx 3azauu VIII.69, u ma3 mymkTa mI)
9TOI 3amaum CJaedyeT, UTO IMIPU BCeX PAIMOHAJBHBIX X BBIMIOJI-
Heno f(x) = cx, rme c = f(1).

Bo3bMEM Temeph NPOMB3BOJILHOE YHCIO X U PACCMOTPUM
II0CJIe[OBATEILHOCTh PAIlMOHAJBHBIX UYUCeN {X,}, CTPEMAIIYIO-
csa K x. Cormacuo samaue VII.23 (10 kgacc) u3 TOro, 4TO IIO-
CJIeJOBATEJIBHOCTD {X,} CTPEMUTCA K X, CJELyeT, YTO IIOCIeI0-

x1+...+x,
BaTeJbHOCTh {———— TaKsKe cTpemMurcsa K x. IlosTomy

n

flx)+...+ f(x,)

n

II0oCJIefOBATEJIbHOCTh { } crpemutrca kK f(x). Ho

fe)+.. 4 fxy) el + ..+ x,)
n B n
c(x1+...+x,)

n

f(x;) = cx;, mosTomy u, cjemoBa-

TeJIbHO, IIOCJIedOBaTeJIbHOCTDH { } CTPEMUTCA K CX.

Takum obGpasom, f(x) = cx mJs JI000ro X, UYTO U TPeOOBaAJIOCH
IOKa3aTh.

§ 50. AcumntoTel rpaduka ¢yHKUMM

IATOoT maparpad HOABOAUT TEOPETHUUYECKYI0 0as3y IIoJ MeTO.
IOCTPOeHUA rpapuKa ¢ MOMOINLIO acuMITOT. TemM caMbIM, ITO-
ABJIAETCA BO3MOYKHOCTh HCCJIELOBATh HA ACUMIITOTHI HE TOJIb-
KO rpaduKu ApPOOHO-PAI[MOHAJBHBIX (PYHKITMIA.

Pemrenuss m ykasaHUs K 3agadyam

VIII.93. a) BeprukaspHad acuMOToTa X = —2, TOPHU3OH-
TarbHasa acumnrora y = 1. 6) HaxkjaoHHBIe acUMOTOTHI: [ = X
mpu x — +00; y = —x mpu x — —°°, B) HakJoOHHbBIE acUMII-

3 3
TOTBHI: y=x+§ opu x — +09; y=—x—5 upu x — —0,
r) Haxknonmnaa acummnrora y = x mpum X — 100,

VIIL.94. r) T'opusonTaibHasA acuMOTOTAa Yy = 3; B TOUYKe

x =0 (QyHKIUA paspbiBHA, HO BEPTUKAJbHBLIX ACHMIITOT HE

umeeT (He CYIIECTBYET lin% y(x)!).
x—

VIIL.95. a) BeprukanabHaa acumirora x = 0 (3amerum,
1 1

yro lim e *=0, Ho lim e * = +00); ropusoHTAIBLHASI ACUMIITO-
x— 0+ x— 0—
Ta y = 1.
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Yy
y=~x2+2x
y=x /1
~2,71°0 x
0 x y=x+1 y=—x-1
Puc. 8.5 Puc. 8.6
Yy Yy
=31’L
y x—2
y=1 1
0 2 x
x x=2
Puc. 8.7 Puc. 8.8
Yy Y
1--
1
y=-x ‘\FW
x
0
0 1 x y=1+2x y=1-2x
y=1-+v4x2+1
1
Puc. 8.9 Puc. 8.10

VIII.97. a) I'paduk mpencrasiieH Ha pucyuke 8.5. 6) I'pa-
pur mpexcrtaBiieH Ha pucyHke 8.6. B) I'padpuk mpexmcraBiieH
Ha pucyuke 8.7.
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Puc. 8.11

VIIL.98. a) I'padux mpexcras-
JeH Ha pucyHke 8.8. 0) I'padpuxk
mpeacTaBieH Ha pucyake 8.9.
B) I'paduk mpenmcraBjeH Ha pU-
cyuke 8.10. r) I'paduk mpexacras-
JeH Ha pucyHke 8.11.

VIIL.99. a) I'paduxk npencras-
JleH Ha pucyHKe 8.12.

Yraszanue. 3amerum, 4UTO rpa-
UK 2TON (PYyHKIUU IOJydaeTcs

1

caBUroM rpaura QyHKIuu y = e,

KOTOPBIHM, B CBOIO OUepellb, MOXKHO
IIOCTPOUTH WHBEPCUEN OTHOCHU-

x=—2

Puc. 8.12

Yy
y=In(4—x?)

-

-2 0

Puc. 8.13

Tenbuo ocu Oy m3 rpadpukra y = e* (9TO BecbMa IIOJIE3HOE YII-
pa'kHeHUe U ONHOBPEMEHHO CBOeOOpas3Hasi «3arOTOBKA»).

0) I'pagpuxk mnpexacraBien Ha pucynHke 8.13. B) I'paduk
mpencraBjieH Ha pucyHke 8.14. r) I'padur mpeacraBieH Ha

pucyske 8.15.

]

Puc. 8.14 Puc. 8.15

y=log,2 g7

DN
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Yrasanue. Boobitie, pasyMHBIM IIOIXOIOM B TOH 3amaue Oy-
IeT IpeIBapuUTEeIbHOE HccaemoBanme (QPYHKIUU Y = logz(x2 - 2)
U IIOCTpoeHme eé rpadukra (3gech BOIPOCHI ¢ MOHOTOHHOCTBLIO
U ToBeAeHrneM (GYHKIINN BOJIM3M TOUEK paspbiBa peIIarTCs
aJeMeHTapHO!). 9TO, 3aMEeTUM, eIlé OJHO IT0JIe3HOEe U HEeCJIOMK-
HOe yhOpaskHeHHe I (PPOHTAIBLHOTO OOCYMKIEHUs B KJacce.
Hanee, maBepcueii oTHOCcUTEeNbHO ocu Oy mosayuaeM rpadur

1 = =
byHKIIUT Y = Tog,2_2)" I'padpux dysxoum y =log . . .2
_ 1 _ 1
log,(x® —6x+7)  logy((x—3)2-2)

nmojgy4dyaeM u3 rpapuka pyHK-

1
% BUI'OM BII B H NMHUITBI.
T (i 0 paBo Ha 3 ef 11

oum y =
n) I'padpur mpencraBiieHn Ha pucyHke 8.16. e) I'padpux
mpeacTaBjiel Ha pucyHke 8.17.

k) I'padpux mpexcraBiaen Ha pucyHke 8.18. VrkasaHnue.
Kax u B mpepgwigyimeil sagade, yAOOHO CTPOUTHL rpauk,
ucxonsa us rpaduka CUHyCa, HOJIB3YSACh COOOpPaAKEHUAMU
MOHOTOHHOCTH U IIOBeJeHUsA (PYHKIIUU BOJIM3U TOUEK pas-
pbiBa.

y y

{ y= 1n(cios xX)

y=x+In2 l _l
y=In(1+2e%) _3rn 0|\ |z 3n
X

nla

—1n2 |0
/
Puc. 8.16 Puc. 8.17
T
v Ning v=In3
y=Insinx+Incosx , _—
_ﬁ 0 T 2n 57[ 0 x
2 2 2
y=In(arctgx)
Puc. 8.18 Puc. 8.19
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y !/T
y=esi%c \'/ anrctgx
B g
| ~
I [
K <
2 02 X
“n-1X ¢
Y T
- 0 T 21 X y=5*-1 y=—3*-1
Puc. 8.20 Puc. 8.21
Yy y
Yy=(x+1)arctgx
n
2
T n 0 T x -
=x+= L= = Z_
T 2 0 x
Yy=x—5 -1-= —_T,_T_
2 . T Yy=—3%— 3 1
i T
—Z x4 =— L
y 2x 5 1 5 1
Puc. 8.22 Puc. 8.23

3) I'paduk mpexacrTaBieH Ha pucyHke 8.19.
u) I'paduk mpexcraBiaeH Ha pucyuke 8.20.

VIII.100. a) I'paduk mpeacraBieH Ha pucynxke 8.21.
0) 'papuk mpexacraBiieH Ha PUCYHKe 8.22.

B) I'padhuk mpencrasieH Ha pucyuke 8.23.
r) Ykaszanue. D(y) = (—o0; —1] U [1; +°0); acummToTa

T

y= 2x—l npu x — 100, Ha ayue [1; +00) pyuKIIusa Bo3pac-

Taer, a Ha (—°°; —1] BBIACHUTH XapaKTep MOHOTOHHOCTH He
ynaércsa (3aMeTMM, UTO W WMCIIOJIb30BaHMe MTPOU3BOAHON He-
yao0HO B CHJIY BO3HUKAIOIINX TEeXHUUYECKUX IIpodsem). Pexo-
MeHAyeTcs MPOAeMOHCTPUPOBATh Ha KOMIILIOTEPE, KaK Ke Ha
caMoM jfeJjie BRIMVIAAUT rpadpux. C TakuMuy OpodJeMaMu MbI
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1
Y=xarccos .

Puc. 8.24

1
y=xarctg x

Puc. 8.26

1 .
y=x+§s1nx

Puc. 8.28

42

+ 1
2 \ y=arctg}—x

_n
2
Puc. 8.25
Yy
1 .
/l Y= sinx
2 = 0 ﬁvx
Puc. 8.27
Yy
4._
W
g
o
/
N
_2 R
' - x

y=(x+1)2 sin%
|

Puc. 8.29



2n_3m
_4_3_2_1" oIl = X
0123456 X _sinx
y_xz—x
A} -1
[x] \
Puc. 8.30 Puc. 8.31

CTOJIKHEMCSA eIlé B HEeKOTOPhIX ITYHKTax 3TOro Homepa. I'pa-
UK IIpeacTaBJeH Ha PUCYHKe 8.24.

n) I'padpur mpencraBien Ha pucyHke 8.25. e) I'paduk
mpeacTaBjieH Ha pucyuke 8.26. :x*) I'paduk mpeacTraBjeH Ha
pucynke 8.27. 3%) I'paduk mpencTaBieH Ha pucyuke 8.28.
u*) I'padhuk mpencraBiieH Ha pucyuke 8.29.

VIII.101. a) Taxk xak mpu x => 1 mmeem {x} <1 u
[x] > x— 1, monyuaem %<ﬁ I'paduk mpexpcraBieH Ha
pucyuke 8.30.

6) I'paduk mpencrasieH Ha pucyuke 8.31.

B) Hakisonnaa acumnrora y = x. I'paduk mpenacraBiieH Ha

pucyuke 8.32. I'padpuk pacmoJio’KeH MeXKIAy KPUBBLIMU
3

x x3_
8i(xX)= "2 7 7 8(x)= 2

samaue VIII.101 a).

UTO OOKa3bIBaeTCd aHaJIOT'MYHO

[x?]
y_x2+1

g1:

x2+1

Puc. 8.32
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VIII.102. a) Pemenue. Ilycts rpadpur UYETHOU (PYyHK-
uuu [ mMeeT acUMITOTY Yy = kx + b.

1) 1) _ pyy 1D gy 1O

Ecau lim — =k, To lim -k
x—>4o0 X x—-oo X t——oc0 t —»—o0
(MBI chesanu 3aMeHY f = —X W BOCHOJIb30BAJIHCh UYETHOCTBLIO

dyurnunu: f(—t) = f(¢)). C apyroii CTOpPoOHBI, M3 TOTO UTO
dyHKIUA [ uMeeT OOHY M Ty K€ ACHMITOTY IIPU X — +O° u
flx) _ f(x)

opum x — —O°, cienyer, 4to lim — = lim —= k. Tem ca-
x—-co X x>t X
MbIM, B = —k, orkyma k = 0, T. e. ypaBHeHUE aCHMIITOTHI

umMeeT BUL Y = b, 49TO M O3HavaeT, 4TO aCHuMIITOTa I'OPHM30H-
TaJIbHaA.

6) Pemenue. Ilycth rpad@uk HedETHOH (QYHKINU [ uMe-
eT acuMuTory Yy = kx + b. Koas ckopo lim (f(x)— kx)=b, TO
x—+oo

lilzl (f(x) — kx) = 11111 (f(—x)— k *(—x)). Bocmosb3oBaBIINCL pa-

BeHCTBOM f(—x) = —f(x) (B cuiny HEUYETHOCTH (PYHKI[UU) U
BBIHOCS B3HaAK «MHHYC» B3a B3HaAK I[peneja, IOJydyaeM
—lim (f(x) — kx) = —b. Taxkum obGpasom, lim (f(x)— kx)=-b.
x — +oo X — —0o

C Ipyroil CTOPOHBI, MOCKOJIbKY aCUMIITOTA IIPU X — +0° U IIpu
X — —00 omHa u Ta Ke, To lim (f(x)— kx)= lim (f(x) — kx),
X — +oo X — —0o

T.e. b=-b, orkyga b = 0. CiemoBaTe/ibHO, ypaBHeHUeE
aCUMITOTHI UMeeT BUJ Y = kKX W aCHUMITOTa IPOXOAUT Uepes
HayaJ0 KOOpAMHAT.
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Mmaea IX. MNpoussogHas u eé npumeHeHus

ITpousBogHasa — Ba)kHasd U O0OBEMHAsA TJjIaBa B Kypce aHa-
ausa 11 raacca. Béablnas yacTh MaTepuaja 9TOM IJIaBbl BXO-
ouT B (demepasbHBII KOMIIOHEHT ['ocymapCTBEHHOTO CcTaHOap-
Ta, 3aJaYu, pelraeMble ¢ IIOMOIIBIO IPOU3BOAHON, ecTh B Emu-
HOM TOCYJZapCTBEHHOM 5K3aMeHe, HO OYeHb XOTeJIOCh ObI,
yTOOBI M3JIOJKEHNe MaTepuajia 9TOI TJIaBbl CTAJO Obl HE TOJIb-
KO u3Jjio)KeHueM psanxa (0e3ycJ0BHO, BaKHBIX) aJITOPUTMOB,
KaK TO: HaXOJKJeHre HAuOOJIBIIeT0 M HaMMEeHbBIIIero 3HaueHui
GYHKIIUU, TTPOMEKYTKOB €€ Bo3pacTaHuA W yOBIBAHUSA, IIO-
cTpoeHus rpaMKoOB (PYHKIIUHA 1 JOKA3aTeJbCTBA TOMKIECTB, —
HO M pacckKasoM O «He(hopMaJbHOM» CMBICJIE HTPOM3BOIHOU
(mpomsdBoagHAA KaK CKOPOCTh M3MeHeHusa pocta (PYHKIIUHU,
CBsA3h IIPOM3BOMNHOM 1 KacaTeJbHOI, IreOMeTpuUYecKlie HHTep-
IIpeTaluyu MHOTHUX TeopeM), 3HAKOMCTBOM C 3aMedaTeJbHBIMU
TeopeMaMu AudepeHIInaIbHOr0 ncunucjaeHud (TeopeMbl Pep-
ma, Ponna u Jlarpam:ka), IPOHUKHOBEHUEM B CYTh IHOHSITHSI
IIPOU3BOJTHOM.

Ilmam mayuenus matepmaJia riaaBbl IX mpuBenéH B Tabau-
e (KOoJIM4ecTBO YacoB JOaHO IJdA 4 u 5 yacoB ajreOpbl U Ha-
yajl MaTeMaTHYeCKOTO aHau3a B HeIesio).

T'masa IX. ITpousBogHasi U €€ MpPUMEHEHHUT 22 32
ITonartue mpoumsBomHOU. IIpomsBomHasA KaK CKO- 2 2
pocTh

IIpousBogHBIE HEKOTOPBLIX 3JEeMEHTapHBIX (QYHK- 3 3
finzn7i

Kourponbuasa pabora Ne 3 1 1
3amaua 0 KacaTeJbHOW. YpaBHEHIE KacaTeJbHOU 2 2
ITpousBogHas mpoU3BEeAEHUA, YACTHOTO, KOMIIO3U- 3

U QyHKITUHN

IlepBooOpasuas. HeompeneéHHbIA HHTErpaJ 4 4
Kourposnbaasa pabora Ne 4 2 2
«®DpaHIly3CcKHe» TeopeMbI 2
HUccinengoBanue (PyHKIUU C IIOMOINBIO TPOU3BOI- 4 4
HOI

Kourposnbuas padora Ne 5 1 1
ITocTpoenme 9CKM30B I'pa@UKOB C IOMOIIBIO IIPO- 6
u3BOMHOM. PellteHre 3amau ¢ IIOMOIIBIO ITPOU3BOJ-

HOU

Kourponbuasa pabora Ne 6 2

45



8 51. OnpepeneHne npounssogHoM

OngHa M3 OCHOBHBIX 3aJau HM3YUYEHUS IPOU3BOIHOM IJIs
MIKOJbHIUKOB — OBJIaeTh YAOOHBIM HHCTPYMEHTOM MCCJIEI0-
BaHUA PYHKINUU (IPOMEKYTKOB BO3pacTaHusi, YyObIBAHUS, BbI-
OYKJOCTH, HAXOMKIEHUS TOUEeK SKCTpeMyMa, HaumbOJbIIero u
HanMeHbBIIIer0 3HAaUeHMil), IIOCTPOEHUS 3CKM3a e€ rpaduka.
B TO Xe Bpems, KaK MBI yKe OTMeYaJil, He XOTeJOCh OhbI,
yTOOBI pellleHue 3aJad Ha IHcCJefoBaHNe (PpYHKIUU IIpPeBpaTH-
JOCh B HCIOJb30oBaHMe (POPMAJIBLHBIX AJTOPUTMOB, II0O3TOMY
MBI CUHTAaeM BaXHBIM YiKe C IIepBOTO0 3HAKOMCTBa C IIPOM3-
BOJHOW IIOMUYEPKUBATL CBA3b IPOMB3BOJAHON W CBOUCTB (PYHK-
nuu. B 9TOU CBABUM «pPA3JUUYHBIE CMBICJBI» IIPOMU3BOJHOI
IPEeICTABIAIOTCS 0OJiee BAXKHBIMI, HEXKEJU OIIpelesieHre IIPo-
nU3BONHON Kak mpenesa. OHum 0OBIUHO 0oJiee IIOHATHBI IJIS
HIKOJBHUKOB U (PpaKTHUUECKU OTBEYAIOT HAa BOHPOC «A 3auem
HaM HYKHa IIPOM3BOAHAA?», B OTJMUME OT HMHOTAA CKYUYHBIX
3a7a4 Ha BBLIUHKCJEHMNE IIPOM3BOLHOI IO OIpene IeHHIO.

B sTom maparpade mIpu IepBOM 3HAKOMCTBE C IIPOU3BOJ-
HOM MBI BCTpedyaeMcs C 3aJadyaMy OBYX THUIIOB: 3ajadyaMwu,
CBSIBaHHBIMU C OIIpeAeJIeHreM IIPOM3BOIHON KaK mIpenesia (BbI-
yucJeHre IIPOM3BOMHOI M0 OIpeaeeHNI0 B TOUKe U Ha obJjac-
TH OIIpedesieHUns, JOKAa3aTeJIbCTBAa CBOMCTB HPOM3BOMTHOI, CBS-
3aHHBIE CO cBoMcTBamMu mpenesga, — sazaum I1X.12—IX.15,
1X.20, IX.21 u #gp.), u 3agavyaMu, ITPU3BAHHBIMU C(HOPMUPO-
BaTh y yualquxcs HedopMajbHOE IIOHWUMAaHHE MOHATUS IIPO-
M3BOSHOM. OTO 3aadyM, B KOTOPBIX IIPOM3BOAHASA HMHTEpIIpe-
THUPYeTCcs KaK CKOPOCTh (HampuMmep, s3amaum 1X.7, I1X.8); za-
Iauu, MPeACTABISIONNEe (PYHKIINIO, MMEIYI0 IIPON3BOIHYIO
KaK «IVIagKyio (QYHKIIUIO» (T. e. QPYHKIHNSI He MMeeT IIPOM3-
BOJIHOII, ecJii B MJaHHOU TOUKe y HeEé «HU3JIOM», — 3aJauu
1X.22—1X.25, 1X.30); samauum O CBA3U IIPOUIBOTHON U
CBOMCTB (pyHKIHU (BO3pacTaHWUs, YObIBAaHUSA, PaBEHCTBA HYJIIO
TIPOM3BOAHOM B TOUKAX sKcTpemMyma — 3amaum 1X.13, IX.14,
1X.40).

ITpu sToMm, pelliass 3agayy BTOPOTO THUMA, MBI CUNTAaeM BO3-
MOXKHBIM OCTaBaThCsd Ha He(OpPMaJIbHOM YPOBHE TOKAa3aTeJsb-
CTBa M He TPeOOBATHL CTPOTMX PACCYKAEHWNII, OCHOBAHHBLIX HA
cBoiicTBax mpenesaa (CM. KoOMMeHTapuii K 3amaue 1X.22).

Bagaun IX.1—IX.6 aABIAOTCA CTAaHZAPTHBIMH 3aJadyaMu
Ha oIlpejejeHMe IIPOWU3BOAHOM KaK Ipemeja U (paKTUUYECKHU
ABJAAIOTCSA 3aJavyaMu Ha BbIUUCJEeHUe mnpenesoB. lloxo:xue
npuMepbl ObLIN pas3oOpaHBI B TeKcTe Imaparpada.

Bamaun I1X.13 u IX.14 xopolu Ajss OTPAOOTKU HABBIKOB
paboThI C oIIpemesieHWEM IIPOU3BOLHOI Uepes IIpemes, IIOBTO-
peHMeM CBOWCTB HIpefesia, a TaKiKe ABJIAITCA IIPOHeIeBTUKOMN
K H3YyUYEeHHIO TeopeMbl O HeOOXOAMMOM YCJIOBHH 3KCTPEeMyMa

(f'(x0) = 0).
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Pemrenuss m yKkasaHuUA K 3agadaM

I1X.5. 3ameuanue. IlonesHo o6paTUTh BHUMAHUE YyUall[UX-
cd HA TO, YTO MaHHBIe QYHKIIUU He WMEIOT IIPOM3BOIHON B
TOYKax X,, I'Zle IOJKOPeHHOe BBIpakeHUe paBHO HyI0. U3
BBIUMCJEHUI SCHO, UTO B 9THX CJIydyadAX KOHEUHOTO IIpejeJia
lim 1) = f(xo)

x— Xy X — X

He CyIIecTByeT, a 3HaYUT, HeT U HpOI/ISBO,ZIHOfI.

MoxHO TaKKe MMOSCHUTH YUaAIl[UMCS, YTO B KAKOM-TO CMBbIC-
Jie B 9THUX TOUYKaX CKOPOCTb POCTAa PYHKIMHU «OECKOHEeYHa» —
Ipu IPUOIMIKEHUN K <«BepIInHe» IpaduKa KOPHA CKOPOCTh
pocTa YHKIMKM CTAHOBUTCS CKOJIb YIrOAHO OGOJIBIION (a IIpo-
M3BOIHAA II0 HAIIEMY OIPeIejIeHNI0 — KOHEUYHOEe UHCJIO, II0-
9TOMY B JAHHOU TOYKe €€ He CYIIEeCTBYET), ¥ IPOUJIIOCTPU-
poBaTh 310 Ha rpadukre. Ecim ¢ yuyamumucs ObLI PasroBOp
IIPO KAacaTeJbHYI0, TO MOXXHO CKa3aTh, UYTO B JaHHBIX TOUKAaX
KacaTeJbHasl SIBJSETCA BEePTUKAJIBLHOM HPAMOIN (MJIU BEPHYTH-
csd K 9TOMY PasTOBOPY IpU uM3ydeHUU MmaTepuaiga § 53).

I1X.7. Ilycts mpome:xkyTok (a; b) = (1; 2). a) f(x) = x+ 1;
g(x)=x. 0) f(x) =x+ 5; g(x) = 2x.

13(.8. a) la; manpumep f(x) = e*. 06) Ha; Hanpumep f(x) =
=e ",
IX.11. a) f'(x;). Pemenue. Tak kak mo ycioBumo QyHK-
nua f B TOUKe X, UMeeT KOHEUYHYIO IIPOM3BOAHYIO, TO CYIIe-
CTByeT KOHeUHBIH lim 1)~ 1= 1, onpenenenuto (mo I'etine)

x— X X — Xy

npenesia (pyHKIUU, AJIA 000 IIOCIELOBATEIBHOCTH {X,},
cxopmameiica K  X,, OymeT CyIIlecTBOBaTh IIpeJes

. 1
lim [0~ %0 _ = f'(xy). PaccmorpeB x, = x, + —, IIOJy4UM OTBET.
n— oo X, — Xo 0 n

0) k& * f'(xy). Yrasanue. PaccMOTpeTs 1IOC/IEIOBATENIBHOCTD {X,}

k
¢ obmuM WieHOM X, =X, + - (cMm. sajauy IX.11 a).

IX.12. 2. Pemenue. f(xp) = lim LT — jjpy (- 208

— X X — Xy x = xg X — X
= g(x,) = 2. IlpenmocienHee paBeHCTBO BePHO B CHUJIy HeIlpe-
PBIBHOCTH (DYHKIUU £ B TOUYKE X.

IX.13. f'(xy) = lim =10 _ {jpy O 11py x> X, BBHI-

— Xg X — Xy x —>x9 X — Xy

MOJHSIETCSI HepaBeHCTBO f(x) >0, mosToMy lim /&>,

- xo x—=>x9 X — xO
Amnasiornuso npu x < X, BBIIOJHAETCA HePaBEHCTBO f T < 0,
— %
. X .
mosromy lim L% < 0. Takum o6pasom, lim L*_—0, uro u
x—x9 X~ X x—x9 X~ X

Tpe6OBaJIOCI) AOKas3aTh.
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IX.14. PaccMoTpuM BCHOMOTATENbHYIO QYHKIUIO A(x) =
= g(x) — f(x). Ona pyHKIuU A BBIDOJHAIOTCA yCJIOBUS 3ajaa-
g IX.13, mostomy A'(x,) = g'(x,) — f'(x,) = 0, uTo u TpeboBa-
JIOCh NTOKAa3aTh.

IX.15. a) Pemenmne. Ilycts f — uérHaa dpyurnua. Torma
f(=x,) = lim f) = %) _ jyyy TED =X 43 (D= Ax9) _

xo-x9 X —(—xp) x —xg —Xx + X x —xg X — X
= —f'(x,). Bropoe paBeHCTBO BepHO B CHJIy 3aMeHBbI IIepeMeH-
HOM X Ha —x (cM. TeopeMy O 3aMeHe IIePeMEeHHOU B IIpejeJie).

IX.16. f(x) = x® + 1.

IX.17. a) Ha. Ykasarnue. Cm. 3amauy 1X.16.

IX.19. Her, manpumep, f(x) = x HemepuoauueckKas (QPyHK-
Mus, a €€ NPOU3BOAHAS — IIEPUOSUUECKA.

IX.20. a) Bepuo. [JokasaTeabCTBO OT IIPOTHUBHOTO: €CJIU ObI
dyurnua f+ g uMesia IPOU3BOJHYIO B TOUKe, TO U (QPYHKIUA
g=(f+g) — f Toxxe ummesa ObI HPOU3BOAHYIO B JTOII TOUKeE.
6) Hesepruo. Hampumep, f(x) = |x|, g(x) = —|x| B mye.

IX.21. a) @f’(xo). Pemenue. Bocnosnb3oBasmucs pe-

syabpraToMm 3amaum 1X.11, momyumm
lim [n(f(a + %)+ f(a + %)4— Lt f(a + %)— kf(a)J]:
— lim n(f(a + %) - f(a)] + lim n(f(a + %) - f(a)) SR

n — oo

+ lim n(f(a + %j - f(a)j = f(x)+2F (xxg) + ot EF(20) =

k(k+1) g/
= 2D p(x,)

I1X.22. a) R\{-2}. Pemenune. I3 rpadpura QyHKIIUNA BUJI-
HO, YTO rpauK MMeeT M3J0M B TOUKE X = —2, a B OCTAJIbHBIX
TouKax (pyHKNua raagkasa. 0) R\{0,5}.

3amevaHue. KoHeuHO, paccy:KIeHUe, IPUBEIEHHOE B 9TOI
3ajave, AOCTATOUYHO He(OpPMAaJbHO, HO HAM KasKeTcs, 4YTO Ha
IIEPBOM 9Talle 3HAKOMCTBA C MPOM3BOJHON MTOCTATOYHO UM U
Or'PAaHUYUTHCS, He TPeOys OT yUallluXCsS PaCCYKIeHUI, Mom00-
HBIX paccy:kaeHusaM 1. 5 § 51 yueOHUMKA, CBA3AHHBLIX C IIOHSA-
TUSIMU JIEBOCTOPOHHEN M IPaBOCTOPOHHEN Hpom3BOmHON. Cuib-
HBIX Y4YaIllUXCs, KOTOPBIM [JAaHHBIE PACCY/KAEHUS He MOKaMKYT-
¢s1 TOCTATOYHO CTPOTMMM, MOYKHO HAIIPABUTL K yUEOHUKY.

IX.23. a) R\{1}. Pemeune. B Touke x =1 QpyHKIIUA pas-
pLIBHA, a 3HAUYMT, IPOM3BOAHONM He cyimecTtByer. 0) R\{1}.
Pemenune. B trouke x =1 Bemmoareno 1 = f/(1) # f'(1) = 2.
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B) R. Pemenue. IlpousBogHasa cyIiecTByeT BCIOAYy, KpoMe
TOUuKU X = 2 (cM. yTBep:kaenue n. 4 § 51). B Touxke x = 2 BBI-
noaueHo f; (1) =4 = f/(1), T. e. IPpOUBBOAHAA CYIIIECTBYET U B
TOUKe X = 2.

3ameuanue. B aToil 3amaue TaKyKe MOXKHO alleJIJINPOBATH
K rpaduky, HO 3amada [X.23 B) mMOKasbIBaeT, UTO B CJydae
6oJiee CIIOMKHBIX (DYHKI[MII, YeM KYCOUHO-JINHEeNHbIe, WHTYU-
s MOKeT W OoOMaHBIBaTh. B caMoM neJsie: a eCThb H3JIOM Y
OaHHOI (PYHKIIMK B TOUKe X = 2 miau HeT? Pacuérbl IIOKas3bI-
BalOT, YTO HeT — (PYHKIUA TJIagKas, IIPOW3BOAHAS B TOUKE
X =2 cyIecTByeT, HO HETPYAHO IOKAasaTbhb, YTO OJdA JI000I
Ipyroil mpamou (OTJAUMYHOM oT mpAmoir y=4x —4, KoTopas
ABJIAETCA KacaTeJIbHOH K Y = X° B TOUKe X = 2) HBJIOM OBLI ObI
Y TPOM3BOAHOII He CYIIecTBOBaJO OBI, XOTS IO Tpaduky,
OBITH MOJKET, 5TO YBUJAETh OBLIO OLI M HEIIPOCTO.

1X.24. a) R\{-2; 0}. 6) R\{O; 0,5}. B) R\{0; 1; 2}.
r) R\{0; 0,5; 1}. Yrasanue. IIpoiie BCero oTBETUTHL HA BOIPOC
3amaun 1Mo rpaduKy KYCOUHO-JIUHEHHON (PYHKIIMUA.

I1X.25. a) R. Pemenue. [IpousBogHass CyIIecTByeT BCIO-
Ay, B Hyxne f(0) =0 = f/(0).

0)—r) VrkaszaHnue. Ilo rpapuKamM BHIHO, UTO IIPOM3BOIHAS
CYIIIeCTBYET BCIOAY, KPOME TOYEeK, B KOTOPBLIX BBIPAYKEeHUS,
CTOAIIME IO 3HAKOM MOZYJs, o0paIialoTcsa B HYJIb.

IX.26. a) {0}. 06) @. B) {0}. r) &. VKka3anue. [lauuble PyHK-
MY Pa3pbIBHBI BO BCEX TOUYKAX, KpoMmMe Touku x =0, 1mosTo-
MYy IIPOM3BOJHASA MOXKET CYIIECTBOBATHL TOJBKO B 9TOW TOUYKE.
IIycTs mocienoBaTeIbHOCTH PAIMOHAJBHBIX YHUCEN {X,} U UP-

panMoHAJIBHBIX YHCeJ {y,} CTpeMATcA K HyJ0. PaccmoTpum

f(xn) — £(0) . fyn) —1(0)

npegeasl lim———— u lim ——-—, KOTOpbIe [IOJIYKHEI
n-—oo Xn =0 n —oo Yn—0

6pIiTh paBHBI f'(0), eciu MIpoM3BOAHAS B HYJIe CYIIECTBYET.

Hetpyamo mokasaTh, UTO B cJydYasxX a) U B) JAHHBIE TPEIEJIbI

pasHble (U ciemoBaTesibHO, pu X = 0 TPOUBBOAHOU He CyIIle-

CTBYeT), a B ciay4yasaX 0) M T') OHH PaBHBI HYJIO AJA JIOOBIX

B3ATBHIX IIOCJEI0BAaTEJNbHOCTEI, U, CJIeJOBATEIbHO, AJSA JIO-

6oii mociemoBaTeJbHOCTH {2,}, cXomamieiica K HYJIIO,
f(zn) — 1(0)

limﬁ =0, a 3HaUUT, IPOMU3BOLHAS B HYJE CYIIeCTBYET
n — oo n

1 paBHA HYJIO.
IX.27. B) (-0; 5). r) R\{0}. x) R\{—%}.

IX.28. f'(0) = 0, f'(2) =4, f'(-2) = -32. Vkaszanue. 3aga-
ya perrraercsa aHasoruuHo npumepy 11 us § 51. O6patum BHU-
MaHMWe, UTO eCJIM B HEKOTOPON OKPECTHOCTHM TOYKM, B KOTO-
poii MBI BBIUHCJISIEM NPOU3SBOAHYIO, (DYHKIIUS COBIAJAET C
dpyHKIUEeN, (HOpMYyJIy HIPOU3BOAHON KOTOPOIT MBI 3HAeM, TO
MOXKXHO dTOH (opMyJoi BoCHOJIb30BaThCA (HAIpuUumep, I
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TOUKM X = 2), a ecJIi TaKOH OKPEeCTHOCTU HeT (Haupumep, AJIsd
TouKu X = (0), TO BBIUHCJIATL HPOM3BOAHYIO HYIKHO IIO OIIpe-
IeJIEHWI0, paccMaTpuBas IIPU 9TOM IIPABOCTOPOHHUMN U JIeBO-
cTopoHHUM mpenenabl. CM. yTBep:KIeHUe Ha c. 66 yueOHUKA.

1X.29. f'(0) =1, f(2) = 4, upu x =1 npousBoAHOI He Cy-
mecTByeT. Yraszarnue. PellleHre aHAJIOTUYHO PeINeHUIO 3aj1a-
g 1X.28.

IX.30. a) f(x) = |x—5|. 6) f(x) = |x| + [x— 1| + |x — 2.

IX.31. b? — 4ac > 0. Ykasanue. (DYHKI_II/IH y=lax® +
+ bx+c| mMeeT TPOU3BOAHYIO B KaKJIOM TOUKE, eCJu y Heé
He GoJiee OLHOrO KOpHs, T. e. b% — 4ac < 0.

IX.32. a) f(x) = x2D(x). 6) f(x) = (x — 1)>D(x). Yrasanue.
BocmooabsszoBaThcsa TeopeMoil Ha c¢. 64 yueOHUMKA.

IX.33. f(x) = {x} niu f(x)= arcsin(sin(gxn.

I1X.34. a>0. Pemenune. Haliftém OoQHOCTOPOHHIE IIPOM3-
Boxguble (yHrumuu f B Hyme: f/(0)= lim ) _ lim x*=0
x—>0+0 X x—>0+0
(x)

npu Jawobom a, f (0)—1 hm( x)=0 mnpu aob0oM

a>0. Takum o6pasom, npn JIIO6OM a > 0 cyIecTByeT Ipou3-
BOAHASA NAaHHOW (GYHKIIUU B HY.JIe.

1 mpu x €@,
-1 opu x ¢ Q.

IX.38. a) HemnpepwiBuasa napu a + b = 1; nuddepenmupyema
npu a=1 u b=0. 6) Henpeprsiaa upu a = 0; He nuddepen-
nupyeMa HU IIPpU KaKUX 3HAUEHUAX a. YkKasaHue. Pemienue
aHaJIOTUYHO peleHnio npumepa 12 § 51 yuebHuKA.

IX.39. f(xg) = =0(xp); Fi(x0) = (x0)-

IX.40. Her, sHanpumep x, = 1, f(x) = x?, g(x) = 2x. Vka-
3anue. IlogpobHOE 0O0OCYKAeHME AAaHHOKN 3aJadyy CM. B IIpHMe-
pe 12 § 51 yuebHMKA, OAHAKO €T0 MMEET CMBICI HPOBECTU
TOJBKO C CAMBIMU CUJIBHBIMU YyUaITUMUCSH.

IX.41. Pemeunue. HeoOxoguMo M JOCTAaTOYHO, UTOOBI B
KOpHAX (yHKOum (T. e. B TOYKAxX X,, B KOTOPHIX f(x,) = 0)

npousBoauasa (yHKuuu [ paBHsgack 0. B camom mene, He-
TPYAHO IIOKasaTh, 4TO eciu f(x,) # 0, TO B HEKOTOPOH OKpe-

CTHOCTY TOYKHU X, 3HAK (QyHKIuUHM f GyJeT COBIajaTh CO 3HA-
KoM f(x,), OTKyJa cpasy ke cJelyeT CyIeCTBOBAHUE IIPOU3-
BonHOM (QyHKUMU |f| B Touke X,.

|f (x )|

IX.36. 9to pyHKnUA f(x)={

Ecnu xe f(x,) = 0, To lim (T. e. mpousBogHAA PYHK-

— X9

nuu |f| B TouKe X,) CyllecTByeT B TOM U TOJbKO B TOM CJIy-
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yae, ecan lim T@ _ 0 (T. e. mpousBoAHASA PyHKIIUU [ B TOU-

x—x9X ~Xo
Ke X, paBHa HYJIO).

I1X.42. Peme Hnue. PaccmoTpuM mocJjieg0BaTeIbHOCTD pas-
JUYHBIX KOpHeH GyHKIUU {X,}, CXORAIIyIOCA K TOUKe ¢ (9TO
BO3MOJKHO cJlejlaTh 10 TeopeMe Bousbiianmo—BeiiepiiTpacca —
u3 JI000H OrpaHMYEHHOI IIOCJeA0BATEJIbHOCTU MOXKHO W3-
BJIEUb CXOMSIIYIOCA MOAIOCJEI0BAaTEeIbHOCTb, TAKUM 00pasoM
MOKHO PacCMOTPETH JIIOOYIO IOCJIeIOBATEIbHOCTh PA3JIUUHBIX
KOpHEel, a MOTOM M3BJIeUb M3 HEE CXONAIMIYIOCA TOIITOCJIENO-
BaTeJIbHOCTE). Torma, B cuily HeIpepbIBHOCTU (DYHKIIUU B TOU-
Ke ¢, UMCJIO ¢ TaK:Ke ABJsgeTcda KopHeM GyHKNuu f. IIpu saTom

fi(c) =1lim 1o =1 _ 43,7 020 _
x,—c

n—oo n—oo X, —C

qTo n Tpe6OBaJIOCB AJOKa3aTh.

§ 52. MNpouseogHble HEKOTOPBIX 3NEMEHTAPHbIX
byHKUMH

Ilpu msyueHmm Marepmasia 3TOrOo Iaparpadga HaYMHAETCA
dopMuUpoBaHMe HABBIKOB BBIUMCJIEHUS ITpoudBomHOI. Huuero
CJIOKHOTO B 9TOM HET, HO HaM KaKeTcsd HeOOXOAMMBIM [0-
OuThCA OT ydaluxcs 0e3yCJIOBHOTO 3allOMUHAHUA (QOpPMYJI
MIPOM3BOMHBIX dJIEMEHTAPHBIX (PYHKIIMII, TeM 0ojiee UTO 3ama-
Yy Ha WHcclefoBaHVWE (PYHKIIMU € IIOMONIIBI IPOU3BOAHOU
BCTpeuamTcsa B 3amauax EI'D. ABTopnl yuacTBOBAJIU B IPOBEP-
Ke 3amau EI'D m MOTyT OTMETHUTH OTPOMHOE KOJIMUYECTBO OIIIHU-
OOK IIPpW pelleHuMr dTUX 3ajad, IPUUYEéM, KaK HPaBUJIO, OIIUO-
KU CBf3aHbI UMEHHO C He3HaHUeM (DOPMYJ IPOMU3BOAHBIX 3Jie-
MEHTapPHBIX (PYHKIUHA U mpaBua Au(depeHIInpPOBaHUSI.

Bamaum 1X.48, I1X.53 BHOCAT pasHOOOpasue B MOHOTOHHBIE
TeXHWYEeCKUe 3aJaul Ha BBIUMCJIEHWE MPOU3BOJAHOU M ITPUTJIA-
OIal0T y4YaIluXcs PacCcysKAaThb, a He TOJBKO 3aHWMATHCSA Me-
XaHUUYECKUMU BBIUUCJEeHUAMU. KaKue U3 3TUX 3ajad IpejJjia-
raTh ydJallluiMcCs, 3aBUCUT OT YPOBHSA KJacca.

Pemenusa u YKa3aHudA K 3agadyaM

IX.48. a) a>0.6) a=0. Pemenue. f(x) = 2ax + 3. Hua
TOro UTOOBI HMPOM3BOAHAA ObLIA IIOJIOYKHTEJbHA BCIOAY, HE00-

1
XOAMMO U OOCTATOUYHO, uToObl 2a =0, T.e. a=0. B) a>3.

Pemenmne. f(x) = 3x> + 2x + a. JIaa Toro 4To6bl IPOU3BOL-
Hasl ObLIA IIOJIOMKUTEJbHA BCIOAY, HEOOXOAMMO M HOCTATOUYHO,
4YTOOBI AMCKPUMHHAHT COOTBETCTBYIOIIEI0 TPEXUJieHa ObLJI OT-

1
PHIIATEeIbHBIM, T. €. 22 — 4 - 3 - a < 0, OTKyZa HOoJIy4aeM a > 3
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r) |a| < 1. Ykaszanue. Pemenue 3aiauu aHAJOTUYHO Delle-
Huio 3amaum 1X.48 B).

IX.53. a) |a| < 3. Pemenwue. f(x) = 8 — asinx. Herpyaso
3aMeTHUTh, UTO MHOKECTBO 3HAUEHUI IIPOM3BOIHOI €CTh OTpe-
30K [3 — |a|; 8 + |a|]] u npousBoaHAs mpuHUMaeT 3HAUEHUA O-
HOTO 3HAaKa B TOM M TOJLKO B TOM ciydae, Korjga 3 — |a| > 0,
T. e. |a| < 3.

5) a<1—J§ 1+5

5 nim a > P
+a—1. Iga Toro 4ro0bl IIPOM3BOAHAA IIPUHUMAJIA 3HAYCHUSA
OIHOT'O0 3HAKa, HeOOXOAMMO M LOCTATOUHO, UTOOBLI AUCKPUMIU-
HAHT COOTBETCTBYIOIEro TPEXUjieHa ObLJI OTPUIIATEILHBIM,
T.e. 1 —a(a — 1) < 0, orKyza moJjydaeM, UTO

1-5 1++/5
3 nan a>T.

.Pemenue. f(x) = ax?— 2x +

a <

IX.58. (-1)'n!. Pemenue. f/(0)= lin%) f(x;:{)(O) _

= lirr%)(x -D(x-2): .. (x—n)=(-1)"nl

§ 53. 3apaua o kacarenbHOM.
YpaBHeHHe kacaTtenbHOM

Ecniu mosBosasgeT BpeMs W YPOBEHBL KJjacca, TO o0cCy:kae-
Huio Bompoca «YrTo Takoe KacareabHas K rpadurKy QyHK-
MUKU?» MOYKHO IIOCBATHUTEL IeJbIil ypoK. OTMeTuM HEKOTOpbIe
MOMEHTHI, KOTOPbIE MOYKHO pPasodpaTh C ydalllUMUCH.

B yueOHUKe maércA oIpeaesieHHWe KacaTeJbHOU KaK IIps-
MO, IIPOXOAAIIEeHA Uepe3 TOUKY rpapuka ¢ yrJIOBBIM Koa(du-
IIMEeHTOM, PaBHBIM ITPOMBBOIHOII B JAHHOW TOUKE, OJHAKO €cC-
JW HaUaTh PaccKas IpPOo KacaTeJbHYI0 C 3TOTO OoIpeleeHud,
TO yYaIlUMCA MOJKET OBITh COBCEM HEIOHATHO, OTKYyJIa 3TO
onpejesieHUe IIOABUJIOCH U II0UEMY YIJIOBOU KO3(h(UIHEHT
KacaTeJIbHOU MOJIKeH ObITh pPaBeH ITPOM3BOIHOI.

BmecTo 3TOro MOYKHO IPEIJIOKUTH yUaIlIUMCA CAMUM JaTh
ompepesieHre KacaTeJibHOU. [0 3TOTro OHM BCTpedYasinch C Ka-
caTeJIbHOM K OKPY!KHOCTH U OIpeAeadAJNd KacaTeJbHYIO
K OKPYKHOCTH KaK IPAMYI, UMEIOIYI0 OAHY OOIIYyI0 TOUYKY
C OKPY:KHOCTBIO. [Il09TOMY YacTo B KadyecTBe MEePBOTO OIIpeje-
JIeHUS OHM IIpeJjaraloT TaKoe JKe oIpejeseHUe U OJs Kaca-
TeJIbHON K TrpaduKy (QYyHKIIMU. YUallumecsa caMU dYallle BCEro
MOTYT IIPUBECTH U «KOHTPHPUMEP» K HAHHOMY OIIpPeAesIeHUIO.
CJI0BO «KOHTPIPUMEP» B3ATO B KABBIUKU, IIOTOMY 4YTO (hop-
MaJILHOTO OIIpedesieHns KacaTeJIbHOU eIlé He NaHO, HO He BbI-
3bIBaeT BOIPOCOB TOT (haKT, UYTO IpAMadA Yy = —X He ABJIAETCHA

KacaTelbHON K rpaduKy (QYHKIUK y = X° B Hyje, XOTA U
HMeeT ¢ HUM BCero OAHY OOIIYIO TOUKY, TAKKM 00pasoM sB-
JSASICh KOHTPIPUMEPOM K STOMY «OMIpPEIeIeHUIO» .
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OpyruM BO3MOKHBIM «OIIpefeeHueM», K KOTOPOMY YacTO
IPUXOAAT yualiuecs, ABJAETCS OIpenejeHUe KacaTeJlbHOH
KaK Takoil mpsaMoii, rpaduK KOTOPOI JEeKUT IO OJHY CTOPO-
HY oT rpadpuka pyHKmuu. OmATh-TAKM caMU ydalliuecs dac-
TO MPUAYMBIBAIOT KOHTPIIPUMEPHI: KacaTelbHble K I'paduram
QyHKITUH y=x3 u y=sinx B HYyJe.

Haxoner, mMokeT HOABUTHCA OIpefesieHNe KacaTeJbHOI
KaK «IpemeJbHOTO IOJOMKeHUus ceKyInux» (mompoOHee 00
9TOM HaNMCaHO B TeKcTe maparpada). B srom ompemeneHuu
IIJIOXO TO, YTO OHO HehOpMAaJIbHO — OMIpEIeIeHUs «IIpeIeib-
HOe IIOJIOMKEHME CeKYIUX» y Hac Her!

dopmanausoBaTh OIpenesieHne yAaéTcsi, PacCMOTPEB YIJIO-
Bble KOoa(h(pUIueHTHI ceKymux. VX mpenesl OoKasbIBaeTCsa pa-
BeH IIPOUW3BOAHON (GQYHKIIMM B TOUKe (MOYKHO BBINHCATH YIJIO-
BOl KoO3(p(puUIMeHT ceKyIleil, OPOXOAAINedl uepe3 TOUKU
(x5 f(xp)) m (xy + Ax; f(x, + Ax)) 1 maTh y4ammMcsa BO3MOXK-
HOCTB JorajlaThCs, 4TO Ipenes mpu Ax — 0 atux Koapduu-
eHTOB OyaeT paBeH IpousBoaHOIT). Ilocysie aTOro cTamoOBUTCA
IMOHATHO, OTKyaa OepéTcs olpelesieHMe KacaTeJIbHOII B TOU-
Ke X, KaK IpAMOH, HIpPOXojdAllell dUepe3d TOYKY rpadura
(x5 (%)) ¢ yruoBbIM KoadhduIeHTOM, paBHBIM ['(x,).

CraHgapTHBIMHU SABJIAIOTCA 3aJlauMd Ha COCTaBJIEHUE ypaBHE-
HUsS KacaTeJbHOU B JAHHOUW TOYKe WM ypaBHEHUS KacaTesb-
HOM, MPOXOLAINEel uepes3 HaHHYIO TOUuKy. Ilpumepsnl perrenud
nomobubIX 3amau (IX.62 — I1X.64) pasoOpaHBI B TeKcTe IIa-
parpada. OHEM mOCTATOUYHO CTAaHIAPTHBI. Hy:KHO 3ammcaThb
ypaBHEeHME KacaTeJbHO! K rpa)uKy B IIPOM3BOJIHBHON TOUKE C
abciuccoii ¢ U, MOACTABUB BMECTO X M I KOOPAWHATHI TOYKH,
yepes KOTOPYIO JOJKHA IIPOXOAUTL KacaTesbHas, HOJYUYUTh
ycaoBue-ypaBHeHue Ha t. Tem He menee 3amaua 1X.64 mHOT-
Ia BBIBLIBAET CJIOKHOCTU Yy YUaIllUXCsA, W aBTOPaM IIpeJCcTaB-
JIIeTCsI CYII[eCTBEHHBIM MOOUTHCS IMOHUMAHUS PEIIeHUd dTOH
damaum (B 4aCTHOCTH, TOTO, UeM OTJIMUaroTcsa 3amauu 1X.64 a)
u IX.64 0)). MoxxHO mpegBapuTeJbHO 3aJaTh HABOIAIINE BO-
IIPOCHI: CKOJIBKO TaKWX KacaTeJbHBIX MOYKeT OBITh B IIYHK-
Te a)? (OmHa, Tak Kak KacaTeJbHasd K rpa@uKy QYHKIIUU B
IaHHOM TOUKe emuMHCTBeHHAa.) A B myHKTe 0)? (Heckoiabko,
TaK KaK KacaTeJbHbIe B IPYTUX TOUKaX rpadmka MOTYT IPO-
XOOUTh Uepesd TOUYKY rpadura c¢ abciiuccoir —4, T. e. uepes
TouKy (—4; f(—4)) = (—4; —4).) CBsA3aHBI JU MeXKIy co00i KaK-
HuOyAb OTBeThI B myHKTax a) u 0)? (flcHo, uTo KacaresbHAasd,
HalileHHasi B IIYHKTe a), OyJeT ABJATHCA OTBETOM U B IIYHK-
Te 0).)

B yueGHUKe OpuBemAeHO MOCTATOUYHO OOJIBIIIOE KOJUUECTBO
CUMIIATUYHLIX (B TOM 4YMCJe BecbMa CJOKHBIX) 3aJau Ha Kaca-
TeabHYI0. Ilpemyarath MX MOKHO, MCXOIA M3 YPOBHSA KJiacca,
PaBHO KaK MW IMpPeabABIATH TpeboBaHUA K IIOAPOOHOCTU
obocHOBaHUA perieHus. Hampumep, cooOpakeHue O TOM, YTO

53



OpUBEAEHHLIMU B Hauvajie 3amaum [X.82 paccy:KIeHUAMU MbI
TIOJIYYMIN UCKOMOE MHOYKECTBO (a /IS YYaIllerocs yKe pesyJib-
TaT, ecJau OH IIOJYYHWJ OTBET B 9TOIi 3ajadvel), HO He MOKAas3aju,
YTO BEPIIWHBI 3aIIOJHSIOT BCE 5TO MHOXKECTBO, HY:KHO yIOMSA-
HYTb, HO BPAJ JIM CTOUT OCTAHABJIMBATHCA HA HEM IIOIPOOHO.

HexoToprle u3 TOpeIIOsKEHHBIX 3aJad PeIIaloTcsd IIPOIIe:
¢ uUcmoJb3oBaHUEeM (haKTOB, M3J0KEHHBIX B APYTHX 3agadax.
Takue 3aauym MOKHO IpeJJjarath cepuAaMu (UJIU CChLIATHCA
Ipu pellleHUU 3amaum Ha (PaKkThl, HOKa3aHHBIE B APYIUX 3a-
mauax). Hanpumep, npm pemreHum 3agauu 1X.84 ymobGHO
IpeACcTaBIsATb, CKOJNBKO KacaTeJlbHbIX MOXKHO IIPOBECTU U3
pasIuUYHBIX TOUEeK K mapaboje (3amaua I1X.79).

Pemenuss u yKkasaHusaA K 3agadam

IX.62. y=-6x—1, y=-10x-9.
IX.63. y=3x+2, y=11x— 14.
IX.64. y=9x +32. Pemenue. 3anuiieM ypaBHeHUE

o 1
KacaTeJIbHOU K IrpauKky (PYHKIINU f(x)=zx3—3x B TOUYKE

" 3 1
rpaduka c abcmuccoit x,: y= (ng - 3j(x —x,) + ng —3x,=

3 1
= (ng - 3jx - Exg. IlogcraBum x, = —4, moxyuum y = 9x + 32.
6) y=9x+32, y=-4. Pemenmne. IloncraBum B ypasHe-

3 1
HUe y= (ng - 3] x— Exg (1), monydueHHOE B MpPeABLIAYIIEM

nyHKTe, x =—4 u y=—4 (Touka rpaduka c¢ abcmuccoir —4 —
9TO TOUYKa ¢ Koopamuatamu (—4; —4)). I[lonyuum ypaBHeHUe OT-
e o 43 2_ 1 3 3 2 _ g9 _
HOCHUTEJBbHO X,: —4= (4x0 3)( 4)— 5%y = x,+6x,—-32=0.
Pemtas aTo ypaBHEHME, MOYKHO BOCIIOJIL30BAaThHCA TeM (HhaKTOM,
YTO OJAWH M3 KOpPHEeN 5TOoro ypaBHeHUS MbI 3HaeM. B camom
nese, KacarejgbHasg K rpaduky B Touke (—4; —4), KOHeUHO,
OPOXOAUT dUepesd AaHHYI0 TOUKY, IO3TOMY —4 OOJIKHO OBITH
KopHeM ypaBHeHms. Pasmenus x5 + 6x2 — 32 ma x, + 4, Jer-
KO HaWTH ocTaBIIMecd KOPHU ypaBHEHUA: X, = —4 uUIu
x, = 2. IlogcraBuB aTH 3HaueHUA B ypaBHeHue (1), moayuum
y=9x+ 32, y=-4.

IX.65. Vrkaszanue. Heobxomumo samucaTh ypaBHEHHUS Ka-
caTeJbHBIX B TOUKAaX C JaHHBIMU abcruccaMu. 3aMeTUM, UTO
TonbKo yciaoBusa f(1) = f'(—1) HemocTaTouHO, TaK KaK Kaca-
TeJbHbIe MOTYT COBIIAAATh.

I1X.66, IX.67. Yka3aHue. 3amaun peInapTCcsa aHAJOTHUUYHO
npumepy 20 usz § 53.
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IX.66. (1; 0) u (~1; —4).
IX.67. (\/I 5—%@), (—\F; 5+§\E).

IX.68. 10%. Pemenue. Kacarenruaa B Toure (x,; f(x,))

napaJjjeabHa ocu abCIuCC NUPU BBIMOJHEHUUN YCJIOBUIM
f'(xo) =0, f(xy) # 0. Orcroma momyuaem x,=-1 mam x,=3.
Paccrossnue mMesxay KacaTeIbHBIMU B COOTBETCTBYIOIIIUX TOU-

xax pasmo |f(3) — f(-1)| = 102.

2
1X.69. Xo=73- 3amevanue. O6paTuM BHUMAaHINE, UTO MPO-

M3BOAHBIEe DPaBHBI U Ipu X,=0, HO IpPU ITOM KacaTeJbHBbIE
COBIIaIaIoOT.
IX.70. KacareabHble K rpapuKaM SaHHBIX (PYHKIUN B
TouKax ¢ abcruccoii 1 mapajiaenbHbl (M He COBIAZAioOT!).
I1X.71. 1a, B Touke (2; —0,5). Yraszanue. Mo:xkHO HaWTH
TOUKY (OHa OKaKeTCs eJMWHCTBEHHOI) IlepeceueHus Tuiepoo-

X
JIBI 1 JaHHOU IIPAMOU (y =1- Zj 1 IIPOBEPUTH, UTO 9Ta IIPA-

Masd OKasKeTcsd KacaTeJbHOHW B HaWJeHHOI TOUYKe.
IX.72. Pemenue. [ TOro 4ToOBI IpAMad Yy = X + a ABJIA-

Jach KacaTeJbHOU K rpadpury QyHKIINN f(x)=2\/; B TOUKe

rpaduka ¢ abcruccoil x,, Heooxogumo, 4TobsI f'(x,) = 1, T. e.

1
E:L OTKyJa mojydyaeM, 4To x,= 1. Ocrasock ydecTb, 4YTO

npsaMas JOJKHA IPOXOAUWTH Uepe3d TOUKY C KOOpAWHATAMU
(1; f(1)), T. e. (1; 2), O 5TOro HOJKHO BBIIOJHATLCSA YCJIO-
Bue 2= 1+ a, otrkyna a = 1.

IX.73. b® — 4ac = 0.

I1X.74. (0,5; —1In2). Pemenue. IIpsaMble mepoeHaUKYJIIP-
HBI, €CJIM IIPOU3BeleHNe UX YIJIOBBIX KO03(hGUIMEHTOB paB-
HO —1. A 3HAYUT, AOJYKHO BBIMOJHATHCS ycuaoBue (Inx) = 2,
orrkyza x =0,5.

IX.75. Vrasanue. AmajsoruuHasa 3ajgaua pasoOpaHa B TeK-
cre § 53. B xaxmom ciaydyae HeoO0XoZMMO B OOIIeM BuUAe 3a-
IUcaTh yYpaBHEHUE KacaTeJbHON K rpad@uKy IepBOil (QYHKIIUN
(3 mpous3BOJBHON TOUKe X,), YPaBHeHHe KacaTeJbHON K Ipa-
¢pury BTOpOM (PyHKNUHM (B NMPOU3BOJBHOHI TOUKEe X;) U IOJY-
YUTH CUCTEMY yYPaBHEHUI, IPUPABHAB YIJIOBbIe KOd(DDUITUEH-

. 9
THI M CBOOOHBIE UJIEHLI YPBHEHUM KacaTeJbHBIX. 0) Yy = —x — T

r) y=gx -+ In2.
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IX.76. x=§+2nk, ke Z. Pemienue. Taureuc yria Ha-

KJIOHA KacaTeJbHOW B TOYKE DPaBeH IIPOU3BOAHON (DYHKIUU
B TOYKe, TaKUM o00pasoM, HY)KHO HAWTH TOYKU, B KOTO-
PBIX TTPOM3BOAHAA MaHHOW (DYHKIIMU IPUHUMAET HAUOOJIbIIIee

CER ’ . I
sHaueHne. Haiigém y' = cosx + \/gsmx = 2(s1ngcosx+

+ cos%sin xj = 2sin (ng xj Hawubousbiiee 3navenve y’' npuHu-

MaeT, Korga %+x=§+2nk, k e Z.

IX.77. y=—-2x—4. PemeHnue.
y ITocTpoum rpauk OYHKIIUNA

x2—6x, x>0,

= x2 — 9% — 4|y =
y==x x 2 x24+2x, x<0

1 1300pasuM Ha HEM KacaTeJbHYIO
0 6 x (puc. 9.1). s pucyHkKa sICHO, UTO
ncKoMas KacaTejJbHasd OyaeT Ka-
carbcA rpapmka B TOUKaAX C IIOJO-
JKUTEJIBHOM U OTPUIlATEJbHOI
abciuccaMu. YpaBHEHHE KacaTelb-
HOM B TOUKAaX C IIOJIOJKHUTEJIbHOM
abcmuccoit x, uMmeer BUA Yy = (2x, —

— 6)x — x2, ypaBHeHHMe KacaTelb-

HOM B TOYKAX C OTPUIATEJbHOI
abcmuccoit x, umeer Bun y = (2x, +

Puc. 9.1
+ 2)x — x2. KacaTenpHBIe JOJIKHEI

2x,—6=2x,1+2,

2 __ .2
Xo = Xp»
pelrasg KOTOPYIO, IIOJy4aeM X, = 2 U ypaBHeHHe HMCKOMOH Ka-
catenbHOl Yy =—2x — 4.

3amewarnue. Ecau Obl MBI He «yYBHLEJN» KacaTeJbHYIO cHA-
yajia, TO MOTJIM ObI IPOOOBATH MCKATh KacaTeJbHbIE, Kacalo-
mmecss rpaduKa B ABYX TOUYKAX C JBYMS IIOJOMKUTEIHLHBIMU
WJIA OBYMS OTPHUIATEJbHBIMU abCIlCCaMM, peIras COOTBET-
CTBYIOIIE CUCTEMBI (KOTOpbIE, KOHEUHO, peIlleHui Obl He
UMeJIn).

IX.79. Pemenue. 3anumieM ypaBHeHUEe KacaTeJIbHOU
K rpaduky (OyHKIUU Y = x% B TouKe ¢ abcruccoil ¢: y = 2t(x —
—t) + t? = 2¢tx — t%. Dra KacareibHas IPOXOLUT YepPe3 TOUKY
(X0 Yo) B TOM U TOJBKO B TOM CJydae, KOTHA Y, = 2tx, — t°.
CKOJIbKO peIlleHu#l y AaHHOTO ypaBHEHUs (OTHOCHUTEJNBHO t),

coBiagatTb, T. €. HMeeT MeCTO CcHucrema

56



CTOJIBKO KacaTeJbHBIX IIPOXOAUT Yepe3 TOUKY (Xy; Y,). Ypas-

nenue t° — 2tx, + y, = 0 KBazpaTHOe OTHOCHUTEIHHO ¢ U WMe-

eT IBa KOPHS, €CJU ero AUCKPUMUHAHT OOJIbIlle HYJIS; OIUH
KOpeHb, eCJIM IMCKPUMUHAHT pPaBeH HYJIIO; He MMeeT KOpPHEeM,

ecJii IUCKPUMWHAHT OTPHUIlATeJbHBIHA. D = 4x(2) - 4y,. Takum
obpasoM, uepe3 TOUYKY (X, Y,) MOMKHO IIPOBECTH OJHY Kaca-
TeJIbHYI0, eCJu x(z, =y, (Touka Jsexur Ha mnapaboie y = x%);
IBe KacaTeJbHbLIE, €CIU Xg > Y, (TOUKA JIeKUT BHe MapaboJIbl
y=x%), HU omHOI KacaTembHOIl, ecau x5 < y, (TOUKA JEKUT
BHYTpU Tapaboibl y = x?2).

3amewanue. 3amadya OONyCKaeT eCTeCTBEHHOe 0000IleHme:
ecay JaHa NIPOMBBOJIbHAS KBafpaTHUHAd (QYHKIHUA y = ax® +
+ bx + ¢, TO: Uepe3 TOUKHK BHYTPU COOTBETCTBYIOIIei mapabo-
JIbI He IIPOXOAUT HU OJHOII KacaTesJbHOIi; uepe3 TOUKHU Ha IIa-
pabose — onHa KacaTeJibHAas; depe3 TOUKMW BHe IapaboJibl —
IBe KacaTeJlbHble K TrpaduKy MaHHON KBaApPaTUYHON (PYyHK-
IUH.

IX.80. —1. PemeHue. YpaBHeHIE KacaTeJbHOII B TOUKE
¢ abcmuccoit a: y = e“x + e%(1 — a). 9ra KacareabHas IPOXO-
ouT yeped TouKy (b; 0) Torma m TOJIBKO TOrza, KoOTrza
e’b + e“(1 — a), orkyma b—a=-1.

IX.81. VkasaHue. 3agaua aHamoruuHa npumepy 25 us
§ 53. 6) Bce Touku mpamoit y=—1.

IX.82. y=4x+3. Pemenue. 3anumieM ycJIOBUSA TOTO,
uyTo mapaboJia, 3aJjaBaeMasd ypaBHEHUEM Y = x2 + ax + b, xa-

2x,+a=4,

2 N3 sroit
b—xy=-1.

caeTca npaMoi y = 4x — 1 B TouKe x,:

(12
CHUCTEeMBbI CJeayeT, UTO b= RS 2a + 3 (BBIpa3wu M3 IMIEPBOTO

ypPaBHEeHUsS X, U MOACTAaBUJIM BO BTOPOE).
B 10 e Bpemsa BepmmuHa mapaboJsbl Yy = x% + ax + b ume-
2
a

a
eT KOOpAMHATBI _E; b— 4

=(—§; 3—2a). B srom paBen-

CTB€ MBI Yy4YJIU IIOJIYYEHHOE€ BBIIIIe YCJIOBHE, CBA3bIBAlOIIlEe

a
a u b. MHOXXeCTBO TOUEK C KOOpAMHaATaMU [_E; 3—2a], rIae

a € R, — »sro ipamad y =4x + 3. Ilaa Toro urobbl ToKal3aTh,
YTO 3TA OpAMasA ABJIETCSI OTBETOM (a IIOKa MBI Ha CaMOM Je-
Jie JOKasaJid TOJBKO TO, UTO BCE KMCKOMbI€ BEPIIHUHBI JeKaT
Ha 9TOI HpPAMOIM, HO He (PaKT, UTO 3aIOJHAIOT €€), 0CTaJOCh
IIOKas3aTh, UTO NIJA JIIOOOTo a Haiaérca b (a MMeHHO paBHOe
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2
a
T—2a+3), Takoe, uTO ImapaboJja, 3agaBaeMas ypaBHeHUEM

y = x>+ ax + b, Kacaercsa mpamoii y = 4x — 1.

5.
37
HecnoxxHada uaeiiHO, HO TeXHUYECKU HEINpOCTas 3ajada. ITy
3amauy JIydIlle IpeAjiaraTh B KadyecTBe AOMAIIHETO 3aJaHusd.
Pemenue. 3anumiemM ypaBHeHNe KacaTeJlbHON K I'padpuxy B
Touke ¢ abciuccoit t: y = (3t% — 6t)x — 2¢* + 3t? + 3. Ora ka-
caTeJbHAA NPOXOAUT uepes TOUYKY B(p; —1) B TOM U TOJIBKO
B TOoM ciaydae, xorza —1 = (3t% — 6t)p — 2t> + 3¢t* + 3. Ham
HY'KHO, YTOOBI uepe3d TOUKYy B mpoxoauwau 3 KacaTeJbHBIE,
T. €. AOJI’KHO HAWTUCHL 3 COOTBETCTBYIOIIME TOUKU Ha Trpadu-
Ke (c abOcmuccoii t), T. e. ypaBHeHue (OTHOCHUTEJBHO t) —1 =
= (3t — 6t)p — 2¢® + 3t* + 3 momxkHO MMeTh 3 KOpHA. Bhldc-
HUM, TIPU KaKWX 3HAUEHHUAX IIapaMerpa p 3To (KyOmueckoe)
ypaBHeHUe mMeeT 3 KOpPHH.

BamumnreM oTo ypaBHeHue B Buze —2t° + 3(p + 1)t — 6pt +
+ 4 = 0. Yragaem (HanpuMmep, OTLICKaB IleJible KOPHU JaHHO-
ro ypaBHEHUS) OOWH M3 KOpHell sToro ypaBHeHusa: 2. Ilogme-
auB Ha ¢ — 2, momyumm —2t%+ 3(p + 1)t — 6pt + 4 =
=(t - 2)(—-2¢% + (Bp — 1)t — 2). Hua Toro uToOBl ypaBHEHUE
(t — 2)(-2t> + (3p — 1)t — 2) = 0 uMeso 3 Pa3TUYHBIX KOPHA,
IUCKPUMHUHAHT ypaBHeHums —2t° + (83p — 1)t — 2 = 0 mosxeH
OBITH TOJIOMKUTEJBHBIM U t = 2 He MOJYKHO OBITH €ro KOPHEM.

IX.83. p € (—o0; —1) u( 2) U (2; +00). 3ameuaHnue.

.. 5 ..
IlepBoe ycaome maér p < -1, p>73, BTOpOe ycioBue Haér

5
p Z~ 2. Orkyza p € (—o0; —1) U (g; 2) U (2; +0).

IX.84. a) (%, %), (—i; —%) Pemenue. 3amerum, 4ToO

npaMas y = 2x — 1 ABIAeTcA KacaTeJbHOH K rpaduky y = x°

B Touke (1; 1). CiemoBaTesbHO, Uepes JIOOYI0 TOUKY Ha 5TOH
nopaMoii, KpoMme camoii Touku (1; 1), MOKHO IIPOBECTHU ABe Ka-
caTesJibHBIEe K JaHHOUW mapabojie, ofHa M3 KOTOPBIX — IpAMas
y=2x—1 (cm. Bagauy IX.79). Takum o6pasom, HYKHO Haii-
T BCe KacaTeJbHBIE K Iapaboe y=x2, KOTOphIe 00pasyrooT
¢ mpamoit y=2x — 1 yrox 45°.

IIycTs ypaBHeHUME KacaTeabHON Yy = kx + b. [na Toro 4ro-
ObI oHa obOpasoBbIBasia yroa 45° ¢ mpamoit y = 2x — 1, Heobxo-
IUMO ¥ JOCTATOUYHO, YTOOBI MOJYJb TAHTEHCA yrJjia MEeXKIY HU-

E-2| 1 _
L1on =1, oTkyza k—3 uninu k 3.

MU paBHaJcA 1, T. e.
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Msr 3Haem, uto kB = f'(x,), roe x, — TO4YKa, K KOTOPOH IIPOBe-
IeHa xacareabHassi. Takum o06pasoM, MBI MOXKeM y3HATb TOU-

1 3
K1 KaCaHudAd: x0=g nin x0=—§. 3armucan YpaBHEeHUusA Kaca-

TeJBbHBIX B OJAaHHBIX TOYKAaX, MOMXHO HAWUTU HNCKOMBIE TOUYKMU
ImepecevyeHUs 9TUX KacaTeJbHBIX U OpAMOA y = 2x — 1.

IX.85. a) a =4n — 11. Pemenue. [I1a Toro 4yrob6sl Kaca-
TeJIbHAA He MMeJia TOUEeK IiepeceueHmdA ¢ npamoit y = 0,5x + 2,
HeoO0XOIMMO, UTOObI €€ yrJaoBOU KO03(P(HUIIMEeHT, T. e. IIPOU3-
BogHASA AaHHOU (QyuKmuu, pasusiacd 0,5. IToaxyuaem mHeobxo-

1 a+11 1
IUMOE YCIIOBHE: 5 COS—— =5, OTKy/a a = ank — 11, k € Z.
YuurbiBad 5TO, HANUIIIEM ypaBHEHUE KacaTeJbHON K rpadu-
x+11

2

+1,5a — a® B Touxe rpadura c ab-
a+11

Ky QYHKOuUu Yy =sin

cuuccoit a. y = 0,5x + a — a® (MBI yuau, uTo sin =0 mpu

paccmatpuBaeMbIX a). HeTpyaHo mokasaThb, 4TO HIPU paccMar-
puBaemMbix a (T. e. a = 4nk — 11, k € Z) sra KacaTenbHas He
coBmnazaer ¢ npamoiur y = 0,5x + 2, a 3HaAUUT, U He HMeeT
Cc Heli OOIIMX TOUYEK.

Ocranocs oTobpaTh u3 pac-
cMaTpUBaeMbIX a4 Te, IIPU KOTO-
ppix KacarembHad y = 0,5x + a —

— a? He mMeerT O6IIMX TOYEK C

2
rpapukoM QYHKIIUU Y = Y Jisa

9TOTO MOJKHO BOCIIOJIB30BAThCHA
pucyakom 9.2 (otobpaTth Te a,
1A KOTOpHIX a — a’e (-2; 2),
YTO PaABHOCHUJIBLHO YCJOBUIO A €
€ (-1; 2)), HO MOKHO IIOJYUYUTH
yciaoBue myusa a U (DOPMAJBHO:  pyc. 9.2

1 9 2
ypaBHeHUE Ex+a—a =-, He

IOJIXKHO HMETh pellleHunii. TO ypaBHEHNE CBOIUTCSI K KBal-
paTHOMY, KOTOPOE He MMeeT PeIIeHHH TOorJa M TOJbKO TOrna,
KOoTJa ero JUCKPUMUHAHT MeHbIIIe HYJIS, YTO BBIIIOJHEHO TaK-
ke mpu a € (—1; 2).

3amMeTuM Temepb, uTo —1 < 4w — 11 < 2, a mpu ocrajb-
HBIX IHeJbIX k uwmciio 4mk — 11 He momagaeT B IIPOMEIKYTOK

(-1; 2).
V2 1 iy
IX.87. Touka mepeceueHUs 5 5] T'padpurn pyHKIMIT

B OTOHM TOUKe KacaloTcs, TaK KaK WX IIPOU3BOAHBLIE B JaHHON
TOUKE PaBHBHI.
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IX.88. Vkasanue. Pellienue 3agaum 0 HAXOXKIEHUU yTJia
Mexkay rpaduxkamMu (QyHKIuii paszodOpano B mpumepe 23 us

§ 53. a) arctgz\/i 0) arctg%. ) §x+§1n2.
IX.89. 6) a=i4%. IlycTh maHHBIE KpPUBBLIE II€PECEeKAIOTCS

IO TIPAMBIM YTJIOM B TOYKe € abCI[uccoil X. 9TO PaBHOCUJIb-
HO cJenyIolieil cucreme (BTOpoe ypaBHEHUE — YCJIOBUE PaBEH-
crBa —1 mpomsBe[eHUsI IIPOUSBOAHBIX B TOUKE II€PECEUCHUS):

1
ax?=-=,
X

1
1 Pemaa cucremy, mnoayuaem a= i4/§.
2ax - (—?) =-1.

B) a=i\/§.

I1X.90. b =14, b= 2. Pemeunue. I'padpux QPyHKIIUN IIe-
pecexaer och Ox mopx yriiom 45° ¢ e€ IMOJIOKUTEJbLHBIM Ha-
IIpaBJIEHWEM TOT[Ja W TOJBKO TOT[Aa, KOrJa IIPOM3BOAHAA HaH-

HOM (PYHKIIMU B TOUKe IIepecedeHUsI paBHA IO MonyJoo 1.
3

bx
I'padpur dyarmum y= nepecekaercsa ocblo OxX B TOUKAX

x=0 u x==xyb (upu stom b > 0). IIpousBoguHasa (GpyHKIUU

. b-3x2 , b
paBHa Yy '=— —. N3 vycaoBua |y'(0) |= i 1 Haxoaumm
b =14. Uz ycimoBusa ‘y(i\/g]‘ =‘b_4i‘ =‘§‘ =1 mHaxogum b= 2

(yuutbiBasg, uto b > 0).

8§ 54. MpubnuxeHne dyHKUUM IMHEMHON PYHKUMEM.
OudbdepeHuman

OnwIT M3JI0KEHUSA MaTepuaia JaHHOTO maparpada asBTopa-
MU IIOKa3bIBaeT, 4To (hopMaJjbHbIe BBIKJIAIKU, CBA3aHHBIE C
nuddepeHmagomMm (B YaCTHOCTH, TEOPeEMa O PABHOCUJIBLHOCTU
muddepeHIIpyeMocT (MYHKIIUU B TOUYKE M CYIIECTBOBAHUU
€é KOHEeUHOW NIPOM3BOAHOI), HEIPOCThI OJA yUYaIIUXCHd, HO
B TO JKe BpeMdA TIeOMeTpUYecKuii cMbica auddepeHraga Ha-
TJASIeH U TOHSATEeH.

ABTOpaM TIpeacTaBJIsETCS, UTO pemnieHusa 3agauy [1X.93—
1X.95 mosesHO cOmpoOBOKIATH PHUCYHKaMM, OTMeYas Ha HUX
3HaueHUa audpepeHIIaga U TOTPENTHOCTHU, MOJyYaeMOu IIpU
3aMeHe IIpupalieHus (QYHKIUU 3HAaYeHUEM COOTBETCTBYIOIIE-
ro nuddepenuaia.
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Pemrenuss m yKkasaHuUA K 3agadaM

IX.93. df(1) = f(1)Ax = 13Ax. f(1,01) = f(1) + 13 + Ax =
-6+ 13 - 0,01 = 6,13.

IX.94. df(25) = £(25)Ax = 0,1Ax. f(26) = f(25) + 0,1 - Ax =
-5+0,1-1=5,1.

1X.95. df(64) = ' (64)Ax = %Ax. (65) ~ f(64) + i Ax =

1 1
=4+ o 1=4.

§ 55. MNpouseopgHas nNpouseeaeHMs, YACTHOrO,
KOMNO3MUMKU DYHKLMH

B maparpade pasbupaiorcsa (POPMYJIbI HPOU3BOAHBIX IIPO-
U3BEIeHUs, YACTHOTO M KOMIIO3UIINU (GYHKIMI U mOpeaaara-
eTcs MHOI'O 3aJau Ha TeXHUKY AuPdepeHInpoBaHUA. OTU 3a-
Iaum, BO3MOJYKHO, He caMble MHTEepPeCcHbIe, OJHAKO, KAK MbI
yiKe OoTMeuaJan B yKasaHUAX K § 52, HeoOXoAMMO mOOUTHCS
OT ydJallluXCdA aBTOMATHMUYEeCKOTO MPUMeHeHUA HpaBuJ audde-
peHIIupoBaHUSA U 3aNOMUHAHUSA (POPMYJT HPOU3BOSHBIX dJe-
MeHTapHbIX PYHKIINII — 0e3 3TOTro periaTh 3aJaduyu Ha IpUMe-
HeHIe IIPOU3BOIHOI CJI0XKHO.

Pemenusa u YEasaHudA K 3agadaM

IX.106. a) (fifofsfy) = fifofsfy + Fifsfsfs + Fifofsfs +
+ fifof sl

I1X.107. 2. VrasaHnue. ((x — a)f(x)) —f(x)+(x a)f'(x).

I1X.108. a) Her. Haumpumep, ecau f(x) = 0. 6) Her, Ha-
npumep f(x) = D(x), g(x) = —D(x), rae D(x) — QpyHKOUA
Hupuxie.

I1X.112. a) 4sin%—cos%. Pemenue. Tak xar f'(x) =

. 1Y .1 1( 1 , .1 1
=| x%sin— | = 2xsin—+ x’cos—|——; |, To f(2)=4sin—cos <.
x x x x 2 2

xgsinl—O
fla)— f(O) im0 (m0-

x —0 x
CJIe,E[HI/Iﬁ IIpeagesyl paBeH HYJIO KaK IIPOM3BEOeHIe 0EeCKOHEUYHO

6) 0. Pemenue. f(0)=lim

MaJaol (PYHKIMH Yy = X Ha OrPAaHUYEHHYI0 QYHKINIO | = sin%).
I1X.113. a =0, b=1. 3ameuanue. Bo BTOpOM uU3ZaHUU

ax®+bx, x>0,

damanme OymeT masa Qyurmuum f(x)= e
(x+a)e ™, x<0.
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Pemeunune. Pyurnusa, oueBUIHO, AuddepeHnupyeMa BO BCexX
TOUKax, KpoMe HyJd (CM. yTBep:KIeHUe Ha c. 66 yueObHUKA).
s Toro 4robbl PyHKIUA ObLIa TuMPEpPEeHIIupyeMa B TOUKE

x =0, HeoOXOAMMO M HSOCTATOUYHO, UYTOOBI (ax2 + bx)|x —p =
= (x + a)efbx|x:0, T. e. a =0 (HempepbIBHOCTH B HYJIe) U
f.(0) = (2ax + b)|, _, = b pasHamocs 6b1 f(0) = e (1 — (x +
+ay)|,_,=1—-ab, T.e. b=1 — ab, oTKy#a moJydaeMm, UTO
a=0,b=1.

3ameuanue. B 3amaue ecTb TOHKOCTH — Ha CaMOM [lejie MbI
BeruucasgeM He [ (0) (cm. obcy:xmenue mpumepa 12 us § 51),

OMHAKO MBI HE YBEPEHBI, UTO 3Ty TOHKOCTH HYKHO O0OCYKIaTh
Ipu IIePBOM 3HAKOMCTBE C IITPOM3BOIHOI.

IX.114. a) PaspriBua. 6) HempepsiBHa, HO He auddepeH-
mupyema.

IX.118. a) Pemenume. 1+ 2x + 3x? + .. + nx" ! =

ntl_ ) _ nx" - (n+1)x"+1
(x-1)°

=(x+x2+x3+...+x")'=[xx_1

6) Pemenune. 12+ 2%x + 3%% + ... + n?x" ! = (x(1 + 2x +

nx”+1—(n+1)x"+1]

2 n—1\yv __
+ 38x° + ... + nx ))—[ 12

n? " 2-@2n?+2n-D)x"  + (n+ 1) %" - x—1
(x-1)° '

IX.119. a) n - 2"'. Vrasanue. IponuddepeHnIHpoBaTSH
6unoMm HpioToHA ¥ TOACTABUTL B IIOJYUEHHOE BBIpaKeHUE
x=1.6) 3n - 4",

1X.120. a) da, manpumep f = 1. 6) Ha, mHanpumep f
n g — dpysruun Hupuxie.

§ 56. Tabnuua npoussopgHbix. [epBoobpasHas

ITockoabky aud@epeHIIMPOBaAaHNE U HAXOMKJIeHUE I1epBO-
0o0pasHoOil — B3aMMHO-OOpaTHBIE OIepalui, NMEET CMBICJ
u3ydaTh UX BMecTe. Tak KaK HaxXOoXKIeHUe IIepBoo0Opas3HOl —
9TO YTeHUWe TAOJUIbI ITPOM3BOJHBIX CIIpaBa HaJIeBO, TO ecTe-
CTBEHHBIM [JI U3YYEeHUSA IOHATUS IIePBOOOPA3HOUN SABIAETCA
OKOHUAHWEe M3yYeHUsA TeXHUKU auddepeniiuporanusa. [losro-
MYy 9TOT U CJIeAYyIOIIre maparpadbl, BOONPEKU TPATUIIUU, II0-
MeIlleHbl B CepeIUuHYy TJaBbl, IIOCBANIEHHON ITPOM3BOIHOIM.

Bagmaun IX.127—IX.130 permiaroTcsa mpuMeHeHUeM TabJIu-
IIbl IIPOM3BOAHBIX B O0OpPATHOM HOPANKE, a TaKiKe coobOpake-
HUI, CBA3AaHHBIX CO «CKJIEMBAaHUEM» KYCOUHO-3aJaHHBIX (PYHK-
Uil Tak, 4TOOBI OHUW OKAas3aJuch AuPepeHIIupyeMbIMU.
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Pemrenuss m yKkasaHuUA K 3agadaM

IX.127. a) =+

1 1
4x4 + §x3 +x*+2x. 6) —x®—x-—Inl«.

2
11

3

1 1 1 6 = 2 5

~x® - 1) cxl—x+—+1Infx. 1) —x® +2x2
B) 3x°—2x +3arctgx. 1) Hx" —x+ lx. m) TEARrT

IX.128. F(x)=
Ll P )

3 2
x?—x,x<2, —%+x,x<——,

6) F(x)= %2 10 B) F(x)=1 . 1
il == > x >—=.
2+x 30 X 2 2+2x+,x/ 5

2 <
1X.130. a) F(x)= {236 +x, x<0,

x2+x, x>0.

x2
2x—?+x, x <1,

0) F(x)= 22
—+1, x>1.
2
2x—%x3—%x2, x<-2,
r) F(x)= 1 1 20
2x+3x +2x 3,x> 2.

I1X.131. a) Pemenue. PaccMmoTpuM IIpOM3BOAHYIO (DYHK-
uun F(—x), roe F(x) — mepBooOpasHasa pyuarmuu f. Iloayuum
(F(=x)) = =F'(-x) = —f(=x) = f(x) = F'(x), oTkyAa cuenyer
(npousBoaHbie paBHBI!), uTo F(—x) = F(x) + c¢. IloncraBus
x =0, monyuum, uro ¢ =0, oTKyma u cienyer, uro F — uér-
Hasa ¢yukmusa. 6) Her. B) Her, mampumep f(x) = const.

8§ 57. HeonpepenéHHbi uHTerpan

Yrob6bl m306e)xkaTh AyOJMPOBAHUSA BY30BCKOI'O Kypca BbIC-
mieil MaTeMaTUKU IIPU PACCMOTPEHUU MHTETPUPOBAHUA, aBTO-
PBI COUJIM BO3MOKHBLIM OIPAHMUYUTHLCA CTAHIAPTHBIMHU OOIIM-
MK MeTOZaMWM HMHTEIrPHMPOBaAHUA (MeTOI[ IIOACTaHOBKM, HNHTEI-
pUpOBaHHE II0 YaCTAM), PACCMOTPEB HEKOTOpPBLIE YaCTHBIE
IIOACTAHOBKY (HAIIpUMEP, TPUTOHOMETPUUYECKYI0), HO He 3JI0-
yInoTpedadasa mMu.

3aMeTHM, UTO B HpPUMeEpPaxX, CBA3AHHBIX C MHTErPUPOBAHU-

. o 1
eM APOOHO-JIMHEeNHBIX MYHKIUY, HAIPUMED Yy = —, MbI IIDUBO-
X

63



IUM OTBeT B TPAaJUIMOHHOM Buze In|x| + ¢, xora (kak oTme-
YeHO B TeKcTe maparpada) aaa GyHKIUi, 3aJaHHBIX Ha 00b-
eIVUHEeHUN IIPOMEKYTKOB, KOHCTAHTBI MOTLYT OBITH CBOU MJIsI
KasKJIoTo mpoMe:kyTKa (ocobeHHO oTMeTuMm 3amauy I1X.151).
Pemrenuss m ykazaHuA K 3agadaM
1 1
IX.134. a) —cosx + Inx + ¢. 6) Exz +x+_+e.

1X.135. a) i%(—zso + 35x + 60x + 84x%) + c.

1155 660x + 210x% + 616x%) + c.

IX.136. a) 3sinx—6tgx+c. ©0) —3cost— 2ctgt+c.
B) —3cosx — 4ctgx + c.

IX.137. a) arcsinx +c¢. 6) 0,5x% + arctgx + c.
IX.138. 2x + c.

x+1 4 4 x
IX.139. a) ——x+c 6) 2 +05x+c. ) —4@ -
ln(g}
1 2\*
-—=|=| +e.
ZIn[gj[3j
3
e3x ezx 32x 6x x
1X.140. a) ?+7+c. 0) o3 In6 +c. B) —e "+

+0,5¢ % +¢.
IX.141. a) —2ctg2x +c. 6) tgx — x + c.
IX.144. a) —(1x+2] +e. 6) ﬁ(2 1)1 + ¢.
5

B) —(6x 1) +ec.

IX.145. O6a BbhIUMCJ/IEHUA IIPABUJIBHLI, HO KOHCTAHTbBI, IIO-
JyYeHHbIe IIPU IIePBOM M BTOPOM BBLIUMCJIEHUSX, MOTYT OBITh
PasHBIMI, IIOSTOMY B3aMMHO YHUUYTOMKATH MX HEJIb3d.

IX.147. a) %x2+3x+7ln|x—2|+c. 6) %x2+3x+

2
+5lnjx 1|~ ——+c. B) S +1)(43 - 122+ 5x%) + c.

1- cosx 1, »
C. - -
7, + B) 2tgx

IX.151. a) —ln|cosx| + c. 6) In—
- %ln(l +tg’x)+ c. 1) %tggx —tgx+ x+c.

IX.152. a) In(1 + €*) + ¢. 6) x —1In(1 + €*) + c.
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3
1 1 1 3
IX.153. a) g(x2 -1)/1-x*+c. 6) gx,ll —x? - Tx(1- x%)? +
+ %ar‘csinxvL c. B) %(x2 -1)(2+3x%),/1- x*+ c.

4
cos x . . 1 cosx
——= —cos’xsinx—2sinx+ec. 6) ———g —
x 3sin®x

IX.154. a)
2
- gctgx +c.
IX.155. 4In(x +16) — %arctg§+ 2-16In2.

IX.156. JIn|2x—1|- > 3In3.

1 1 . 1 . 1 .
IX.157. e ﬂsm(6x) - §s1n(2x) + Esm(élx) +ec.

1 . 3 . 3
I1X.160. a) Zcos3xs1nx+ 5C0s xsin x + §x+ c.

1., 5 . 3 5 . 5
- - = - = inx+ —x+c
6) 6SlIl XCOsSX 245111 XCOS X 16COS.?CS X 16x C

IX.161. a) %m

i—:i’+c. 6) In|x? — 4x + 3| + c.

(x-3)>
x—1
+11In|x — 8|+ c.

IX.162. a) - 6) 2In|(x —1)| + ¢. B) 2In|(x—1) -
x—1

B) In

‘+ e. 1) Infx-3%x-D|+e. g jat+3x+

__2 _ _2 1.2 _
e 4In|(x - 1)+ o te m X +x+3Injx—1|+ec.
IX.163. a) arctg(x—1)+c. 6) In(x%- 2x+2)+ c.
B) In(x? — 2x + 2) + 2arctg(x — 1) + ¢. 1) 2In(x? — 2x + 2) —
— 2arctg(x — 1) + ¢. 1) %xz + x + In(x® — 2x + 2) — 2arctg(x —
-1) + c.

IX.164. a) %xwllﬂtx2 +%1n[x+,/x2+1J+c.
0) %x(1+ %) 1+ x® — %le + x% — %ln{xﬁL Jxi+ 1]+ c.

IX.171. a) exsm“%ﬂ. 6) —%ezxcos3x+

+ %ezxsin3x + c. B) %x(sin(ln x) — cos(In x)) + c.

r) %x(—Ssin(ln x)cos(ln x) + 16sin(ln x)cos’(ln x)) —

— 4sin®*(In x)cos*(ln x) + 9) + c.
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§ 58. «DPpaHuysckue» TeopeMsl

ABTOpBI CUUTAIOT, UTO TPU U3yUeHUU TeopeM Posnsa, Pep-
ma u Jlarpam:ka GoJiee BasKHO, UTOOBI IIKOJBHUKU ITOYYBCTBO-
BaAJIN «JAyX» TEOpeM, UeM 3ayuuu Obl (JopMajabHbIE JOKA3aTeb-
crBa. ['eomeTpuyecKu 9TU TEOpeMbl OUEBUIAHBI, 1 UMEHHO Ha UX
reoMeTPUUYECKOl MHTepIIpeTarin HaM KasKeTCs IPaBUJIbHBLIM B
TEPBYIO OYepe/lb OCTAHOBUTHL BHUMAHUE YUaIITUXCS.

HekoTopblie TeopeTmuecKkue cBemeHUs mnaparpada Iof-
KPemJaATCA U YTOUHSIOTCA HPU pPeIleHnuu 3aJad K HeMY.
Hanpuwmep, obpatum BHuManue Ha 3azauy 1X.175. B Teope-
me Poans TpebyeTcsa BBINIOJHEHINE CJEIYIOINUX YCIOBUM:
a) GyHKIMA HeOpepbIBHA Ha oTpeske [a; b]; 6) dyurmua nud-
depennupyema Ha mHTepBaJje (a; b); B) B Toukax a m b 3Ha-
yeHusa QyHKIIUU paBHBI. B s3agauve 1X.175 yuamuxcsa mpocAT
IPUBECTU TPUMepPbl (MYHKIIUM, AJA KOTOPBIX BBITOJHAIOTCSA
IBa M3 TPEX HAaHHBIX YCJIOBUM, HO 3aKJIIOUeHIEe TeopeMbl PoJI-
Jsa HeBepHO. TeM caMbIM yualnuecd He (popMaJIbHO 3ayduBa-
IOT 9T TPU YCJOBUS, HO MOHWMAIOT, 3aUeM JaHO KaKIoe M3
ycaoBuii B Teopeme. (MOKHO CHPOCHUTH yUAIIUXCSA: a 3aueM
HYKHO YyCJIOBUE NYHKTa — a), Beab auddepeHIUpyeMas
GYHKIINA HeOpepbiBHA, W OOCYAUTH, UTO 9TO YCJIOBUE MOYKHO
3aMEHHUTh Ha YCJIOBHE HEIPEPLIBHOCTH (PYHKIIMU B TOUKAX 4
u b, a B OCTAJIbHBIX TOYKAaX OTPe3Ka HeIIPEepPLIBHOCTDL CJIEAYEeT
u3 nyHKTa 0).) Ilpumep, AeMOHCTPUPYIOINI HEOOXOAUMOCTH
ycioBusa 0), mpuBenéH B 3amaue 1X.172; mpuMep K YCJIOBHUIO a)
pasobpaH B TeKcTe maparpada, IpuMepoM K YCJIOBUIO B) SAB-
JseTrcs, HampuMmep, QYHKIUS Yy = X Ha JIO00M IIPOMEKYTKe.

OrMeTM TakK’Ke, 4YTO Ipum pelmenun 3agaud [1X.189 —
1X.193 uyacTo mcmoJsb3yeTcsa NpPUBeJEHHAA HUXKE Teopema
(cnenmyrolas W3 JOKa3aHHOTO B yueOHUKe (aKTa, UTO PYHK-
ous, 3afaHHAA Ha IIPOMEKYTKe, ABJSAETCS KOHCTAHTOM, ecyiu
e€ Mpoums3BOAHAA PaBHA HaA STOM IIPOMEIKYTKe HYJII0):

TEOPEMA

Ecau nBe muddepennmupyemble (GpyHKIIUM 3aJaHBI Ha IIPO-
ME)XYTKe M WX IIPOU3BOJNHBIE PaBHBI, TO, AJA TOTO YTOOBI
GyHKOUM ObLIM PaBHBI HA NIPOMEKYTKe, HeoOXOAWMO U [O0-
CTaTOYHO, UTOOBI OBLIM PABHBI X 3HAUEHHUS B KaKOU-JI100 Of-
HOM TOYKe JaHHOTO IPOMEXXYTKA.

Pemrenusa u YKa3aHudA K 3agavyaM

I1X.172. Her. Pemenue. OyHKIUI f(x)=1—§/? B HYyJIE

Heguddepernnupyema. IlosTomy, HECMOTPA HA TO YTO OCTAJb-
Hble YCJIOBUA TeopeMbl PoJjisi BBIIOJHSAIOTCA, HE CYIIeCTBYeT
TouKu Ha mHTepBaJse (—1; 1), B KOTOpo#l mpomusBOAHAS PaBHSA-
Jach ObI HYJIIO.

IX.173. a), 6) u r) Her. Yra3arnue. @®yurinuu He nudde-
peunupyembl B HyJe. B) [la. YVkasanue. ¢ =0.
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IX.174. a) x=e—1. 6) x = /4—;“. B) x=2,25. 1) x= |-~

I1X.176. Pemenue. Ilpumenum teopemy Jlarpam:ka K
dyurnun f Ha orpeske [a; b]. ITo Teopeme Jlarpam:ka Ha
f(o) = f(a) _

b-a
= f(¢) = 2¢®— 1 > 0 (HepaBeHCTBO BBINOJIHEHO, TaK KakK
c>a=>1).

I1X.177. a) Pemenue. Ilo Teopeme Jlarpam:xa, mpume-
HEHHOU K (YyHKIIUU Yy = sinx Ha oTpesdke [a; b], Ha mHTepBa-
sinb—sina| _

b—a
= |cosc| < 1, oTkyzma ciemyer TpeGyemMoe HepaBeHCTBO.

I1X.178. (0; 1). Pemenue. Ilpamasa, comepskaimias HaH-
5-(1 _ 3
1-(-1) °°
YraoBo#li Ko3(p(PUIUMEHT KacaTeJbHO paBeH IIPOM3BOIHOM
B TOYKe KacaHud, IMOITOMY HaAM HY)KHO HAWTH TOUYKY X =C,
B KOTOPOI mpousBogHas GyHknuu f(x) = x>+ 3x + 1 pasHa 3,
T.e. 2c+3 =3, orryza ¢ =0.

I1X.179. Pemenue. IlpousBoguasa HaHHON (QYHKIIUU —
3TO MHOIOUJIEH 4-Ii CTeIlleHH’, IIOSTOMY OOJIbIIle YeTBIPEX KOop-
Hell oH mMeTh He Mo:KeT. Teopema Pojnasa rapantupyer cy-
IIIeCTBOBaHME KOPHA Ha Ka'KJOM M3 UYETHIPEX IIPOMEKYTKOB
MeXKIy KOPHAMHU JaHHOTO MHOTOUJIEHA.

I1X.180. VrxasaHnue. Ilpumenuts Teopemy Poiiasa K QyHK-
mun g(x) = (a — x)f(x) Ha orpeske [a; b].

I1X.181. Pemeunue. Paccmorpum QyHKIUIO g(x) = Xf(x),
Torga g'(x) = f(x) + xf'(x). Ilo Teopeme Jlarpam:xa CyIIlecTBY-
bf(b) —af(a) _ bf(a) —af(a) _

b-—a b—a
= f(a), orkynma u cienyer tpebyeMoe yTBep:KIeHUE.

3amenanue. 3amava SBJISIETCSI IPOHNEAEBTUKON TeMbBI O
CBA3Y BBINYKJOCTH (DYHKIIUU U KacaTeJbHOI.

IX.182. Pemenmue. Ilycts pyuKiua f mMeer KacaTelb-
HyI0 y = kx + 1 B TouKe x = a. Ilpegmosokum, 4TO sTa Kaca-
TeJibHadA IlepecexkaeT rpaduik (GpyHKnuum [ TakyKe B TOuKe b.
Pacemorpum dpyurmuio g(x) = f(x) — kx — 1. Ilo Teopeme Pour-
Jd, IpUMeHEHHOU K (pyHKIuUM g Ha oTpe3ke [a; b], cyiiect-
ByeT ToukKa c¢ € (a; b), takas, uro g'(c) = f(c) — k=0, T. e.
f'(¢c) = k. IIlo Teopeme Pousis, npumMeHEHHON K QyHKIIUU [ Ha
orpeske [a; c], cymiectByer Touka d € (a; c), Takas, UTO
f’(d) = 0. Ilonyuniu IpoOTHUBOpeUME C YCJIOBMEM, 3HAUUT, HAa-
II1e IIPeANoJIosKeHe HeBePHO U KacaTeJbHOI, KOoTopas MMesa
ObI ABe 00IIMe TOYKU ¢ rpauKoM (QYHKIIUU, He CYIIeCTBYeT.

I1X.183. Pemenue. Paccmorpum otpesok [0; 0,5]. Iloka-
JKeM, uTO ecau cyiectByer Touka ¢ € (0; 0,5), Takas, 4To
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uHTepBasie (a; b) cyiiecTByeT TOYKa ¢, Takas, UTO

ae (a; b) cyigecTByeT TOYKa C, TaKas, YTO

HYI0O XOpAYy, WUuMeeT YIJIOBO Ko3(p@PUIIeHT

eT Touka ¢ € (a; b), Takasa, uro g'(c) =



y f(c) # 2c¢ (T. e. He jJekamias Ha

1+ ?% apaMonl y = 2x, COeIUHSAIOIIEH
N o rouku (0; 0) u (0,5; 1) rpadura

Y / dyHKIIUU f), TO HalAETCA TOUYKa

YA 0 € (0; 0,5), Taxasa, uro f'(0) > 2.

f(c) IIpu stom ecau f(¢) > 2¢, TO

0 € (0; ¢), a eciu f(c) < 2¢, TO
0 € (c; 0,5). 910 JEerko yBHUIETbH
Ha pucyHke 9.3.

Urak, nyers f(c) > 2c. Ilo Te-
opeMme Jlarpam:ka, TPUMEHEHHOU
K Qyuxunuu [ ma orpeske [0; c],
cymrectByer Touka 0 € (0; c¢), Ta-

)= fO) _ 2¢ _ 9.

C (4

AHaJOTUYHO paccMaTpPUBAETCSA
BTOPO# cJydaii.

Kas, urto f'(0)=

o @ C 0,5 X WNrax, MBI IIOJYUYNAIN, YTO €CJIUA
GyHKDUA [ Ha [IPOMEXKYTKeE
Puc. 9.3 [0; 0,5] He coBmazaer ¢ (PyHKIU-

el y=2x, TO HAUAETCA TOYKA, B
KOTOpOIi mpouadBoAHAaA OoJibIlle 2. AHAJOTMYHO MOYKHO IIOKa-
3aTh, UTO ecau (Qyukiusa f Ha mpome:xkyTke [0,5; 1] He cos-
nagzaer ¢ pyHKIue#d y =2 — 2x, TO HaWAETCA TOUYKA, B KOTO-
poii mpomsBogHaa MeHblne —2. Ho (GyHKIuUA He MOMKeT Ha
ITaHHBIX IIPOMEMKYTKAX COBOAJATH C 3TUMU (PYHKIIMAMU: B
aTOM ciydae (GpyHKIUA He OymeT auddepeHIUpyeMa B TOUKE
x=0,5. Takum oOpasom, HaWgeTcAd ToUuKa O, B KOTOpPOI
If'(8)] > 2, uro um TpebGoBasoCh MOKA3ATh.

IX.184. Pemenue. IlycTe TOUKa MUHUMYyMa X, ;, JIEXKUT
Ha mpome:kyTke [0,5; 1]. Torma, mpumeHuB Teopemy Jlarpas-
)ka K QyHKnum f Ha mpoMmeskyTke [x,.; 1], MBI JokaskeM cy-
ImecTBoBaHUE TOYKHU ¢ € (x,;,; 1), Takoii, aro |f'(c)| > 4. Ha-
Jee, IPUMEHUB TeopeMy JlarpaHska K QyHKIuu f Ha mpoMe-
KyTKe [x,.,; c] (samerum, urto f'(x,;,) =0 mo Teopeme
depma), MBI AOKaAXKEM CYIIleCTBOBaHMe TOUKH 0 € (X, C),
Takoit, uro |[f"(0) > 8.

I1X.189. a) Pemenwue. IlpousBomHas QYyHKIUU
y = arcsinx + arccosx paBHa HYJIO B KaKJOU TOUKe UHTepP-
Bama (—1; 1), 3HauuT, QYHKIIMA IIOCTOAHHA HA OTpPeE3Ke

. — £ TE
[-1; 1]. IIpu x = O 3HaueHUMe JIEBOH UACTU PABHO 5> UTO 1 JiO-

Ka3bpIBaeT TOMKIOECTBO.

I1X.190. Pemenue. IlpoudBomubie GQGYHKIUNA JeBOU
W IIpaBO¥W YacTedl pPaBHBI:

(2arcsin x)' = 2
Jlfx2
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_ —4x _ 2
J1-(-2x3H2  1-=x%

, (arccos(1—2x%)) =



3HaueHUA dTUX QPYHKIUNA B Touke X = 0 paBHBI HYJIO, OT-
Kylla U CJeyeT CIPaBEeIJIUBOCTHL TOXKJeCcTBa (CM. 3aMeuvaHuUe
B HauvaJie maparpada).

IX.192. 0,75. Pemenue. f'(x) = —2cosxsinx — 2cos (x + g)

X sin(x + ngr sinxcos(%Jr ijr cos xsin (%4— xj=

= —(sin2x+ sin(2x+ 2—;)]+ sin(2x+ §)= —2sin(2x + g)x

><cos§+sin(2x+ %)= 0, f(0)=0,75. Tarkum ob6pasom,

f(x) = 0,75 nmpu Bcex x € R.
I1X.193. Pemeunune. Cooco6 1. B mpumepe 55 us § 58 mo-

1-x
Kas3aHO, YTO (arctgx + arctgm) =0, Takum oOpasoM, Ha

1-x
uHTepBasie (—°°; —1) BeIpakeHue arctgx + arctg 17, [puHH-

MaeT OAHO U TO JKe 3HaueHme. HaliTu ero MOKHO, IIOACTABUB
B BBIDayKEHUE X = —./3, IOJy4UB

arctg (_\/§ ) + arctg i V3 r_ 5 S

J3 3 12 4’
Taxk Kak t o r_m)_ T1-J3 _ 1+43
€28y 73 1+(-1)\3 1-B°
Cmoco6 2. Bo3MoOKHO, IpoOIle 3aMeTHUTb, YTO

. 1-x T T 3n
+ X =T _T_
xlirgo (arctgx arctg 1+x) 5 1 7

1-x
U cJieloBaTeJbHO, YUUTHIBAA TO, UTO arctgx + arctgm opu-

3n
HUMAeT O/IHO W TO ke 3HAYeHWe, oTo SHaUeHHe DaBHO — -,
yTO U TPebOoBaJIOCHh MNOKAa3aTh.

8 59. Uccneposanue dyHKumM
C MOMOLLBIO MPOM3BOAHOM
Marepuan maparpaga QocTaTOuYHO cTaHZapTeH. B HéM 00-
CY/KIAIOTCA M OTPaAbATBIBAIOTCSA AJTOPUTMBI HAXOMKIEHUS IIPO-

ME)XYTKOB BO3pacTaHWA U yObIBaHUA (PYHKI[MHA, a TaKiKe
9KCTPEMYMOB W HaAHOOJBINNX YW HAWMEHBININX 3HAUEHUI.
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OTMETUM HECKOJIbKO Ba’KHBIX MOMEHTOB M TUOUYHBLIX OIIU-
0OK, KOTOpbhIEe JeJIal0OT ydalluecsd.

TeopeMa O JOCTATOYHOM YCJIOBUU CTPOTOTO BO3PACTAHUS
(QYHKIIINM BepHa TOJBKO JIUINb s (DYHKIIWHA, 3aJaHHBIX Ha
unuTepBaJsie. Hanpumep, B 3agaue 1X.200 k), uccienysa dyHK-
U0 Yy Ha BO3pacTaHue u y6]’:>IBaHI/Ie, MBI TOJIyYyaeM, YTO €€

, 1 2(x +1)
IIpOM3BONHAA Y ATy oTpuImaTeJbHa Ha obJacTu
oImpefejeHusA, OJHAKO HPU 3TOM MOJKHO JIMIIL yTBEP:KIATh,
4yT0 QYHKIUA Yy yOBIBaeT Ha IpoMeKyTKax (—o0; —1), (—1; 0),
(0; 1) u (1; +°°) (HO He Ha UX O0BEIMHEHUU, KAK 5TO OUYEHb
YacTo IOJYYAETCA Yy ydalluxcs).

Ilpy HaxXOKIeHUM NPOMEXKYTKOB BO3pacTaHUS U yObIBa-
HUS YaCTO HYYKHO BBIUHCJIATH IPOUBBOAHYIO U OUPENeATH €€
3HAK, OJHAKO BO MHOIHMX 3a/Ja4aX MOYKHO MIPUBJIEKATH IOIIOJI-
HUTEJbHBbIE COOOPasKeHUsi, KOTOPbIe IIOMOTYT YIPOCTUTH BbI-
yncienusa. Hanmpumep, npu pemntenun 3agaum 1X.200 r) moxx-
HO B3aMeTHUTb, UYTO IIPOMEKYTKU BO3pacTaHUA (GYHKIUN

=.,/2x®+9x® coBmamaoT C NIPOMEKYTKAMHU BO3PACTAHUA

GyHKDUN Y, = 2x3 + 9x? (KOHEUHO, IPU YCIOBUM, UTO (PYHK-
nus y ompeneineHa). IlpousBoxmyio ke QyHKOuUHU y, O6parh
mporrie. ITo coobpaskeHUe «O0UYEeBUIHO» B CUJIY BO3pacTaHUA
GYHKRIIUN Y = /X, HO AJIA IPUIUPUYUBBIX IITKOJIHBHUKOB MOYKHO

cocjaTbCcsl Ha JoKasaHHYI0 B 10 Kjiacce TeopeMy O IIPOMEXKYT-
Kax BoapacTtaHusa kKommoauituu. CM. TaxksKe pellleHUe 3amaduu
1X.200 B).

XopoIllio pa3BuTas TeXHUKa BBIUMCJIEHUS IIPOU3BOILHOI
caMa 1O cebfe BO MHOTHX 3aJadaxX YIIPOIaeT BBIUMCIIEHUS.
Hanpumep, BbulumciaeHume OpoumsdBOoAHOII B 3amaue I1X.199 a):

=3(x - 1)?2x + 3%+ (x — 1) 4(2x + 3) = (x — 1)2 X
X (2x + 3)(10x + 5) = 20(x — 1)*!(x + 1,5)(x + 0,5) (me HYX-
HO pPacKpBIBAaTh CKOOKM B IOJYUEHHOM BBIPA’KEHUU IJIs IIPO-
M3BOJHOM, KaK YacTO HBITAIOTCA CAeJaTh yualuecs). Axajo-
TMYHO BBIYHUCJsAETCA ImpomsBomHasa B 3amaue 1X.200 06).

IIpuBeném HeKOTOpPBIE MOMOJHUTEJLHBIC 3aJaull K Pasmeiry
«HaubGosibiltee m HamMeHbIllee 3HAUYEeHUA (QPYHKIIUM HA IIPO-
MEXKYTKe» .

1. HafiguTe mamboJibIliee 1 HaMMeHbIIee 3HAUCHUSA (PYHK-
UM Ha TIPOMEKYTKe:

a) f(x) = 2x® + 3x% — 120x + 100, x € (-4; 5];

6) f(x) = xIn5 — xIlnx, x€ (g %]

x2+1 9 25
i YER D) f)=_+7"_, xe (0; D).

B) f(x)=
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2. Hatinure mambosblliee M HanMeHbIlee 3HAYeHUS (PYyHK-
UV Ha TPOMEKYTKe:

a) f(x)=i+x2, x e (0; 1]
6) f(x) =lnx — x, x € (0; +0);

) 1) = 2t g, xe5 1)
r) f(x) = tgx - 3x, xe [_g; %j;

1) f(x) = (x* + 4)e™*, x € (05 +o0);

X

e) f(x)="—, x € (0; +).

IIpuBeném TakiKe HEKOTOPBIE NOMOJHUTEJIbHBIE TEKCTOBLIE
3amaun.

3. IlpemcraBbTe IOJOKUTENBLHOE UYHCIO @ B BHUIE CYMMBEI
IBYX IOJIOMKUTEJbHBIX CJIATA€MbBIX TaK, YTOOBI: a) cyMMa HMX
KBaJapaToB ObljIa HauWMeHbIIel; 6) cymMa MX Ky0oB ObLIa Ha-
UMEeHbIIel; B) cyMMa Ky0a IIepBOTO CJIaTaeMOr0 U YTPOEHHO-
ro BTOPOTO cjiaraeMoro Oblja HauMeHbINeii; I') IpPou3BeeHIe
IIepBOro cJjaraeMoro m Ky0a BTOPOro cjaraemMoro OBLIO Hau-
OOJIBIIINIM.

4. Ha xpuBoit y = HalIUTe TOYKY, B KOTOPOU Kaca-

1+ x2
TeJIbHAsA COCTaBJdAET ¢ ocblo Ox HaAMOOJBINIUN IO MOIYJIIO
yTOJI.

5. HaiiguTe HanbOOJBINYIO ILIOMIAAL IPAMOYIOJIbHUKA, ABE

BEepHIOINMHBI KOTOPOI'o JieaT Ha OCAX KOoOopaAmHaT, TpeTbd —

B Touke (0; 0), a ueTBéprad — Ha mapaboJse y = 3 — x2

6. Cpenu Bcex NPAMOYIOJbHHKOB C JAaHHOWN IJIOIIALLIO S
HalguTe HOPAMOYIOJBHUK: 4) ¢ HANMEHBLIINM II€PUMETPOM;
6) ¢ HambOJBIIIEeHN ILIOIAAbIO.

7. Cpenu Bcex paBHOOEMPEHHBIX TPEYTOJbHUKOB, BITMCAH-
HBIX B JaHHBIN KPYT, HAWAWUTE TPEYroJbHUK C HAWOOJLIINM
IIePUMETPOM.

8. B paBHOCTOPOHHUII TPEYrOJbHUK CO CTOPOHOM a BIHCAH
MIPAMOYTOJbHUK HAMOOJIBINEN MJIOIIAAU TaK, YTO ABE BEPIIU-
HBI JIEJKAT HA OCHOBAHUM TPEYroJbHUKA, a ABe Ipyrue — Ha
OOKOBBIX CTOPOHAX TpeyrojibHuKa. HaianuTe CTOPOHBI IIPAMO-
YTOJIBHUKA.

9. HaiiguTe OOKOBYIO CTOPOHY Tpameluil, MMeolneil Hau-
MEHBIIIUN IIePUMEeTP CpPpelu BceX paBHOOeIPeHHBIX Tpamemuii
¢ (pUKCHUPOBAHHOI ILIOMIAABI0O S M YIJIOM O, MEXIY OOKOBOIL
CTOPOHOM M HUKHUM OCHOBAHUEM.

1
10. Yepes ToOury A(Z; Zj IPOBOAATCSA IPAMEBIE, IepeceKa-
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[OIIFe TOJIOMKUTEeJbHBIe IToJyocu B Toukax B m C. Haiigure
ypaBHEHME TOM HPAMOIi, AJsd KOTOPOoH oTpe3ok BC mmeer Ha-
VMEHBIIIYI0 IJHUHY.

11. /IBe yauIibl IepeceKaroTcsa o[ IPAMBIM yrjaom. Ma-
muHa A HaXOOWUTCA Ha OAHOW m3 yJull Ha paccTogHum (0 m
OT IepeKpEcTKa, MallnmnHa B — Ha APyrou yJUIle Ha PaccTos-
Hum 60 M or mepekpéctka. O6e MaIIWHBI HAUYMHAIOT OJHOBpPE-
MEHHO ABUraThCs B HAIPABJIEHUHN MEePEKPECTKA C MOCTOSHHOM
CKOPOCTBHIO: MAaIlmHa A CO CKOpPOCThIO 3 M/c, MaimnuHa B co
ckopocThio 4 M/c. Haliminure HamMeHbIIIee PACCTOSHUE MEXKIY
MaIllUHAMY BO BpPeMsA ABHM:KeHUS (pasMepaM¥ MAaIUH TpeHeo-
peus).

12. Ha creHe Bucutr KaptuHa. E€ HUMKHUN Kpaudl pacrojo-
JKeH Ha a CM BBIIIle YPOBHS TIJja3 HaOJIomaTes s, a BepXHUM
Kpait — Ha b cm. Ha KakoM pacCTOSHUU OT CTEHBI JOJIKEeH
CTOATH HaOJI0aTeNb, YTOOBI pacCMaTPUBAThL KaPTUHY HOM HAa-
MOOJBIINM YTJIOM?

Pemrenuss u ykasaHusa K 3agadam
IX.194. a) Bospacraer Ha R. 6) Bospacraer Ha (—°; 0] u
[§/§;+OO) (Ho He Ha ux obbenuHenumu!), yobiBaeT Ha [0; §/§].

B) Bospacraer Ha (—°; —\/5] u [\/§; +00), yObIBaeT HaA [—\/5; 0)
u (0; \/g]. r) Bospacraer Ha (—°°; —1] u [1; +0), yOBIBaeT Ha
[-1; 0) u (0; 1].

IX.195. a) Bospacraer Ha [1; +o°), yowiBaer Ha (0; 1].
6) Bospacraer mHa [0; 2], yoniBaeT Ha (—°°; 0] u [2; +00).

B) Bospacraer ma [\/5; +00), yosiBaer Ha (0; \/3].
I1X.196. x=-1. Pemeunue. Herpyauo s3amMeTuTb, UYTO
dysxnus y=5x"+ 3 33x+ 11 + arcsin(1 + x) BospacrawIas,

IOSTOMY [OAaHHOE ypaBHeHWEe mMeeT He 0ojiee OJHOTO KOPHS,
KOTOPBIA MOXKHO yraJaThb.

IX.197. Boapacraer Ha [0; +0). Pemenue. Coocoo 1.

4 _ 2(x\/x -3 x+2)=2(\/;—1)(x+ Jx—2) _

Jx Jx Jx

_ 2(/x-1)[x+2)
X

y=2x—-6+

, T. €. IIPOM3BOAHAA HeOTpHUIIaATEeJbHA Ha HWH-

TepBajye (0; +00).

3ameuaHue. Peltenme cTaHgapTHO, OZHAKO YacTO y yda-
IUXCA BO3HUKAIOT IMPOOJIEMBI C PAa3JIOMKeHUEeM IIPOU3BOLHOM
Ha MHOXKUTeJu. B camoMm gesie, Kak MOYKHO OBLIO JOralaTh-
cAa g0 aTtoro pasjokeHusa? OTBeT BHIEH BO BTOPOM cIliocobe
perieHus. B HeKOTOPBIX 3aJauax YIPOCTUTHL BBIYMCIEHUS II0-
MoraeT yAadHas 3aMeHa IIepeMeHHOM.
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Cmoco6 2. CumesaeMm 3aMeHY HepeMeHHOH = \/; ITonmyuum

dyrrnmo g(t) = t* — 6t + 8¢. Tak kax /x — Bospacramomas

(GYHKIIUA, TO IO TeopeMe O BO3PACTAHUY KOMIIOBUIIUU IIPOME-
JKYTKM BO3pAaCTaHUs U yObIBaHUA (PYHKIIUU Y COBIIAZAlOT C
COOTBETCTBYIOIIMMHU ITPOMEKYTKAMU BO3pacTaHusa W yObIBa-
Husg QyHruuu g (TouHee: ¢GyHKIuA [ BoapacraeT Ha [a; b]
TOrZa W TOJBKO TOTnAa, Korga (yHKIUA g BOo3pacTaeT Ha

[\/E; \/3]). Wccaenyem Ha BOo3pacTaHue 1 yObIBaHNe (PDYHKIIHIO .

Ilisi ®TOrO HANmEM eé mpousBoxHyIO: g'(t) = 4¢3 — 12¢% + 8.
PasjgoxxuM Ha MHOMKUTEJIMW IIOJIyUEeHHOE BBIpasKeHWe, yraaas
KopeHb t =1 u mogenus Ha t—1: g'(t) = 4(t — 1)’(¢ + 2). Or-
ciofa IoJydaeM, 4uTo (PYHKIUA g BO3pacTaeT Ha BCell cBoel
obJjiacTu oIpelesieHUs, a 3HAUUT, U (PYHKIUA [ Bo3pacTaeT Ha
Bceli cBOell 00JiacTH OIIpeeJIeHUd.

3amewanue. KoHeuHO, MOKXHO OBIJIO 3aMETUTb, UYTO
xX\x — 3\/; +2 — MHOrOuJeH 3-# CTeIeHH OTHOCHUTENBHO /X,

Y BOCIIOJIb30BATHCA COOOPaKEeHUSIMU M3 BTOPOTO ciiocoba pe-
IIIeHnsA, HO OILIT IOKAa3bIBAET, UTO BTOPOM CIOCOO TeXHUUe-
CKU IIPOIIEe IJIS yJaIluXCs.

IX.198. a) Bospacraer Ha [2nk; %+2nk} k € Z, yoniBa-
eT Ha [2—;+ 2nk; 2n(k + 1)} k € Z. 06) Bospacraer Ha
{—%ﬂ + 2nk; —%Jr 2nk}, k € Z, y6bIBaeT Ha [—% + 2nk; %n + 2Ttk}
k€ Z. B) Bospacraer Ha {—gﬂLﬂik; —f‘i‘ﬂ:k}, ke Z nu

T T T T
{24' nk; 54' Rk} k € Z, yObiBaeT Ha [—Z+nk; Z+ nk} ke Z.

r) Bospacraer =Ha [4k;§+4k}, k € Z, ybObiBaeT Ha

[§+4k; 4(k+1)}, ke Z

I1X.199. a) Bospacraer Ha (—°°; —1,5] u [-0,5; +°°], yObI-
Baer Ha [-1,5; —0,5]. 6) Bospacraer ma (—°0; —1] u [0; 1],
yoeiBaer Ha [-1; O] m [1; +°0). B) Bospacraer Ha [1; +0),
yb6niBaeT Ha (—°°; 0) u (0; 1). r) BoapacraeTr Ha (0; o] u yoBI-
BaeT Ha [0; +°°). m) Bospacraer Ha TpoMeKYyTKax BUIA

3 1
[_Z+2k; Z+2k}’ k € Z, yObpIBaeT Ha IIPOMEKYTKAX BHUIA
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B+2k; %+2k}, E ¢ Z. e) Bospacraer ma (-o0; —2),

(=2; =2, [1/2;+0), yorBaer ma [/2; —1) m (-1; 2.
IX.200. a) YobiBaeT Ha mpomeskyTKax (—o°; —1), (=1; 0),
(0; 1) u (1; +°0). 6) YowiBaerT Ha (—°°; 0] u (2; +°°), Bo3pac-
-3@-0%(x-2%*-28-0%x-2)
(x-2) -

raer Ha [0; 2). Vrkasanue. y =

_ B-0(x-2)(-x) _ -x(3-x)*
(x-2)" (x-2)’

[0; 2], yObiBaeT Ha [-2; 0] u [2;\/5]. Pemeuue. ®yHKIua

B) Boaspactaer Ha [—\/g;—Z] u

ompepesieHa Ha IIPOMEKYTKe [—\/g; \/g]. IIpu sTom (1m0 Teope-
Me 0 KoMmo3unuu) (PYHKIIUS Y BO3PACTAET TOTJa U TOJBKO
TOT[a, KOTrma BodpactaeT QYHKIUA g(x) = 8x% — x*. Uccueny-
eM eé mpomsBomHyio: (8x% — x') = 16x — 4x3 = 4x(4 — x?).
Orcroma BHAHO, YTO (PpyHKIusa g(x) = 8x2 — x* (a sHauur, u

dyaKIua y=,/8x>— x*) Ha mpoMe:xyTKax [—\/g;—Z] u [0; 2]

BO3pacTaeTr, a yObIBaeT Ha ImpoMe:KyTKax [—2; 0] u [2; \/g]).

3ameuwanue. Ha mpuMepe 3TOU 3aJayyl MOMKHO OTMETHUTD,
YTO a8 YETHON (PYHKIIMM BEPHO yTBep:KAeHUe: PYHKIUSI [
Bo3pacTaeT Ha [a; b] Torma u TOJBKO TOTJa, KOTrJa OHA yObI-
Baer Ha [—b; —a].

r) Boapacraer Ha [-4,5; —3] u [0; +o0), yObIiBaeT Ha
[-3; 0]. m) Bospacraer Ha mpome:xkyTKe [—1; 2] u yOnIBaeT Ha
npoMe:xkyTKe [2; +00). e) Boapacraer Ha (—°°; —1] u [1; +00).

IX.201. a) Ilpu a > 0. 6) Ilpu a>0.

I1X.202. a<4. Pemenue. f'=-3x2+ 8x — a. Dyurmusa f
Bo3pacTaerT Ha mHTepBajsie (1; 2) Torma m TOJIBKO TOrAa, KOT-
Ia eé mpomsBoAHAA [ HeOTpHUIlATEJbHA HA 9TOM HMHTEpPBAJe, a
9TO MPOUCXOAUT TOTZA M TOJLKO TOT[A, KOTLAa OJHOBPEMEHHO
BeIODOJIHSAIOTCA HepaBeHncTBa (1) = 0, f(2) = 0. Pemasa coor-

BETCTBYIOIIYIO CHUCTEMY, MOJyUYaeM

a OTBeT.
4 1X.203. a =2, a < 0. Peme-
4 Hue. Jy = 2(x —a)(x — 2a + 4) X
2% X (2x — 3a + 4). Uso6pasum Ha
/ IJIocKocTu (x; a) ImpsaMble a = X,
/ a=0,5x+2 nu a=gx+§. Boc-

/ 01 4 x 3

oJIb3yeMCsI MeTOAOM obJiacTeil u
ompenesuM 00JacTU, B KOTOPBIX
OpOM3BOAHAA Y TOJOMKUTEIbHA
(puc. 9.5): oHmM 3aKpalIieHbl. BbI-

Puc. 9.5
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SACHUM, IIPU KaKUX 3HAUEHUAX IapaMeTpa a (GyHKIUA J BO3-
pacraer ma umHTepBase (0; 1), Aaa 5TOTO MPOUIBOAHAS OJIMK-
Ha ObITh HeoTpunaresabHa Ha [0; 1]. VI3 pucyHKa BUAHO, YTO
9TO MPOUCXOAUT Tipu a = 2 u npu a < 0.

IX.204. a) a<—§. 6) a < 3.

IX.205. a) x=-1, x= —\/5, x = \/5 — KpUTUYeCKHUEe TOU-

KM, OHU K€ TOUKM IKcTpemMyMma. 0) x=2 u x =3 — KpUTU-
YyecKue TOUYKM, OHU Ke TOUKHU DKCTpeMyMma. B) x =2, x=—1,
x=0,8 — Kpuruueckue TouKu, x =2 u x = 0,8 — TOUKU SKCT-
pemyma. r) x =-0,5ln2 — KpuTnuecKas TOUYKAa, OHA K€ TOU-
Ka BKCTpeMyMa.

I1X.206. 3ameuwanue. B orBeTax NpuUBeAeHBI KOOPIAWHATHI
TOUeK dKCcTpeMyMa (IepBas KOOpAMHATA — TOUKa SKCTPEMY-
Ma, BTOpas — dKcTpeMayibHOoe 3Hauenwume): a) (0; 1); 6) (1; 1)
u (—-1; —1). B) (-1; 2) u (1; 2).

I1X.207. a) Touka muaumyma x = 0,5. 6) Touka mMakcumy-
mMa x =1, Touka MumHuUMyMa x = 2. B) Touka mMakcumyma
x=-1,25. r) Touka maxcumyma x = 0.

2+ 7

3

IX.208. a) Touka mMakcumyma Xx =

-7

3

, TOUKa MMHUNMY-

2
Ma X = . 6) Touka makcumyMma x = 5. B) Touku MUHUMY-

51
Ma x=§+nk, k € Z, TOuKu MaKcuMyMa x=%+nk, ke Z.

r) Touka makcumyma x = —1, Touka muHumyma x = 1. 1) Tou-
7 15

1 11
KU MaKCHMyMa {—' - I i?; +—

> Ty Py } u X =2, TOUKU MUHU-

1 3 5 9 13
+2; 42 +2% L -
{ o g Ty Ty T } e) Touka makcumyma x =1,

TOUKA MHHUMyMa X = 2.
3
1X.209. a < Pe Pemenmue. [[1a Toro 4roObl yCJIOBUE BBI-

IIOJHAJIOCH, HEOOXOAMMO M OOCTATOYHO, UTOOBI IIPOM3BOIHASA
y' = 4acosdx — 10+ 7cos7x + 4a = 4a(1 + cosdx) + 7cos7x — 10
Obli1a OBI HEIOoJIOXKUTeJIbHOU mpu Jooom x. IlomcrasuB x =0,

3
MoJIyuuM HeobOxomumoe ycaoBue: 8a — 3 < 0, T. e. a < Pe ITpu

9TOM €CJIU a < %, 10 4a(l + cosd4x) + Tcos7x — 10 < 4 -%-2 +

3
+ 7 - 10 = 0 upu amoboM X, T. €. yCJIOBUE a<§ ABJAETCA U
ITOCTaTOYHBIM.
1X.210. a > 0. Pemenue. ®yurnua y guddepeHIIUpye-
Ma Bcroogy Ha R, mM03TOMYy €€ KPHUTHUYEeCKUEe TOUKU — KOPHU
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IPOM3BOAHON. BBIUMCINM HPOU3BOAHYIO: Y = e+ (1 -a)Xx
X e* — a. IlpousBogHass Yy mMeeT KOPHU TOTAA W TOJBKO TOT-
Ia, KOTZa uMeeT KOpPHHU ypasHeHme e2* + (1 — a)e® —a = 0,
KOTOpOe SABJIAETCA KBALPATHBIM OTHOCHUTEJbHO t = e*. Takum
o0pasoM, HeOOXOAZMMO BBIACHUTL, HPU KaKHUX 3HAUEHUIX
mapaMeTpa a CYIIEeCTBYIOT MOJIOKHUTeIbHbIe (¢ Ipoberaer
Bce 3HaueHus u3 mHTepBaysa (0; +0)) KOpHU ypaBHEHUS
t>+ (1 — a)t — a = 0. Kopuu sroro ypaBHeHus t=-1u t=a,
OTKyJZa cjenyer, 4to a > 0.

IX.211. a) Haumenbitiee sHauenue f(1) = —1, mauboibIiiee
smauenue f(4) = 1019. 6) Her HuM HaumMeHBIIEI0 3HAUYEHUS,
HY HauOOJbIIEro 3HAYEHUS (li_}nll+f(x)=+00, 11_>r111 f(x) = —00).

x X -

B) HeT HVM HauMMeHbINIEro 3HAYEHWsA, HU HAMOOJBIIETO 3HAUe-
Husi. Pemenmne. f(x)=0,5lnx + 0,5 — In2. Buguo, uro mpo-
M3BOJHAA BO3pacTaeT Ha O0JaCTU OINpPeNesieHUs, TaK KaK eé

4 3
KOpeHb x=—<_. TakuMm 00pasoM, MPOU3BOLHAS IIOJOMKU-

3 7
TeJIbHA Ha WHTEpPBAJe (5; 5) u (PYHKIIWS HA TAaHHOM IIpOMe-

JKyTKe (cTporo) Bodpacraer. OTcioza cienyeT, YTO HET HU HauU-
MEHBIITer0 3HAUeHUWs, HU HAMOOJIBINEro 3HaYeHuA (PyHKIIUU
Ha uHTepBaje. r) HamMmeHblllee 3HaYeHUWE AOCTUTAETCA IIPU

1 .
x=arccos$, HauOOJILIIEro 3HAUEHUSA HeT (hrr}tf(x)=+00).
xX—5
2
n) HawmbGosbiee sHauenue f(1) = 1, mauMeHbIllee 3HaUYEHUE
_ -1
fle)) = e . e) Haubonbiree suauenue pasuo f(0) = 1, Hau-
3n
V31 T2
MeHbIllee 3HAUeHue PaBHO | 5 |=Tet 5
55
IX.212. HaumeHbIllee 3HAUEHNE PaBHO _ﬁ U JOCTHUTaeT-

5 5.5
Cd HPH COSX = [0, HamboJIbIllee 3HAUYEHUE PABHO ﬁ u 1o-

5
CTHUTAEeTCs IPU COSX = — ’E Yrkaszanue. 3gecs ymob0Hee mccie-

A0BaTh Ha HaWMMEHbIIIee U HauboJIbIllee 3HAUYECHUS (I)YHKHI/IIO

2,

2 b

g(t) = 4t® — 5t Ha oTpeske {— 1}, KoTopas II0JIy4aeTcs U3

JaHHOM 3aMeHOH IIepeMeHHOn ¢ = cosx TaKuM o0pasom:

f(x) = cos3x — 2cosx = 4cos®x — 3cosx — 2cosx = 4cos’x —
— 5cosx.
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IX.216. HaubGosbitiee sHauenue 65, manmenbiiiee —16, mpu
ae [-4; 2], a®—12a, npu a € (2; 5] u upu a <—4. Peme-
HUe., J = 3x% — 12 = 3(x — 2)(x + 2). Orcrofa ciegyer, UTO
dyHKIIUA Yy BO3pacTaeT Ha OpoMeKyTKax (—o0; —2] m [2; 5]
u yOwniBaeT Ha oTpesdke [—2; 2]. Herpymmo Bumern, 4YTO
y(5) = 65 — sT0 Hambosblllee 3HAUeHUE (QYHKIWM y Ha IIPO-
MexkyTKe (—°°0; 5] (Tak Kak y(—2) = 16 < 65), a Torgma mpwu
aobom a € (—°°; 5] mambosibitiee 3HaUeHUWe (QPYHKIUU Y HA
npoMe:kyTKe [a; 5] mocTuraercsa mpu x =5 m paBHO 65.

Hatiném Teneph HamMeHbINlee 3HaUeHUEe (DYHKIIUU Yy Ha IIPO-
Me:xkyTKe [a; 5] B 3aBucumocTu oT a. Tak Kak (pyHKIUA Yy BO3-
pacraeTr Ha orpeske [2; 5], To mpu a € [2; 5] HauMeHbIIee
3HaueHrne (PYHKIUM Y Ha IPOMEXyTKe [a; 5] mocruraercs
B JIEBOM KOHIIE, T. €. B TOUKe a, U paBHO Y(a) = a® - 12a.

3amerum, uto f(—4) = f(2) = —16, u 3uauur, npu a € [—4; 2]
HauMeHbIllee 3HaUeHWe (GYHKIMU I Ha IpPOMeRyTKe [a; 5]
IOCTUTaeTcsA, Korjma X =2 u paBHO —16 (9To cpasy ke IOJy-
yaeTcd OPU MCCIEJOBAHUU XapaKTepa MOHOTOHHOCTH (DYyHK-
nuu y).

Haxoner, nmpu a <-4 HauMeHbIlee 3HaUeHWE OOATH JO-
cTuTaeTcsa B JEeBOM KOHIe u paBHO y(a) = a® — 12a.

I1X.217. Takux a He cymecTByer. Pemenue. f'(x) =
= 6x(x — a). Kpurnueckue Touku — x=0 uw x=a. B Hux mu
IOJIKHBI JOCTUTaThCcA HamboOJIbIllee M HaWMeEHbIllee 3HAUeHUSA
(eciu oHM He MOCTHUTAIOTCA Ha KOoHIaX orpesdka [—1; 1]). Or-
clolla, B 4aCTHOCTH, cjenyer, 4yto a € (—1; 1).

Ecau a € (0; 1), To 3uauenue f(a) DOJKHO OBITH HAMMEHb-
muMm, T. e. f(a) < f(-1) © —a®* < -2-3a = a®>-2-3a <0,
yro HeBepHOo 1pu a € (0; 1).

Ecau a € (-1; 0), To smauenue f(a) MONKHO OBITH HAU-
GoabpImuM, T. e. f(a) > f(1) © —a®*>2—-3a = a®>+ 2 - 3a <0,
uyro HeBepHO mpu a € (—1; 0).

I1X.219. E(f)=[\/g; 2\/§]. Pemenue. 3ameTuM, UTO
2f4-x  2fx+2

D(f)=[-2; 4], u paccmorpum ['=
Ji—x— Jx+2
- m' ®yrrnusa [ auddepeHnupyemMa BCIOAY Ha HH-

TepBajye (2; 4), u MO’TOMY HamMOOJIbIIIee W HaWMEHbIIIee 3Ha-
yeHud (pyHKnuum [ Ha orpeske [—2; 4] MoryT mocTuUraThbcAa Ha
KOHITaX ITPOMEKYTKA WJIM B HYJAX IPOU3BOAHOI, T. €. B TOU-

kax x=-2, x=4 mu x=1. Hpu srom f(~2)=./6 = f(4),
f(1)=2,/3. Takum ob6pasomM, HaWMeHbIllee 3HaueHNe (PYHK-

nuu f Ha TIpoMe:KyTKe [—2; 4] paBHO \/6, a HaumboJbIlllee —
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24/3. Ilo Teopeme Bosbramo—Komu Qpyuxnusa f (B cuiay cBoeit

HeIIPepPhIBHOCTHU!) MPUHUMAET BCe 3HAUEHUA MEXKIY \/E u 2\/§.
3amewanue. ATy 3amady HETPYLHO PELINTL U 0e3 IIpuMe-
HeHUs TNPOM3BOMHON: 3amada HaAXOXKIEHUA HaubOOJIBIIIEero

¥ HaUMeHBIIEro 3HAYEHUH (PYHKLIUU > CBOZUTCA K 3ajade
MCCJIEOBAHUSA KBaAPATHOTO TPEXUJIEHA.

1X.220. 11 mpu -1 < a < ”;/E u a® — 12a npu a>%.

Pemenue. OTBeT IpoIlle BCcero yBuUAeTh Ha rpaduke (QpyHK-

muu f(x) = x® — 12x Ha pucyH-
y ke 9.6 (ma rpadgukKe HaAM BaKHBI
11 TOJIBKO IIPOMEKYTKU BO3PACTAHUSA
u yOniBaHuA (pyHKnuum). Tax Kax
f(-=1)= 11, To, pemuB ypaBHeHUE

x% - 12x = 11 (ozuH u3 ero Kop-
14+-/45 Heli —1), HangéM, UTO 3HaUeHINeEe
-1 | 2 11 Taxkske IpUHMMAETCA B TOYKAaX

0 ' X 1+.[45
1-/45 f

1X.221. -46 mnpm —-2<a<
<1+24 u 27a —a® upu a >

>1+.24. Yrasanue. Pemenwue

aHAJOTUYHO PeIIeHNUI0 3aJadu
1X.220.

1X.224. a > %, Pemenue. [[1a Toro uTo6bl GyHKIUA [ HaA

, OTKyJIa W CJeayeT OTBEeT.

Puc. 9.6

orpeske [0; 1] mpuHHMMasa HauMeHbIllee 3HAUYEHUE B IIPABOM
KoHIe (T. e. mpu x=1), Heo6X0AMMO, UTOOBI BBIIIOJIHSAIOCH
"HepaBeHCcTBO f(1) < f(0) © 2(1—-a) < 1 < a > 0,5. [lanee 3a-

, 4
meTtuM, 4uTo f'(x)=3x|x — 3@ |, ¥, TaKuM ob6paszom (u3 mpuBe-

.. 4
JIEHHOTO BEIIIE PACCYKAEHHA CIEAyeT, ITO 7 > 0), pyuxuusa f

4
yObIBaeT Ha TPOMEKYTKE {O; ga} U BoO3pacTaeT Ha IpoMe-

4
KYTKeE [ga; +OO). ITosTomMy, nOisi TOro 4YTOOBI HaWMMeEHbBIIIEe

sHauvenue QyHKNuu [ Ha npome:xxkyTke [0; 1] mocturasocs B
4
TOouKe X = 1, HeoOXOAMMO M JOCTATOUYHO, UTOOBI TOUKA X = ga

4
Obljia ObI IIpaBee TOYKU X = 1, T. €. UTOOBI §a>1.
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IX.228. S=¥r2. Pemenne,

O6o3HauuM uYepe3d h AJIUHY OTpes-
ka OX ma pucynke 9.7, a. Bygem
paccMaTpuBaTh TOJBKO TOYKH X, Je-
JKalrue HUXKe I[eHTPa OKPYIKHOCTU 0
O, Tak Kak ILJIoInaab Jo0Oro Tpe-
yroapuuka ABC Ha pucynke 9.7, 0
(Ha pucyuke OY = OX) MeHbIIIe ILJIO- X
Iagud COOTBETCTBYIOIIETrO0 eMy Tpe-
yronbHuKa AKL, 1. e. h € [0; r]. Bbr-
pasuM IIomanss S Kak (PYHKIIUIO OT A:

S(h)y=(r+h)jr’—h? u wuainém eé

HamboJibIliee 3HaueHue npu h € [0; r].
TexHUYECKU TIIPOIIe WCCJIEeAOBATH
KBaJpaT IMJIOIIAIN:
F(h) = S*(h) = (r + h)’(r* — 1).
F(h) = 2(r + h)(r* — rh — 2h%).
Herpyasno Buaerh, uTo HAMOOJb-
Iree 3HAYeHUWE MOCTUTAETCA B OJHOM
U3 KOPHEeWl NPOU3BOAHON, a MMEHHO

npu h=§. 3Hauur,

HamboJbIIAA ILIOIALb.

IX.230. S = %r% Puc. 9.7

1X.232. y = -0,25x + 0,75. Pemenue. Ilycts mpamas,
IPOXOAIasa uepes TOUKy A, mMeeT yIJIOBOII KospduimeHt k.
Torma eé ypaBuenme mumeer Bung y — 0,25 = k(x — 2), oTKyza
HeTPYAHO HOJYUYUTH KBaApaT AJUHBI oTpeska BC:

2 _ 3
I(k) = |BC|* = (0,25 — 2k)> + (2 - i) s Uk = GEDOIEED,

k3

YuureiBasg To, uTo k <0, mosyuyaem, 4TO HamMeHbIIIlee 3Ha-
yenue [(k) mocruraerca npu k= -0,25.

§ 60. Bropas npoussogHas. Buinyknbie $yHkumm

ITousATHEe BBITYKJIOCTH SABJAETCA OJHUM M3 IeHTPAJIbHBIX
B COBPEMEHHOII TeOopWU OINTUMHUI3ANUU, (PYHKIIMOHAILHOM
aHa/JIu3e U MHBIX AucnuiLimHax. Kpome Toro, mpumeHeHue He-
paBeHcTBa leHceHa K KOHKPETHBIM BBINYKJIBLIM (PYHKIIUIAM
IIO3BOJIAET IIOJIYUYaTh MHOYKECTBO IIOJIE3HBIX HePaBEHCTB (HAa-
npumep, HepaBeHcTBO Kommu, kak mokasamo B 1. 5). CoobOpa-
JKEeHUSA BBITYKJOCTH WCIOJBL3YIOTCA TaKiKe IPU IOJYyUYeHUU
HEPaABEHCTB, CBA3AaHHBIX C OIeHKAMM IJIONIaJlell KPUBOJIUHE-
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HBIX Tpamernuit (cMm. raaBy X). Ilosromy mmpu Hajmuuum BpeMe-
HU MaTepuWaJl JaHHOrO maparpada OymeT oueHb HOJIE3eH AJIA
pasBUTUA MaTeMaTUUYECKON KYJIbTYPBbI ydaIllluXCsd.

Tem He MeHee TJAyOMHY HM3yUYeHHsS MaTepuaJja, CTelleHb
CJIOKHOCTM peIllaeMbIX 3a7ad yYUTeJIb MOXKET OIIpeneaATh
caM AJd KasKIOoro KOHKPETHOTO KJjiacca.

PenreHuss U yKasaHus K 3ajgadam
IX.235. a) 0. 6) 100!. B) 101!x. r) 64-100!. x) sinx. e) cosx.

(5)
IX.236. ) — - — . Pemenue. f“”)(x)=(xz1 ) =

(x+1)%  (x-1)° -1

11 1 P 1/ -120 120 ) 60 60
ol aol xt1| 2D’ i D® | D’ -1
1( -120 120
6) 2((x—3)6 +(x—1)6]‘
IX.237. a), 6) BeimykJsia Ha obsacTtu ompeneseHusA. B) Bbi-

3n
2

OyKJia Ha [g—l—an; +2nk}, k € Z, Bormyra Ha

[—§+2nk; g—l—an} k € Z. r) Brimykaa Ha [0; +0)

u BorHyTa Ha (—°°; O].
IX.238. a) Bormyra Ha [0; +00), BBITyKJa Ha (—°°; 0].
0) Beinyksaa Ha [0; +°0), BorHyTa Ha (—°°; —1) u (-1; 0]
(H0O He Ha ux oO0bemuHenmu!). B) Brimykisa Ha (—°°; —6) u
[0; 6], BoruyTa Ha [—6; O] u [6; +°0). Pemenue. OTBer caeny-
P(x2+36)  ,  —24x(x>-36)
=2+122 Y T TP r12)°

Ha ( 3+\/ﬁ; +o0], BorHyTa Ha [\/g; 1/3+\/ﬁ] u [—\/§; 0].

I1X.239. Vkaszanue. PellleHue aHAJOTUYHO PEIEHUIO IIPU-
mepa 74 riaaBer I1X.

IX.241 a) x = £1. 6) y”

€T U3 TOro, 4YTo Y = . ) BreimykJia

_ —6x(x2 +9)

=23 Touka neperuba x =0.

B) x=2.T1) x=1.

I1X.242. a) Beinykiga Ha {1—!—\/%; +OO} BOTHYTa Ha

4 4
{0; 1+\/;} TOUuKa mepermbda x=1+\/§. Yraszanue.

,_ 1 3x%-6x-1

e T 6) Beimyxksma ma (0; +00), BorHyTa HAa
xAJx(x +

Y
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n__ 2%
(x2+1)%"

r) Bwimykma Ha [3; +90), (—o°; 0) m (0; 1], Bormyra Ha

[1; 3], Toukm mepermba x=38 u x=1. Vrkaszanue.

(—o0; 0), Touek mepermba HeT. Vkaszanue. y

_2(x—;3)’x<0 n 0<x<l1,
” X
Y =1 2x-3) o1 e) Beinykaa Ha [—-1; 0], BO-
x* 7 )

rayTa Ha [0; +0) u (—°0; —1], Touku nmepermba x =-1 u x=0.
1X.243. Pemenue. Ecau GpyHKIMA BBITYKJa Ha IIpOME-
JKYTKe, TO €€ MpOomM3BOAHAA Bo3pacTaeT (MOKeT ObITh, HECTPO-
ro) Ha 9TOM HIPOMEKYTKe. B To Ke BpeMsa B TOUKax dKCTpe-
myma (mo Teopeme Pepma) mpoms3BOAHAsS pPaBHA HYJ0. 3Ha-
YUT, ecau y (GYHKIMU eCTh IBe TOUKHU SKcTpeMyMa a u b, To
Ha oTpesKe [a; b] mpousdBogHas paBHa HYyJIIO (OHa paBHA HY-
JII0 B TOUKax a u b u He yObIBaeT Ha [a; b]), a 3HAUUT, QPyHK-
UsA IIOCTOSTHHA Ha HEM, YTO M TPeOOBAJIOCH HOKAa3aTh.
1X.244. Pemeunue. ®yurnusa f(x) = sinx BBIIYKJa Ha
orpeske [0; m]. IIycts 6 = 0,25 u x, y € [0; w]. ITo ompexne-
genuio BeinykKJoctu f(0x + (1 — B)y) < Of(x) + (1 — 0)f(y),
x + 3y > sinx + 3siny
4

T. e. sin

I1X.245. a = 0.
IX.246. Yrkasarue. y" =

, UTO 1 Tpe6OBa.HOCI) AOKa3aThb.

2(x3-8x+3x2-1)
(x*+1)°

, OTKyZa TOYKU

meperuba x=1 u x=-2=+ /3. HeTpyaHo mpoBepuUTh, YTO CO-

OTBETCTBYIOII[ME TOUKU TrpaduKa JieKaT Ha OJHOIN IIPSIMOIA.

I1X.247. VrkaszaHnue. HepaBeHCTBO BEPHO B CHUJY BBIIYKJIOC-
™ QyHKIuu f(x) = x * Inx (cm. samauy 1X.244).

I1X.248. Pemenune. 3ameruM, UTO JIFOOOM MHOTOUJIEH P
HEUETHOI CTeIlleHM MMeeT KOpPeHb HEeUETHOU KpaTHocTu (T. e.
TaKol KOpeHb X, 4To p(x) = (x — x0)2”+1q(x) u x, He ABJIA-
eTcsa KOopHeM ¢). B camom gmese, ecaim Obl Bce KOPHU HMMEJN
OBbI YETHYIO KPATHOCTH, TO 1 MHOTOUJIEH MMeJI Obl UETHYIO CTe-
meub. /lajee 3aMeTHM, UTO BTOpas IIPOM3BOAHASA MHOTOUJIEHA
HEUYETHOU CTeIleHU, OOJIbIIell 1, — MHOrouJIeH HEUYETHOI cTe-
TIeH’, KOTOPLIA MMeeT KOPeHb HEeUETHOW KPATHOCTU. ITOT KO-
peHb U OymeT MCKOMOII TOUYKOM mepermba IO SOCTATOUYHOMY
YCJIOBUIO TOUKHU Iieperuba.

I1X.249. a=-1,5u b=4,5. Pemenue. Bo-nepsbix, He0O-
xoauMo, uToObl Touka (1; 3) mpuHamIe:xanaa rpapuKy (QpyHK-
nuu f, T. e. BBINIOJHAJOCHL paBeHcTBO f(1) =3 < a + b= 3.
Hamnee, f’(x) = 6ax + 2b. [Insa Toro urobbl Touka (1; 3) Obliaa
OBl TOUKOI mepermba, Heobxommumo, uTobbl f’(1) = 0, T. e.
6a +2b=0. Eciu a # 0, To 3TO yCJIOBuE SBJSETCA U OOCTAa-
TOYHBIM (BTOpas IPOM3BOAHAsI B TOUKe X =1 MeHseT 3HAK,
a 3HAYUT, TOUKA X = 1 ABJsgeTCcs TOUKOII mepermba II0 mocTa-
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TOYHOMY YCJOBHUIO). YUHUTHIBAA ycjoBue a + b =3, moaydaem
a=-1,5u b=4,5. Herpyauo Bumersb, uro a = 0 He MOAXOLUT.

IX.250. a) Pemenue. Eciu GyHKIINA BBINIYKJA Ha [a; b],
TO IO OIIPeJeJIEHNIO0 BBINYKJIOCTU JIoOas e€ XophAa JeKUT He
HUXKe rpadumka PyHKIIMW, B YaCTHOCTU, €CJIM Mbl PACCMOTPUM
XOpAy, coeguHAIONIyI0 TOUKH (xq; f(xy)) m (x5 f(x,)) m uro-
0y TOuKy (x; f(x)) (x1< x<x2) TO OyAeT BBIMOJHATLCS

HepaBeHCTBO f(x) < f( ) Py (xz) (sHaueHUE QPYHK-

UM B TOYKE X He 6om>me «3HAUYEHUA XOPABLI» B TOUYKE X),
paBHOcuiabHOE Tpebyemomy. I'eomeTpuuecKky maHHOE HepaBeH-
CTBO 0O3HAUaeT, UTO YyIrJioBOil KOa((UIIMEHT XOPAbl, COEIUHI-
ome# Toukm (xq; f(x1)) m (x; f(x)), He GoJsblle yIJIOBOIO

Koa(p(pummueHTa XOpAbl, COEAUHHAIO-
y mei Toukm (x; f(x)) m (xy f(xy))
(puc. 9.8). 6) Vkasarnue. Ycrpemasas
X CHayaja K X;, a IIOTOM K X, B JIO-
kazagaoM B I1X.250 a) HepaBeHCTBe,
— B nomyaum  f(x) < M < fixy,
OTKyJIa MTHOBEHHO cne,aye'r Tpedy-
eMoe yTBep:KIeHue.

IX.251. a) Pemenue. [Joxkassl-
BaeTCs II0 WHIYKIIVIN.
st n =2 HepaBeHCTBO BEPHO IIO OIIPEJEJIEHUIO BBIITYKJIOCTH.
IlycTs maHHOe HepaBeHCTBO BepHO Iid n = k. Paccmorpum
TOUKU Xy, Xg, .., X, U3 IPOMEXKYTKAa BBINYKJOCTU. IlycTh
JaHBl HEOTPUIlATeJIbHBIE YUCIA O, Og, .., O, 1, TAKHUE, UTO
o; + 0yt .. + 0., =1. ObosHauMM cyMMy 4Yuces 0O; + Oy +
OlXq T+ Oy,
+ .. + o, = B. OueBUgHO, UTO TOYKA X =———— IIPU-

B
HaJJIEXKUT IIPOMEXKYTKY BeINyKJocTu. Torma BepHO f(0;x; +
oo F 01X 1) = FBx + 0y g2, q) 2 BA(X) + 0y 1 f(y 4 ) =

—Bf[ X +B kj+ ak+1f(xk+1)>[3[%f(x1)+...+%f(x,gj+

S

Ry
®
8

[\
8

Puc. 9.8

+ ooy, 1 F(xy 5 1) = 0gf(xq) + oo + 0f(x;) + 04 1 (x4 4), dTO
u TPeboBaJIOCh JOKAa3aTh.

0) Yrasanue. HepaBenctso ciaenyer us 1X.251 a), mpume-
HEHHOTO K (DYHKIUHU X2, BRINYKJIOH Ha R.
B) VkasaHue. HepaBenctBo cienyer us 1X.251 6), mocra-

2
— u i=—2b2
Zb bii

TOYHO IIOJIOJKHUTBH B KaduecTBe O; =
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§ 61. MNocrpoenne acknsos rpadukos
C MOMOLLBIO MPOM3BOAHOM.
PeweHune 3apay ¢ nomoublo NPOM3BOAHOM

3amauu Ha HmocTpoeHne rpadMKOB U IHCCJIeSOBaHNIe CBOMCTB
GYHKIIK B IIKOJBHOM Kypce, K COKAJeHUI0, YacTO HAIIOMU-
HaOT Tepbapuii: IIKOJBHUKAM IIpelJjaraerca IIJIaH MCCJIemo-
BaHUusa GyHKIIUU, cocrodnmui n3 10—12 nyHKTOB, KakK TO: 00-
JIaCTh OoIIpeleieHUs, MHOMKECTBO 3HAUEHUI, IPOMEKYTKU BO3-
pacraHusa u yOBIBAHUSA, BBINTYKJOCTU, ACUMIOTOTHI U T. 1.,
U HauMHaeTCsd TPEHUPOBKa Ha IIOCTpoeHue rpadmKoB (PYHK-
Ui U MccaeqoBaHWE WX CBOWCTB COTJIACHO 3TOMY IJIAHY.

BHe BcAKMX coMHeHUII HECKOJBKO IIOMOOHOTO poja IIpHU-
MepOB HEeOOXOAMMO PEeINUTh CO IMTKOJIbHUKAMU, OJHAKO aBTO-
paM 3HaAUYUTEJNIbHO OJM)Ke Te 3aJadyud, B KOTOPBIX ITOCTPOEHUE
rpadmKa He SABJIAETCSA CAMOIIEJIBIO, a CIYMKUT UHCTPYMEHTOM
penieHus 3amad. B KauecTBe ImpuMepa MOKHO HIPUBECTH 3aja-
Y1, B KOTOPBIX HYIKHO €Ill€é cOO0pasuTh, KaKOi rpaduK HYK-
HO TIOCTPOWTH; 3aJauM, B KOTOPBIX BO3MOKHO IIOCTPOEHUE He-
CKOJIBKUX TIPa)UKOB U BBIOOP HYIKHOTO rpaduKa 3a4acTyio sB-
JdeTcA TBOPYECKOM 3amauvedl, CYIIMEeCTBEHHO YIIPOIAalomiein
pemtenue 3amauu (Hampumep, I1X.276, 1X.270—IX.300).

IIpu cocraBienmm TOAOOPKU ITUX 3aJady aBTOPHI cTapa-
JIUCh BBIOWMpPATH 3aJauM, B KOTOPHIX, KpOME CTAaHAAPTHBIX aJi-
TOPUTMOB, €CThb «UYTO-TO eIné» (HeoOXOAMMOCTDH JIOTUUYECKU
paccy:kaaTh, a He HIPOCTO CJIeJOBaTh M3BECTHOMY aJTOPUTMY;
BO3MOJKHOCTH TIepeOPMYJIMPOBKHU 3aJauu, C T€M UYTOOBI CBecC-
T €€, HAIpUMep, K 3aJade Ha HCCJIEJOBaHUE CBOUCTB (PYHK-
IM; IPOCTO KpacuBas U HeCTaHAAPTHASA HAed). IOTH 3amaduun
MOJKHO HpeajaraTh IMKOJbHUKAM Ha ypOKax, B AOMAIITHUX
3alaHUSAX U JaKe OJIsI HeOOJIbINNX HCCIeqoBaTeIbCKUX padoT.

Bb160p KOHKPETHBIX 3aJau 3aBUCUT OT YPOBHS IIOATOTOBKU
KJlacca M BKyca YUHTeJs.

OTMeTUM TaKKe, UTO HPU OAOKasaTeJIbCTBe HEPaBEHCTB
YacTo MOYKHO IOJIL30BaThCA yTBepsKAeHWeM u3 1n. 2 § 61, pac-
cMaTpuBas COOTBeTCTByMoIue QyHKIUU [ u g.

Penrenuss u yKkasaHuUs K 3agadyaM
IX.258. a) Pememme. Iycrs f(x)=2/x, g(x)=3-.
Torma f(1) = g(1) u mpu x>1 f'(x)= %> % = g'(x), oTKyma
u ciaenyerT TpebOyemoe HepaBeHCTBO. 0) Pemenue. IlycTs

f(x) =€ u g(x)=1+x+%2. Sametrum, uto f(0) = g(0),

U JOoKaKeMm, uro mnpu X > 0 BBINOJHAETCA HEPaBEHCTBO
f(x)>g(x) © e*>1+x. Iaa sroro 3aMeTHM, YTO
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f(0) = g'(0) u mpu x>0 BeIDOJHAETCS HepaBeHcTBO f'(x) >

> g’(x) © e > 1. Takum 00pa3oM, COIJIACHO YTBEPIKIEHUIO
uz . 2 § 63, f'(x)> g'(x) mpu x>0, a smauur, u f(x) > g(x)
npu x > 0. B) Vkasanue. Pelllenre aHAJOTMYHO PEIIEHUIO 3a-
maum IX. 258 0).

3
IX.259. Pemenmne. ITycrs f(x) =2x+ ¢ u g(x) = é/;. Tor-

1
Aa f( ) [116)2% u Ipu x> 7~ 16 BBIIIOJIHAETCS HEepaBEeHCTBO

1
> = 22 .
f'(x) > g'(x) \/?
1X.260. 6) Pemenue. % > cosx < sinx > xcosx.
IIyers f(x) = sinx m g(x) = xcosx. Torma f(0) = g(0) =0
u Opu 2> x>0 semonHsercs HepaBeHcTBO f'(x) > g'(x) &

2
< cosx > cosx — xsinx.

IX.262. 6) Pemenue. Ilycts f(x) = sinx u g(x) = %(n— x).
Tormza f(0) = g(0) = 0. [loxaskem, 4TO IIpU §> x>0 BBIIIOJ-

’ ’ T
HAeTcsa HepaBeHCTBO ['(x) < g'(x) & cosx < 5 X B camom
T
neae, PyHKIuA h(x) = cosx + x Bo3pacTaeT Ha OTpPe3Ke [0; E}

. . T

(e€é mpowsBOgHAA MeEHBIIIEe HYJISA) U €€ 3HAUEeHUe B TOUKE X = 3
T T T T

paBHO h[§]=§, a sHaumT, h(x) < 5 1pu E> x>0. B) Peme-

b2 —qa? b

a

b b
Hue. 2abln—<b’-a’?=2n=>< =
a a ab

O6o3HauuM

SRS

b
x=-_. Takum obpasoM, HaM HYKHO JOKasaTb, uTo mpu x > 1
1
BoImosiHsieTcsas  2lnx <x — ~+ O6osHaunm f(x) = 2lnx wm

(x)—x—l 3amerum, uto f(1) = g(1) =0, a mpu x > 1 BBI-

a- x)

nonuserca [(x) < g'(x) < 2214 _2 =7 >0.
X X

IX.263. Pemenue. Ilycts f(x)—lnzx 3+—. DyHK-

nusa f ompenesieHa MPU BCEX OTPUIATETbLHBIX x, U eé IIpoms-
BOOHAsS paBHA

f(x)=

1 2x®-17x-100 _ 1  (2x-25)(x+4)
11 @2x-3)(x-7) 11 @Cx-3)(x-7) "
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Herpyauo sameruTsh, uTo Ha IpoMeskyTKe (—o°; 0] Ham-
bosibIiee 3HaAUeHUE (PYHKIMU OOCTUTAETCA B TOUKe X = —4
(f BospacTraeT Ha mpomexxkyTKe (—°°; —4] um yObIBaeT Ha IIPO-
mexxkyTKe [—4; 0]). daa mokasaTesabCTBa MCXOTHOTO HepaBeH-
cTBa [OOCTATOYHO TMOKasaTh, uTo [f(—4) < 0. Hwmeewm:

4 4
f(-=4)=1In1- ITRRET <0, uyTo u TpeOOBAJOCH AOKA3aTh.

X

I1X.264. Vrkaszanue. Paccvmorperh QYHKIHIO f(x)=t%

T
Ha IIPOMEKYTKE [0; 5} Ha KOTOPOM OHAa BO3pacTaer

x20052x .X'ZCOSZ.X'

IX.270. E(y) = [-1; +0). —— ’5,',\\;
1X.271. 3. Pemenue. Pac-

cmorpuM GyHKIuio f(x) = 4e ™ X /

X (x*+ x—5) — 1. Boruucaum eé
pousBogHy0: f/(x) =4 e+ (—x%+

+ x + 6). UccaemoBaB 3HAK IPOU3-

BOJAHOI, MOJKHO CAejIaTh BBIBOJ,

uyro (yuxmusa f yObIBaeT Ha MpPO-  Puc. 9.9
MeKyTKax (—o0; —2] u [3; +9)

W BO3pacTaeT Ha MPOMEXyTKe [—2; 3]. 3ameTum TakiKe, UTO
lim f(x)=+oo, lirP f(x)=-1, a sHaueHuda (PYHKIUU B TOU-

Kax x=—2u x=3: f(-2) =-8?-1<0u f(3) =28 -e¢3-1>
> o7 1> 0.

WNzobpasum cxematuuHo rpadpur GyHKIuu [ (puc. 9.9).
W3 pucynxa BuAHO, 4TO (PYHKIUS [ MMeeT POBHO OAUH KO-
peHb Ha KaXJIOM Hu3 MIPOMeXKYTKOB (—c0; —2], [-2; 3] u
[3; +00) (aTO0 MOKHO hOpPMAaATBHO JOKa3aTh, UCIOJb3Yys Teope-
My Boabmano — KoIlin ¥ MOHOTOHHOCTL (hYHKIITMU HA TAHHBIX
IPOMEKYTKAX).

I1X.272. YVrkasaHue. YTBep:KIeHUE CcaeAyeT U3 BO3PaCTaAHUS

Ha R dysrummum f(x) = x° + 3x% + 6x + 5 + arctgx + %.
I1X.273. 2. Pemenue. McciaenoBaB IPOU3BOAHYIO, MOMK-

HO OOKas3aTb, UTO [ yObIBaeT Ha IpoMeXyTKe (—°°; 1] m BO3-
pactaer ma mpome:kyTkKe [1; +9o0). lim f(x)=+oo, f(1) <O,
x — *oo

[fr(x)z X —SINXCOSX > X—SInx > O]. y

mosToMy (GyHKIUA [ MMeeT OOUH KOPEHb Ha MHPOMEKYTKe
(—°°; 1] 1 onfMH KOpeHb Ha MpoMe:KyTKe [1; +00).

I1X.274. \E Pemenue. OGnacts ompenejeHnusa (PYHKIINN

D(f) = (2; +00). KBagpar paccrosauus ot Touku M(2; 0) mo
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Vg

Puc. 9.10 Puc. 9.11

TouKu rpapura QyeHrimuu [ ¢ koopauuaramu (x; f(x)) paBen

2
Ix) = (x = 2)° + 575
rpaduka QYHKIUK [ — 9TO0 HauWMeHbIllee 3HaueHue [(x) Ha
mpoMeKyTKe (2; +00).

Uccnenyem ¢yuarnuio [(x). Cmenaem 3aMeHy IIepeMeHHON
t=x—-2 u OyaeM HUCKaThb HauMeHbIlee 3HAUEHUE (QPYHKIIUU

KBagpar paccrosuusa ot Touku M 10

2
h(t)=1t"+ o7; @ TDOMEyTKE (0; +00). Bprumcaum

2 2273-1)

ht)=2t - 27t2  27t2

1
Torma h'(t) < O ipu te (O; E) TakuMm o0pasoM, HaMEHb-

1
miee 3HaueHwe (GyHKIuuM h(t) mocTuraercsa mIpu t =73 ¥ paBHO

min

1 1
h_. =3, OTKyJla MCKOMOE DACCTOAHME DABHO \E

IX.275. x=%. Yrazanue. Cm. 3amauy 1X.259.

IX.276. a < %. Pemenue. Bamerum, uro b%(b + a) = 1=

3

S pP-1=-able ;2 =a u nepedpopmMyIHpyeM 3azaduy:
1-53 1
Kakue 3HaueHuss a QPyHrnus f(b)= bZ =—b+? IpuHUMA-

et poBHO 1 pas. CxemaruuHblii rpadpux ¢GpyHKIUN [ m300pa-
sKéH Ha pucyHKe 9.10. OTBeT MOKHO «CUUTATh» II0 TPaGQUKY:

3
a<_—.

a
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a) 7 0) y

/0 2~ /_1_oa0 2 x
3

Puc. 9.12

I1X.278. (1; 0,5). Pemeunue. IIpeobpasyemMm ypaBHeHUe:
logs(y + 1) +logzs8—x)=1<y =3i—1, x < 3. Takum 00-

- X
. . 3
pa3oM, HYXHO HAUTHU pPacCcCTOAHUME OT IIPpAMOU Y = Zx -3 a0

BETBU TUNEPOOJBI Y = -1, x <3 (puc. 9.11). Paccroanue

3—x
oT J000#i TOUKH rpaduiKa O IPAMOIl OyZeT paBHO AJINHE
MePHOEeHANKYJIAPA, OIYIIEHHOTO M3 3TOM TOUYKM Ha IIPAMYIO.
Hawmmenbiaa mimHa Takoro HepIeHAUKYJIApa OymeT y Iep-
MeHAUKYJIApa, ONYIIeHHOTO M3 TOYKHU, KacaTejlbHas B KOTO-
poii mapaJjiieabHa JaHHOU IPAMOU (9TO cjeayeT M3 BBIIYKJIOC-
T rpadpuka pyHrmunm). Haliném TOuKy x,, B KOTOpDO#l Kaca-

. 3 -
TeJIbHAA IapaienbHa MPAMOW y =X — 3. ldusa sToro Hamimeém

’ 3 12 3
TOYKM X, B KOTODPBIX Y'(x) = Y (x)= et
- X

TakuMm oOpa-
oM, x, = 1.
1X.279. a=-0,4. Pemenue. f'(x)= 3x(x + %aj , OTKyIa

ciaenyeT, uTo QPYHKIUsA npu a # 0 mMeeT ABe TOUKU DKCTPeE-
10
myma: x=0 u x=-—a.

Eciu a <0, To rpapuk (GpyHKINM BBITJIAAUT KaK Ha PU-
cyake 9.12, a u yciioBue BBINOJHAETCA B TOM W TOJBKO B TOM
cayuae, korga f(0) = f(2) © 2a = 8 + 22a < a = —0,4.

Ecau a > 0 (coyuait a =0, oueBUIHO, HAaC He yCTpauBaer),
rpapuk BBITIAAUT Kak Ha pucyHke 9.12, 6 m Haumbosbliee
3HAUEeHUe JOCTUraeTcs B JBYX TOYKAX TOrAa W TOJLKO TOTZA,

10
Korma f(2)=—?a, YTO PpAaBHOCHJIBHO yciaoBuio 125a3 —

- 135a—-54 = 0.
Pemmm 10 ypaBHenue 125a% — 135a — 54 = 12543 + 27 —
— (185a + 27 + 3) = (5a + 3)(25a® — 15a + 9) — 27(5a + 3) =
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= (5a + 3)(25a% — 15a — 18) = 0, oTkyzAa (C YyIETOM TOroO, UTO
MBI paccMaTpuBaeM MOOJOXKHUTeJbHBIe a) a = 1,2. Wtak, MbI
TOJIYUUJIN eJWHCTBEHHOTO KaHAuWJaTa Ha OTBET CPear II0JIO-
SKUTEeNbHBIX a. OcTajoch NPOBEPUTH, UTO TOYKA DKCTPEMyMa

10 10 6 .
GYHKIUM X, =—"Fa=—"73" 7= —4 momamaeT B HYKHBIM HaM

IPOMEKYTOK [—2\/§; 2]. Ho aTo He Tak (—4<—2\/§), B OTBET
BXOJIUT TOJIBKO OJHO 3HAUYEHWE d U3 MEePBOrO Caydasd.

IX.280. 0,5. Pemenue. Ilyctsb oTpe3oK mMeeT KOHILBI
(x5 b) (m sra TOUKA NPHUHALJIEKUT rpadury QyHKIUHN

y=2x—1+x*) n (x4; b) (oTa TOUKA HNPUHAAJIEKUT I'PADUKY

dyurnuu y = 2x). Torma BBINOJHAIOTCA PaBEHCTBA

2x,— |[1+x{=b

2x,=0,

l1+x12
T < 0,5. He-

TPyAHO yOeniuThCs, UTO IpU x; = 0
0 / u x, = —0,5 HaumeHblIee 3HaUE-
-1 Hue mocturaercsa (pumc. 9.13).

OTKYJa X;— X, =

IX.281. i. Pemenue. Haii-
42

IEM TOYKY, B KOTOPOI KacaTelb-
Hag K rpaduky y=—x> Oyzer ma-
pannenbHa npamoit y = x + 1. Pac-
CTOAHUE MEXXKIy 9TUMU IPAMBIMU
y u Oymer ucKoMbIM (puc. 9.14).
Nmeem: (—x%) = —2x = 1, orkyza
x=-0,5 u ypaBHeHHe KacaTeJb-
HOHM K Tpa@uKy y=—x> B TOUKe

1 1 _1 1 I
/ 1 [ > T4 uMeeT BUL Y =X+ 1
Paccrosauue mesxny osTOoit mpAMOM

Puc. 9.13

O\,
R

3
iy =ox+ —=.
U mpamoit y = x + 1 paBHO 1z

IX.282. (sin1°)**! > (cos1’)™"?.
Yraszanue. WccaemoBaTh Ha BO3-
pacranve u yObIBaHHE (PYHKI[HIO

Inx

Puc. 9.14 flx)=—~
88




IX.284. ace (%; 8]. Peme-
3 x8 |
HHUe. X° —ax —a < a

~ x+1° I'pa-

(Y
3

3
burx pysRIUM Yy = ﬁ n300paKeH

Ha pucyuke 9.15. Ilo rpapury
HETPYAHO OIIPEAEeJIUTh, UTO JaHHOE
ypaBHeHHE HMeeT TPU KOPHA Ha

=]

orpeske [—2; 4] ipu ac (277; 8].

283

IX.285. a > o1 Yrkasanue. 3a-

mauy ymoO0HO mmepedopMyJInpOBaTh.

Vpasuenue x* — ax®+ 27 = 0 uwme- —-2-1| £ x
eT XOTs Obl OAWH KOpPEeHb, 00JIb-

muii 4, Torga M TOJBKO ToTrza,
4

KorjJa ypaBHeHUe g = nMeeT

3
x
. Puc. 9.15
KOpeHb, Ooabliiuii 4, T. e. (paxkTu-

4

. o x*+27
YeCKU HY)KHO HAUTU MHOKECTBO 3HAUEHUHN (PyHKIUU Y = 3
x

npu x € (4; +0).
I1X.286. a =0, a=4. VrkasaHue. 3agauy ymodHo mepedop-
myaupoBaTh. Kakue 3HaUeHUSA NPOU3BOAHAS MAHHON (QYHK-

uuu y' = x% — 8x + 2 mpunuMaer poBHO aBa pasa? OTser Jer-
KO YBUIETh, TOCTPOUB rpadUK IIPOM3BOLHOM’.

I1X.287. a € [3; +90). VKkasaHue. 3agauy ymob6HO mepedop-

MyJaupoBaThb. Hy:XKHO HAWTH MHOKECTBO 3HAUYEHUHN (PYHKIIUU
3
x°+2
Yy =", Ha IPOMEeXYTKe (0; +00).

3
I1X.288. IIpu a <—% TPU KOp-

3
Hd, OpU a>—% OIWH KOPEHD, 3\/%

3
npu a=—% IBa KOpHA. YKasa- -1 0 X

Hue. 3amauy mnepedopMyInpPOBATh.

CKOJBbKO KOpHe#l y ypaBHeHUS

_x3+1
X

=g B 3aBUCUMOCTU OT a?

3
T'padburk dysxnuu [f(x)=-— u x+ !

n300paskéH Ha pucyHke 9.16. Puc. 9.16
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Q=

0 e x \xlmxs/

Puc. 9.17 Puc. 9.18

IX.289. a) Ilpu a > e nBa KopHA, npu a=e u a < 0 oguH
KopeHb, ipu a € [0; e) kopHe# Her. Vra3aHnue. UccienoBarsb
X

dyuxnuo f(x)= —67.

1
IX.290. IIpu a=¢° uw 0<a <1 ogAuH KOpeHb, IpHU
1

1 <a <e° gBa KOpHA, IPU OCTAIBHBIX @ HeT KopHeii. Pemre-
HHe. 3aMeTUM, UTO PeIleHUd ypaBHEHUA MOTyT OBITH TOJIb-

x Inx
Ko mpu x>0, a torga a* = x < xlna = lnx < T=lna.
Inx .
I9ckus3 rpadumxra QQYHKIUU y=— n300pakéH Ha PUCYH-
Inx
Ke 9.17. U3 rpaduka BUIHO, UTO ypaBHEHUE T=1na ume-
1
eT OOWH KOpPeHb, Ipu lna=; mian lna < 0, gBa KOpHSA IIpHU
1
Ina €| 0; 2| ¥ HU OJHOTO KODHSA IIPW OCTAJbHBIX 4.

IX.293. Pemenue. HeTpynHo samMeTuTb, YTO (QPYHKITUA

tgx T
f(x)=7 Bo3pacramIiasa Ha wuHTepBase |0; 5 p @ Torza
tgh’ - tg9’ tg5” tg9° tg6° tg10° tg6° - tg10°
gh -tg9 _ | te5 tg9 _ . tg6 tgl0’ _ tg6 -tg
3 5 6 10 4

(Koa(pumueHTH IepeBoJa M3 I'PAAYCOB B paguaHbl B JIEBOH
W IIPaBO¥ YacTAX HepPaBeHCTBA OJMHAKOBLIE).

1X.294. Pemenue. fIcuHo, uTo rpapux SAaHHOTO MHOIO-
4jJeHa BBIIVIAAUT Kak Ha pucyHke 9.18 (x;, x,, X3 — TOUKHU
arcTpemMymMma). f(x) = x(4x2 + 3ax + 2b), oTKyzAa ciemyeT, UTO
OIHOM M3 TOUeK sKcTpemyma sasisgercsa 0 (b # 0, Tak Kak IIpo-
M3BOAHASA MOJ:KHA MMETh TPU KOPHSA 10 Teopeme Posnns). Pas-
6epém cayuaii x; =0. Torga x, u x3 — ABa APYyrux (IOJIOKU-
TeJbHBIX) KOPHSA IIPOU3BOAHOU M WX HPOM3BeIeHUE II0 Teope-
me Buera paBuo 0,5b, TeM caMbIM MBI HOJYyYMJIH, 4TO b > 0.

90



4 .
N1 [7) 1 x _a —1 0 1 X

-1

Puc. 9.19

Ocrasocy 3ameTuThb, uTo C = f(0) < 0 (MHaue MHOTOUJIEH He
uMeeT KOPHA Ha mpoMeskyTKe (—o°; 0] m TeM caMbIM YeThIpe
KopHsa Ha R), a sHauut, bc <0, uTo u TpeOGOBaAJIOCH JOKA3ATh.
AnasioruuHo pasbupaiorca ciaydau x,=0 um x3=0.

I1X.295. Pemeunue. ®yurinusa [ BBIOYKJA, II09TOMY €€
npousBoaHad [’ Bospacraer. A TOro 4uToOLI JOKa3aTh, UTO
f(x) > 0 mpu x — +0°, TOoCTAaTOUYHO MOKAa3aTh, UTO HMPU CKOJIb
YyrogHO OOJIBINNX 3HAUEHHSAX apryMeHTa IIPOU3BOIHAS IIPUHU-
MaeT CKOJIb YIOZHO OJM3KNE K HYJI0 3HAYCHU.

Ilyecrs M — mpou3BOJIBHOE UYHCJIO, AJs Joboro € > 0 cy-
mecTByeT uucyao K, Takoe, UTO IpHU X;, X, > K BBHINOJHAETCA
HepaBeHCTBO |f(x;) — f(x,)| < €. Ilo Teopeme Jlarpauska cyiie-
flx) = f(x9)

cTtByeT ¢ > K, Takoe, uTo f'(¢c)= X% OTKyIa M CJIeayeT

Tpebyemoe yTBep:KIEHUE.

I1X.296. a € (2; +o0)\{1 + 2\/5}. Pemenue. Or ypasue-
Hua log, . 5, (x2 — 1) = n mepeliléM K ypaBHEHUIO x2-1=
= (a+ 2x)", npu srom a+ 2x>0, a+2x # 1 u |x| > 1. Ilo-
crpouM rpadpuku GyHKOIUNR y = x*-1mn y=(a+2x)" upm
a € (0; 2] (puc. 9.19, a). fcHo, uTo TPpU n > 2 ypaBHEHUE
xX*-1=(a+2x)"(a+2x>0, a+2x #1, |x| > 1) xopueit ne
UMeeT, a 3HAUUT, JaHHbIe @ HAC He yCcTpauBawoT. B To Ke Bpe-
MsA IIPpU a > 2 KOpeHb Oyzer mpu Jirobom n (cm. puc. 9.19, 0).
OcTajioch UCKJIOYUTDL CJIydail, Korga o0Imas Touka rpaGuKoB

coBIazaeT C TOUYKOH (— 2;1+2\/§), 4YTO NIPOUCXOAUT NIPHU
a=1+2,2.
I1X.297. Vkasanue. CBecTn 3amauy K HaXOXKJIEHUIO HAU-

(x+1)n+1

MEHBbIIIEI'0 3HAYEeHUA (I)YHKI_II/II/I y= T 1 BOCIIOJIB30BaThb-

+1
1 n
cdA TeM, 4UToO e<(1+;) Ipu JI000M HaTypaJbHOM 7.
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MABA X. OnpepenéHHbii MHTerpan

WsnokeHne MaTepuajia TJIABBI CJedyeT KHCTOPUYECKOMY
OyTU TOABJEHUSA IOHATUA OIPEeIeJEHHOTO UHTerpaJa.
A WMEeHHO IeHTPaJbHBIM SBJIAETCA yTBEP)KIEHWE O TOM, UTO
IJIOIIAAE IO TpadMKOM HENPEePHIBHON (PYHKIUU SABJISIETCA
IepPBOOOPA3HON MAaHHONU (PYHKIIWH.

B cooTBeTcTBUU C OOIMM IIOAXOAOM K YPOBHIO CTPOTOCTH
M3JI0KEeHUA aBTOPhI He MOKA3bIBAIOT CYIIECTBOBAHUA IIJIOIA-
IV KPUBOJUHENHON Tpamenuu o rpa@uKoOM HeIpepbIBHOM
dyumnuu. OgHAKO TPUHIUIHUAIBLHO BAYKHBIM SABJISETCA YIIO-
MUHaHWE O TOM, YTO 3TOT (paKT HeoOXOJMMO MTOKa3bIBATh
(cMm. c. 172 yuebumka). Takske ciaenyeT yOOMAHYTH 00 OTCYT-
CTBUHU [OKal3aTeJbCTBa AaAAUTUBHOCTH ILJIOINAAM — CBOMCTBA,
sKBuBaJIeHTHOTO (popmysie HbioToma — Jleitbuuiia.

Boo0O1ie ToBOpsA, MaTepuwas TJaBbl MOYKET M3JaraThCs C
PasIUYHOMN cTemeHbI0O moaApoOHocTu. Hampumep, MOXKHO He
IOKas3bIBaTh CBOMCTBA OMNPEAEJIEHHOTO MHTerpasia (Mau JoKa-
3aTh WX TOJBKO JJA HEIPEpPBLIBHBIX (PYHKIUI), He paccmar-
puBaTh OOIUU IMOAXOA K IIOHATUIO OIPENEeJIEHHOTO HMHTerpa-
Ja u T. 1.

Cy1iecTBEeHHBIM MOMEHTOM, KOTOPBIN TOJIMKeH OBITh «IIPO-
pucoBamE» B M3JI0KEHUM XOTS OBl 9CKU3HO, aBTOPHI CUUTAIOT
CXeMy BBeJIeHUS OIIPEJeJIEHHOTO MHTerpaJa.

OnpenenéHHBIN WHTErpajJ BBOAUTCSA C IIOMOIIBIO (DOPMYJIBI
HrioTona — JleiibHUIIa, TeM caMbIM OH ONpeaeasaeTcd s
dbyHKI NI, UMeIUX KOHEYHOEe YHCJIO0 TOYEeK pa3phiBa Ha
TMPOME:KYTKe WHTEeTPUPOBAHUA.

OxHaKo B CHMJIBHOM KJIACCE€ MOJKHO PAacCCMOTPETH 00IIee
ompejesienne WHTerpasa Pumana ¢ momoIlnbio cymM J[apOy
(c. 187—189 yuebHHKA). B 2TOI cuTyanmuu MOYKHO OOKa3aTb
dopmyny Hbrorona—JleliOHMUIA OIS HEIPEPBIBHBIX (PYHKIIMH
(aTO0 mOKazaTeJabCTBO (haKTHUUYECKH IMMOBTOPUT M0KA3aTEILCTBO
yrBep:kaeHuss Ha c. 180). Ho Takoiri myTh mnpenacras-
JseTCs TMPOTUBOECTECTBEHHBIM A OOJBIMTUHCTBA MIKOJLHU-
KOB, TeM 0oJjiee UTO MHPUAETCS AOKas3bIBaTh Te€ CBOMCTBA ILIO-
maau, KOTOphbIe «KAaMKyTCsA OUYeBUAHBIMU» (Ty Ke aAIUuTUB-
HOCTBD).

CrnenyeT o6paTuTh 0co00e BHMMAaHME yUaIlllUXCs HaA TO, YTO
dopmyna Heroorona—JleiibHuIIa BepHA TOJBKO IJaA (PYHKIIHIA,
HEIIPEePBhIBHBIX HA OTPe3Ke MEXKy IIpeaejaMy WHTErpupoBa-
HUS.

Ocoboe BHUMaHNE CJeIyeT YAeJUTHh PeIleHUIo 3aaad, CBs-
3aHHBIX C MPUJIOMKEHUSAMHU OIpeNeJEHHOTO MHTerpajga, B TOM
yucJie pellleHnio (Pu3nUyecKnuX 3agadu. BeLIo ObI jKejJaTeJbHBIM
IIPOBECTU HECKOJbKO HHTEIPUPOBAHHBIX YPOKOB C yUYaCTHUEM
yunTeynein (U3NKM, Ha KOTOPBIX MOKHO OBLIO OBI PacCMOTPETH
pasauuHble 3aadyud ¢ (DUBUUYECKUM COMEPIKAHUEM.
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Ilnan msyueHuss marepuaja IjaBbl X NpUBENEH B TabJIu-
e (KOJIMUYeCcTBO YacOB JAHO nJjsa 4 u 5 uacoB anreOpbl um Ha-
JajJ MaTeMaTUYeCKOro aHaJr3a B He[elio).

T'maBa X. OnpenesiéHHBIN WHTErpaJ 10 16
Ilnomiaas KpuBoamHeHHOM Tpamemuu. Oupeneaén- 1 2
HBIN mHTerpaa. @opmyna Hbuiorona—Jleiibuuiia

CpoiicTBa OIIpPee/IEHHOT0 MHTerpaja 2 2
IlpuMmeHeHUs ompeneJéHHOro MHTerpajia. Beruuc- 3 4

JeHue momiazeli. BerumciaeHue OJIWH KPUBBIX

dusnyecKue 3agauu

Paznuunble 3amaum Ha oOIpenes€HHBIN MHTErpall 2 4

Kourposnbuasa padora Ne 7 2 2

§ 62. Mnowapb KPUBONMHENHOM TpaAneuMM

JroT maparpad HOCBANIEH OIPeNeJIeHUIO0 IIJIOManl KPUBO-
JUHEHHOM Tpamenuu U CBA3U e€ ¢ mepBooOpasHoit. OcobeH-
HOCTBIO Taparpada SABJIsSeTcA OO0JBbIIIOe KOJUYECTBO chHOopMYy-
JIUPOBAHHBIX, HO HEJOKAa3aHHBIX yTBEpP:KAeHUM. K OoCHOBHBIM
TAKUM YTBEeP:KIEHUAM MOYKHO OTHECTHU:

e CyIllecTBOBaHMWE MJOINAAU MOA TpadUKOM HeIpPepLIBHON
byHKINY;

® BO3MOYKHOCTH BBIUHMCJIEHUS ILJIOIAAU C IOMOIIBIO pasbue-
HUI Ha paBHbIe uacTu (yTBep:KIeHUe Ha c. 175 yuebHUKA);

® aIIUTHUBHOCTH IJIOIIAAU KPUBOJUHEHHON Tpameliuu.

Iloneano chopmysupoBaTh ydalllUMCA 3TU YTBEPIKIEHUS,
obpaTwB BHUMaHWEe Ha TO, YTO OHU SBJAIOTCSI HeIOKa3aH-
HBIMU.

IlenTpanbHOil TeopeMoil maparpada ABIAETCS TeopeMa O
IJIOIIAAM HOA rpapumkoM IepBooOpasHoii. Eciam B KJacce HeT
BpeEMEeHU OOCYIKJAaTh BOIIPOC 00 OIIpefesIeHWU TJIOMIaAu KpU-
BOJIMHEITHON Tpalemniny, MOKHO cpaldy IIepeidTH K JoKasaTelb-
CTBY DTON TeOopeMbl, Ha/lesACh HaA TO, YTO IIOHATUE TJIOIIATU
KPUBOJIMHEMHONU TpamenmuyW MIJII COBPEMEHHBLIX IMKOJbHUKOB
ABJAETCA CTOJb K€ WHTYWTUBHO SACHBIM, KakK AJd HbioToHaA
n JleitbHUIIA.

Taxum ob6pasoM, MaTepuaJj 9TOTo Imaparpada CiIy:KuT QyH-
JaMeHTOM IJdA TOABJEHUSA IOHATUA OIIpeneJIEHHOTO MHTerpa-
Ja, B CHUJIy Yero CTemeHb ITOAPOOHOCTM M3yUYeHWsS TAKOT'0 Ma-
Tepunajga MOMXHO BapbMPOBATh B 3aBHMCHMOCTH OT YPOBHA IIOL-
TOTOBKM KJacca, HaJU4Yusa BPeMeHu W T. 1.
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ABTOpPBI COUJNIM UBJIUIIMHUM AYOJUPOBATH BY30BCKUM KypC
B UACTH IPUOJMIKEHHBIX METOMOB HHTEIPUPOBAHUSA, OLHAKO
MOJIE3HBIM SIBJISETCS pPellleHle HEeCKOJbKHX IIPUMEPOB, IIOKAa-
3LIBAIOINX, KAK C IIOMOIIBIO OIIpenesieHusA MOMKHO TPUOJIu-
JKEHHO BBIUMCJIUTHL mHTerpas (3amaum X.1, X.3). 9tu 3amauu
CIAYIKAT OJIA «IPOINYyIbIBAHNUS PYKaMU» OIIpeleieHus IIIoIa-
OU II0J4 rpaduMKOM M IIOHMMAHUS TOTO, UTO 5TO OIIpPeJeseHue
OPUTOAHO [AJIs HPAKTUUYECKUX IleJiell BBIUNCICHUS KOHKPEeT-
HBIX maomtazeii. IIpum sTom 3amaua X.3 moKasbIiBaeT, Kak
MOYKHO aIlpUOPU OIeHWBATHL TOUYHOCTL BBIUMCJIEHUS ILIOINAIHN
non rpaduKoM.

3amaua X.4, ¢ OmHOW CTOPOHBI, aHAJOTMYHA IpuMepy 4
yueOHUKA, a C APYroili — TpedyeT OT ydaIlUXCAd BHUMATEJIb-
HOCTH, TAaK KaK TpeOyeTcs BBLIUMCJIUTH IJIOIIAAL O Tpadu-
KOM (PyHKIIUMN, IPUHUMAIOIIEN OTpHUIlaTelbHbIe 3HAUEHUS Ha
COOTBETCTBYIOIIEeM MHpoMe:KyTKe. [loaToMy 3Ty 3amady yMecT-
HO paso0OpaTh B KJacce C IMOACHEHWEM TOT0, KaKad sKe BeJIu-
YuHa HalifeHa IIPU IIOMOIIM BBIUMCJIEHUI, aHAJOTUYHBIX TPU-
BeIEHHLIM B mpumepe 4.

Penrenusa u ykazaHusa K 3amadyaMm
5, .1 _14 _5 L, _7
X.1. a) S—g, s=g- 6) S 575 8= B) S 320 5= 33"
X.2. 14. PemeHnue. Pernteane 3amaum aHAJOTUYHO IIPU-
mepy 2 us §62 yuebHukra. Pasmenum otpesox [1; 3] ma n

. . 2
PaBHBIX YaCTeH. I[JII/IHa KaXaoun 4YaCTH paBHa ; TO‘IKI/I, ae-

2i
JIAIMe OTPE30K, COOTBETCTBYIOT umciaaM X, =1+ o Hau6oan-

Iee 3HaUYeHWE MNaHHOW (PYHKIIUM Ha KaKIOM OTpPE3Ke I0-
cTHUraeTcs Ha IIPpaBOM KOHIe »TOro oTpeska. IlosTomy

s, =2 2(1+3)+3+2(1+i)+3+...+2(1+ﬁ)+3+...+
n n n n

n

£2:3+3 =10+ 1+ 2+ .+ b+t ) =10+

Taxum obpasoM, MCKOMas ILJIOMIAAL paBHa lim S, =14.

n — oo

3amevanue. Koneuno, s3agaua HOCUT yUeOHBIN xapakTep,
U He cJelyeT C IIOMOIINBIO OIpeAeseHUs IJIOIaal KPUBOJIU-
HEeHOM Tpameliy BBIYUCJIATH ILJIOIAAb «OOBIKHOBEHHOI»
rpamernuu. OmHAKO IIOJE3HO OOpaTHUTh BHUMAaHNE YUAITHUXCS
Ha COBHOAaJleHWEe Pe3yJIbTAaTOB BBIUUCJIEHUSA IIJOIMAAU JBYMS
cmocobaMu, T. €. Ha TO, UTO OIpPeJeJieHNe IIJIOIIaa KPUBOJIU-
HEWHOU Tpallelluy COTIJIaCyeTcAa C OOBIUHBIM OIIpeJleJeHueM
IJIOIIAT MHOTOYTOJIBHON (DUTYPHI.
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X.3. 11; 41. Pemenue. Pemenue 3agaun aHaAJOTMYHO
npumepy 3 u3 §62 yuebHuKa. Pazmenum orpesok [0; 1] ma
n uyacrein. IlpubiamikeHuUss MO HEIOCTATKY M II0 U3OBITKY

4 4 4
byHKIUEM g OyAyT paBHEI S,,=l (lj +[3J ++[§] ,

n n n
4 4 4
1 1 2 -1 1
s, =—| 0+ [—] + [—] + .t [—n ] . Torga S,—s,=—, a Tpebdy-
n n n n n

1
€MO€e YyCJiOBHE€ IIepeIlMChbIBaeTCdA B BHUJ€ HEepaBEHCTBa ;<0,1.

Haumensbiiiee 3HaueHUe n, yIOBJIETBOPAIOIee TaKOMYy Hepa-
BEHCTBY, paBHO 11.

Cayuaii orpeska [—1; 1] TpebyeT Gojiee TOHKMX BBIUHCIIE-
HUH.

Ecnau uwmcio orpeskoB pazbuenusa uétHo (T.e. n= 2k,
ke N), To ogHOI M3 TOUEK pasOumeHus sABJsgeTca uuciao 0.
B sTtom cayuae Kaxkabiii u3 orpeskoB [—1; 0] u [0; 1] pasou-
BaeTca Ha k uacreil, IpUUYEM B CUJIYy NPEIBIAYIIErO cJydas
pasHOCTh, TPUOIUKEHUN IO HEemZOCTaTKy M TOo H30BITKY HAa
KasKJIOM M3 9TUX OTPE3KOB OyAeT OTJIUYaThCA Ha %. Torga

2 4
Sn—sn=z=;.

Ilyets n=2k+ 1, ke N (3mech He PaccCMOTPEH cJayudau
pasbuenus Ha 1 oTpesok). IIpubamkeHUS IO HEAOCTATKY U

2
T 2rR+1

4 4 4
J+...+(—1+ 2k J+(—1+2k+4j+...+14 u

mo u30BITKY (PYHKIUN g OyAyT paBHBI S (-1)*+

2k +1
2 2 ' 2k ' 2k +2 '

+
$0= on41 [_1+2k+1] +"'+[_1+2k+1}+0+[_1+2k+1}+

4
2 2 1
+"'+(1_2k+1j . Torga S"_S”_2k+1[2_(2k+1)4]_

+(_1+ 2k +1 2k +1

4 2 .
=—(2——4j=;—?. Haumenbiiiee uéTHOE 71, YAOBJIETBOPSIO-
4
Imiee HepaBEeHCTBY ;<0,1, paBuHO 42. B TO Ke BpemMda Hamu-
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MeHbIllee HeYETHOe n, YOOBJIETBOPAIOIIIEe HeEepPaBEHCTBY

4 2
- <0,1, paBuo 41.

X.4. 3ameuarnue. 3agavua HOCUT IIPOIIEAEBTUUECCKUI Xapak-
Tep K U3YyUEeHUIO OoIpeaejéHHOro nHTerpaJa (cm. puc. 10.6 ma
c. 183 yuebGHmKa). Perenue 3amaum ObILJIO ObI AHAJOTHUYHO

npumepy 4 ydyeOHUMKA U CBOAUJIOCH OBI K OTBICKAHUWIO IIpe-
i 3r

2.
oo + cos2 o

T

o + cos2 -

+ ...+

T
Jeila cyMmbl R, = %(0032 .

nrm
+ cos2 -
n

B ), ecan Obl PYHKIIUA He IPHHHMAJIA OTPUIATEb-

HBIX 3HAUEHUN HA JAHHOM IIPOMEKYTKEe.

Pemenue. B camom fese, aHaJOTUUYHO HNPUEMY, HCIIOJb-
soBamHoMy B mpuMepe 4 (a panmee B mpumepe 30 raaBwel VI
yueOHUKa 10 KJacca), MOKHO YMHOMUTH KaXKIbIil M3 KOCU-
T
2n
KOCHHYCa B BHUJe IIOJypPas3HOCTU cuHYycOB. Iloayuaem

| . T .
—| sin| ®+ — |—sin—
2n[ ( 2nj 2nj

n . T Toon?
2s1n2n

OTKyJAa WMCKOMBIN IIpefesl paBeH HYJIIO.

HYCOB Ha sin 1n IIpeaCcTaBUTh IIPpOM3BeAE€HME CHHYCa Hn

3ameuanue. DyHKIUA COS2X IPUHUMAaET Ha OTpPe3Ke [0; g}
KaK TOJIOKUTEeJbHBIE, TaK 1 OTPUIlaTeIbHLIe 3HaueHus. Ilo-
9TOMY, MPEXKIe UeM IIYCKATHLCS B BBIUMCJIEHMNS, II0JIE3HO 00-
CYAUTHh C YYAIIUMMUCS, UTO 34 BEJIUYUHY MbI HAHUIEM C IIO-
MOIIbIO TUX BbIumcjeHuii. Takum oOpasomM, MOMKHO €CTECT-
BEHHO MNPUHATHU K HAee CUUTATh ILIOIAAb, HAXOMSAIIYIOCS IO
OoCbI0 alcIicC, OTPUIIATEILHOMN. 3JeCh MOMKHO IPUBECTU IJI-
JIOCTPAINH, IIOKA3bIBAIOIIIE €CTeCTBEHHOCTL TAaKOT'0 OIIpeje-
Jeunsi. Hampumep, ecju COOTBETCTBYIOIASA (PYHKI[UA MJIIIO-
cTpUpyeT OpUOBLIIbL B €IUWHUIYy BPEMEHHU, PasyMHO u300pa-
JKaThb YOBITKM B BUAe OTpHUIlATEIbHON mnpubblaum. B sTom
ciayuae ILIOINAaLb IO IpadMKOM TaKon (PYHKIMK OyJeT pas-
Ha OPUOBLIN 3a COOTBETCTBYIOIINUM MHEepPHOJ BPeMeHM, IPUUEM
B 9TOM CHUTyaIlMy PA3yMHO CUMTATH ILJIONIaAb, HAXOAAIYIOCS
IO OChIO abcIiucc, OTPUIlATEJIbHOI.

X.5, X.6. Takme QPYHKIUU CYIIECTBYIOT. OTO (PYHKIIUH,
noxoxkue Ha (QyHKIuo Hupuxiae. A MMEHHO IIyCThb OJHA U3
pyarnuin — pyurnua Qupuxae D(x), a apyras 3agaércs
0, xe@,

1, x¢Q (ormetuMm, uto f(x) = 1 — D(x)).

ycaosueMm f(x)=
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Torma mnpu BcexX BeIleCTBEHHBIX 3HAUYEHUAX X UMeeM
f(x) - D(x) =0, a f(x) + D(x) = 1. Tem cambIM 9T (GQYHKIUU
YIOBJIETBOPAIOT ycaoBuAM 3amaduy X.5 u X.6.

§ 63. OnpepenéHHbid MHTerpan

ITousTe ompeme/IEHHOTO WHTerpaJia BBOOAUTCA AJA (PYHK-
U, MMEIoINX KOHEUYHOe YMCJI0 TOYeK paspbiBa Ha IpoMe-
JKYTKe MeKAy TIpenesiaMu WHTerpupoBaHuA. [[Jja aToro ompe-
melenure c 1omolnbilo (Qopmyasl HbiooToma—Jleiibuura,
BBeIEHHOE A PYHKI[UII, HeIIPEePhIBHLIX Ha OTpe3Ke, 0000Ia-
eTcd Ha (PYHKIMU, HeIPEpPLIBHbIE HA IIPOMEKYTKEe, a 3aTeM C
IIOMOIIbI0 CYMMHUPOBAHUSA WHTErPAJIOB II0 HPOMEKYTKAM He-
MIPEPBIBHOCTU PACHPOCTpaHAeTcA Ha (PYHKIIMU, UMEIOIne KO-
HEUHOE YMCJI0O TOUEK pasphIBa.

JTa cxeMa MOJYKeT M3JaraTbCs C Pa3HOM CTeleHbIo IMOAPO0-
HOCTH, HO MBI IIOJIaTa€éM METOHOJIOTMYECKHU II0JEe3HBIM O00pHu-
CcoBaTh €€ XOTsA ObI BCKU3HO, ITOCKOJbKY BBEIeHMNEe HOBBIX IIO-
HATUN «OT YACTHOTO K O0OIIeMy» BecbMa PacCIIPOCTPAaHEHO B
HayKe BOoOOIIe.

HecmoTpsa Ha TO uTO Teopema 00 WMHTerpajie ¢ IIepeMeH-
HBIM BepPXHUM IIpEIeJOM B MAaHHOM W3JIOKEHUU SBJISETCSA
IIPOCTBIM CJIEICTBUEM OIIpelesIeHus, MBI IlojlaraeM HeoOXOomu-
MBIM BBIZEJUTH U CPOPMYJIUPOBATH €€ OTAEJbHO B CUJIY TOTO,
YTO €€ MpUMeHeHMe IIO3BOJISAeT perraTh 00JbINo KJace 3aaad.

Bagaun X.7—X.10 mpemHasHadYeHBbI OJA HJJIOCTPAILUN
BBOJAUMOTO IIOHATHUS U He TPeOYIOT HMKAKUX Pa3MBIIIJIEHUH,
KpoMe IIpMMEHEeHUs OIIpeJesieHusA uHTerpasia. HaxomxmeHue
IIepBOOOPA3HBIX B ATUX 3ajJadvaxXx He TpedyeT 3HAUUTEIbHBIX
yecunuii. 3agaun pasanduaTCA KJaccaMW HWHTEeTrpPUPYyeMBbIX
dyurinuii. EcrecTBeHHO B TeueHUe ypoKa PeIIUTh OAWH-IBa
IYHKTa KasKJAOU M3 9THUX 3aJad, 3aJaB OCTaJbHbIE B KaUuecT-
Be JOMAIITHETO 3aJaHuA.

3agaun X.11—X.15 mpemHasHavyeHBI He TOJIBKO OJA IIPHU-
MeHeHUus omnpenesenus u Gopmyabl Heioroma—Jleitbuuiia, Ho
U IJIs aHaJIus3a IpuUMeHumMocTu 3Toir opmysbl (X.12 6), pe-
IIIeHus 3a7adY ¢ IIapaMeTpoM, CBeJeHuA K cucTeMaM W T. II.

3agaun X.16—X.20 Tak:ke oTpabaTbIBalOT HIPUMEHEHUE
ompeneyeHNA, HO HaXOXKIeHNe MePBOOOPA3HBIX B HUX 3aTPYI-
HeHOo. OTHU 3aJayud MOTYT pemraThcsa IIO cxeMe Ipumepa 7
n3 §63 yuebHMKA KaK HaXOMKJIeHHeM IIepBOOOpPasHOM, Tak u
BBIUNCJICHEM ILJIOIAaaN. 3AeCh MCIIOJb3YeTCsA JHU00 MOAXO0I K
HaXOMKJJIEHUI0O NepBOOOPasHON KYyCOUHO-3aJaHHOW (DYHKIUU,
Jub0 TeoMeTpUUYeCKas MHTePIpeTalusa ONpPeAeEHHOTO MHTEer-
pasna. IIpu 5TOM MOJIe3HBIM ABJAETCS PAaBEHCTBO |x| = xsignx.
Hanpumep, ¢ moMoIIbio 9TOTO paBeHCTBA JIETKO MOYKHO IIOJIY-
x| x|

2

YUTH _[|x|dx= + C, He 3aHUMAasCh «CKJIEWBAHWEM» II€PBO-
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00pasHbBIX HA OTAEJNbHBIX YaCTAX O0JIACTH OIpelesIeHNd.
O06o01IIeHIEeM 2TOM (POPMYJIBLI ABJAETCA (hopmyJia

Jx“|x|dx =3 x“Mx|+C.

B sagmauax X.21—X.23, moMuUMO TPYAHOCTEl C HaXOXKIe-
HUeM IIepBo0O0Opas3HBIX (KOTOpBIE IS KYCOUHO-3aJaHHBIX
(GQYHKIINH HaXOOATCA «CKJIEMBAHMEM» HaA OTPe3Kax IT0JA00HO
npumepy 39 us § 68 yuebHUKA), H0OaBIAsAETCS HEOOXOAMMOCTDH
aHajmsa mpuMeHUMOcTu (Gopmyabl Hbioorona—Jleibuuia, a
TaK/Ke YETKOoe IMOHMMAaHNe TOT0, II0 KaKOoU IIepeMeHHO# BeIéeT-
ca uHTerpupoBanue (X.23).

Samaun X.25—X.30 moCBAIMIEHBI PACITIUPEHUIO ITOHATUA
OIIpeNe/IEHHOIrO0 MHTerpaJja M TPeOyIoT HMOHMMAaHKWA TOIO, UTO
Takoe WHTerpaja (QDYHKIMU, HEOPEPBIBHON Ha NPOMEIKYTKE
(X.25, X.26), m mpuMeHeHHs OIIpeJeJieHNs HHTerpaJja IJsa
GYHKIINY ¢ KOHEUYHBIM UYKMCJIOM TOUeK paspbiBa (X.27—X.30).

Pemrenme samau X.31—X.33 m0o3BOJUT ydYaIIUMMCS OCO-
3HATh CBS3b MEXKIYy MOHATUSAMU ONPENeJEHHOTO WMHTerpajga u
TPOU3BOJAHOU ¥ MCIOJB30BATh ATY CBA3b MAJIA OBICTPOTO pelire-
Husa 3amadu. OTMeTHM, YTO OOJBINIAS YACTh OTHUX 3a4aY MOKET
OBITh pellleHa «B J00O», HO Ha TaKoe pellleHre II0TpedyeTrcs
Hen3MepuMoO 0OJIbIIle BPEeMEHU, a BEePOATHOCTh OIIMNOKHU CyIIfe-
CTBEHHO ITOBBLICUTCA.

Oco60 ormeTuM 3amauy X.34, KoTopasd IOKas3bIBaeT, UTO K
IPUMEHEHUI0 TeopeMbl Bappoy HYKHO OTHOCUThHCS BHUMA-
TeabHO. Ecam mepeMeHHas BCTpedaeTcAd He TOJBKO B IpeeJe
UHTEeTPUPOBAHNSA, HO U B HOALIHTErPAJbHON (GDYHKI[UU, ITOJY-
yaeTcsa CJOXKHasg (PYHKIIUS, K KOTOPOil Teopema bBappoy He-
OIpUMeHMMA.

Pemrenuss m ykazaHuA K 3agadam

3 23 51 103
X.7. a) —34. 0) 57+ B) 12. 1) 75. A1) 6 — 4In3. e) ~Jog* YKa-
3anue. Ilone3dHo TpeACcTaBUTL IIOABIHTETDAJBHOE BBIPpAKeHIE
B Buze (x — 1)> — 1, 4To CyIIleCTBEHHO YIPOCTUT BBIUMCJICHUA.

n 1
X.8. a) —g—- 6) 2. B) —0,4.
2 4 6+ 2In7
X.9.a) 1-75.6) 13- B) ~ g

T
X.10. 1
2 a 9 Bl
—33 _ / =2 2| —
X.11. a) a=3°—-1. Pemenmnue. ‘[ x +1dx 3(x+1)
- -1
= é(a + 1)5. 3amaya CBOAUTCA K PeEIIeHNI0 YpaBHEHUS

3 2
2(a+1)?=2, orxysa a=3°-1.
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0) a = 2. YVrkasanue. Amajornuno 3agaue X.11 a), mpuxo-
nuM K ypaBHeHmoo 12 — a? - a=a® — a, orryza a=2.
x= % + 2nk,
X.12. a) 51 ke Z.

x=?+2nk,

4

X
6) x=*e. Pemenue. lmeem J.%= \Ay
2

X2

4

x
=lnt‘ ,=Inx® Torma mcxomHOEe ypaBHE-

x

uHue paér lnx? = 2, orryma x = te.
X.13. Pemenue. 3mech BaXKHO BCEé
BpeMsa IIOMHUTEL, UYTO HHTErpUPOBAHUE

2
BeIETCsA II0 ePEeMeHHOU f: J(Zt— x)zdt=
0

_ -0 _(4-0° (0

- ~102-8x+2x> o 2 *

6 3

o

Wrax, f(x)=2x>-8x+102. Tpagux Puc. 10.]

npexacrasiied Ha pucyHke 10.1.

b
x4

b
X.14. a) % Pemenue. Conoco6 1. .[x3dx=7
1

pt-1
4 b

1
OTKYyZla MCKOMBIN Hpeaesl paBeH
4 _ 2 _
lim 2 ; 1 _ 1y @2+ 21)(b+1) _1
b514(%-1) b1 4b-1)(b2+b+1) 3

Cmioco6 2. JIpyroii moaxojs COCTOUT B TOM, YTOOBI, 0003HA-

b
4UB Jx3dx=f(b), 3aMeTUTh, uro Tak kKak f(1) =0, To
1

lim1 =lim
b—>1 -1 b—1

Terpaj ¢ MepeMeHHBIM BEPXHUM NPEAeJOM, IIO3TOMY €€ Mpo-
U3BOAHAsA pPaBHA MNOALIHTErpaJbHOU (yHKIuu. Tem caMbIM

f/(1) = 1> = 1. Tenepb OCTATOCH 3aMETHUTB, UTO

f(b;:I(l) =f'(1). ®ysxknua f(b) sagaHa KaK HH-

b b
jx3dx J'xgdx

. . 1 1 1

limi— =1lim! -lim — =1-===

b—>1pb°—1 b—>1 b—1 bv-1b°+b+1 3 3
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32

0) —ﬁ. Pemenue. 31ech Tak)Xe BO3MOMKHBI JBa CIIocodDa

peiienusa. IlpuBeném Oojiee MB3AMNIHOE M3 HUX.

2 a
IIycTe f(a)= j%/;dx, ga)= J,/x + 1dx. Torma, mo ompenee-

a 2
Huio mHTerpana f(a) = F(2) — F(a), g(a) = G(a) — G(2), rae
F — mepBooOpasHass (QPyHKIUU Y = {”/;, a G — mepBooOpasHas

byHrnun y=,/x+1. YMHOMXHUB UYHUCJUTE]Ib U 3HAMEHATEJb

HCXOMHOM ApoOu Ha a — 2, mojydyaeM HCXOIHBINA IIpejiesl paB-

upiM lim|F@-F@), a-2 __Fe _ {2 (B mepBOM T1I€e-
a2 -2 G(2) - G(a) G'(2) J2+1

pexone MBI HCIIOJIB30BAJIU OIIPEeJeHre ITPOU3BOIHONM).
4
X.15. a) f(x)= %xz -3 Pemenue. IlpescraBum KBagpa-

THYHY0 QYHKIHIO B Buge f(x) = a(x — b)? + ¢ (upexcraBieHne
B TAaKOM BUJEe OOCTUTAeTCS BBIAEJEHWEM IIOJHOTO KBajJpara).

1
_a-b)?®  ab?®

+ =
3 3 ' €

L _1\3
CnenmoBaTenbHO, Jf(x)dx = [% + cx}
0

0
=§(1 — 3b + 3b?) + ¢. AHAIOrHYHO

2 3
jf(x)dx = 5 (T-9b+3b) +c; jf(x)dx = 5+ (19-15b+3b%) +c.
1 2

Urak, nmeem cucreMy ypaBHEHUM:

L. (1-3b+8b)+e=—1, (1)
& (T-9b+3b)+c=—¢, (2)
2. (19-156+3b%)+c=4. (3)

Boeruutas us ypaBHenus (3) ypaBueHue (2), a u3 ypaBHe-
Husa (2) — ypaBHeHue (1), mosydyaeM cHUCTeMY-CJIeICTBUE:
5(12-6b) =2,
13 KOTOPOIi, pasfejiMB OJHO ypaBHeHNEe Ha
5(6-6b)=1,

aApyroe, mojiyuyaeM %=2, orkyna b=0. Torga a=%, u Ha-

4
KOHeIl, ¢ = —.
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Sameuvarnue. Komeuno, MoXHO ObLIO AelICcTBOBATL, 000O3HA-
YMB CTaHZAPTHBIM 00pPa3oM HEU3BECTHBIE KO03(h(PHUIIMEeHTHI
Tpéxunena f. IIpu sToM mosyuaeTcs cucTemMa TPEX JUHEMHBIX
ypaBHEHUI C TpeMs Hen3BECTHBIMM, TaKiKe pellaeMasi II0CJe-
IOBaTeJIbHBIM BBIUMTAHNEM ypPaBHEHUIA.

1
6) Pemenue. Ilycts f(x) = ax+b. Torma jf(x)dx =
0

2 3
=44 b; [fa)dx=2+b; [f(x)dx =2 +b. Buamo, uro yxa-
1 2

3aHHBIE UYMcCJa 00pasyT apu(PMEeTHUYECKYI0 IIPOTPECCUI0 C
pasHocThi0O a. HeoOXOAUMBIM U MTOCTATOYHBIM YCJIOBHEM TOTO,
YTO TPU YHCJa 00pas3yoT apu@MeTHUYEeCKYI0 HPOTPECCHUIo, SIB-
JdeTcsa TO, YTO CyMMa JIBYX U3
HUX pPaBHA YIBOEHHOMY TPETHEMY. y -
Takum obpasom, A+ C = 2B.
3amewanue. Jlerko BHUIETh,
yTo JI00ble TPHU UwMcjaa, o0pasyio-
mue apuMeTHUYECKYIO Iporpec- A
CHUI0, MOTYT OBITH HHTerpajamMu
JVHENHON (PYHKIMU, YIJIOBOU KO-
ap(puIImeHT KOTOPOI paBeH pas-
HOCTH TIPOTPEcCUm, a CBOOOIHBIN 0
ujieH Jerko Haxomutrcsa. I[o mcko-
MOTO COOTHOIIIEHUSA JIETKO Jora-
JaTbCd, MCIOJIb3yd reomMerpudec- Puc. 10.2
Kue coobpaskenus (puc. 10.2).

X.16. a) 1. 6) ~18. 5) .

r) §+£ Pemenue. Cmoco6 1. J.J2x—x2dx=

8

o (x-1). - (x-1)2
— [ 1= (= 1)z = HRE=D 2 +C (8 mo-

CJIefHEM PaB€HCTBE€ MBI BOCIIOJIB30BaJIMCh PEe3yJIbTaTOM IIPpHU-

mepa 49 raaser 1X).
2
arcsin(x — 1) n (X—l)\/m‘ B
2 2 ‘ =

2

Torza J. 2x — x%dx = %
1
2

DO =

Cmoco6 2. MoKHO BBIUKMCJIUTL STOT K€ HMHTerpaJ u3 Ieo-
MeTPUUYEeCKUX cooOpakeHUN momobHO mnpumepy 8 ma3 §63
yuebHUKAa. VIcKOMBIII MHTerpaJ paBeH ILJIOINaAM 3aKpallleHHOH
Gurypsl, paBHON cyMMe IJoIaZeil NMPAMOYTOJbHOTO Tpey-
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Yy Yy
2-
X
ol 05 1 2 x 0 2 AN
Puc. 10.3 Puc. 10.4

FOJIbHMKA M KPYrOBOI'O CEKTOpa C IeHTPAIbHBIM yrjom 120°
(puc. 10.3).

Qarcsinl
I T3+\/§ Ykasanue. PellleHre aHAJIOTUYHO perlrie-

Huo 3agaun X.16 r), MOCKOIBKY \/6x —x2= \/9 —(x—-3)2

X.17. 3ameuanue. Ilpu pasbope 3amau STOTO HOMepa IIO-
JIe3HO YIIOMSAHYTh, UTO B JajJbHeHIIeM, ITOcJie JOKa3aTeIbCTBa
CBOMCTBA AaAJWUTUBHOCTHU OIIPEJEJEHHOTO WHTErpaJja, MOKHO
OyzeT pelnaTh 3aJauld MHTETPUPOBAHUA KYCOUHO-3aJaHHBIX
GYHKIIUI, CKJIAAbIBAaA MHTErpajbl HAa OTAEJbHBIX YacTAX 00-
JIacTU OIpeAeeHuUsd.

a) 4. Pemrenue. Cooco6 1. Haiimém mepBooOpasHyO IIO-
IBIHTETPAJTBHON (QYHKIIMU. 3aMeTHM, UTO IOALIHTerpabHas

x, x <2,
(pyHKIIUA paBHaA d—x, x>2.

IlosToMy omHa u3 e€é mepBOOOpPa3HBIX OyZeT paBHA

=——4, x<2, 4
Fx)=12, Torza  |min(x; 4 - x)dx = F(4) -
_%’ x> 9. 0

— F(0) =0 — (—4) = 4.

Cmoco6 2. Ykaszanue. OTBeT MOXKeT OBbITH IOJyUYeH K3 I'eo-
MeTPpUUECKUX COOOpaKeHUM KaK ILIOINAAb TPeyroJbHHKa Ha
pucyske 10.4.

6) 3,5. B) >
4 1
X.18. a) E 6) lg—m.
J3 2 -
X.19. a) 7 3 Pemenue. Haliném mepBooOpasHYIO

o T T
MOABIHTETPAJbHON (PYHKIMU Ha OTpe3Ke [_E; E]’ o6o3Ha-

102



YUB MOABIHTETPAJTBHYIO GyHKIIIIO f. ITonyuum

. T
—sinx +cos2x, —<x <0,

f(x) = 6

Torga omHa u3 mepBOOOpPa3-

. T
sinx*cos2x, 0 <x< 5
2 2 b
gcos3x —cosx+3, —g <x<0,
HBIX Oyner paBHa F(x)=1", s . OTKY-
—3C0s" X +cosx, 0 <x< 3

la MCKOMBIN MHTerpajJ paBeH

oo 883

3 4

3+m
5 -

B) 40\/5. Pemenue. [Ina ynpolineHnsa BBIYNCIEHUI, UTO-

ObI He «CKJeWBaThb» IIepBOOOPa3HYI0 B ABaAIlaTH TOUYKAaX,
MOJKHO BOCIIOJIB30BATHCA I'€OMETPUUYECKUM CMBICJIOM HHTerpa-
Ja, 3aMeTuB, YTO MCKOMBIN UWHTerpaJl paBeH CcyMMapHOU

0)

IJIOIIAAY IIOJ OBALIATHI0O apKaMH CHUHYCOUIBI y=\/§cosx.
(puc. 10.5). Ilmomianbs mTOA OXHOW TaAKOM apKoOW paBHA

3

2 3n
\/5-[ cosxdx = /2sin x| cosx = 2v/2.
T 2
2

Yy
V2
0| E 3'n ;C
2 9 Puc. 10.5

r) 20\/5. YraszaHue. PellleHre aHAJIOTUYHO PeEIIeHUIO 3aja-
yn X.19 B).

X.20. a) V2 +3. 6) 0,5.

X.21.a) Y2 —1. Pemenue. TunuuHoe pelleHne, KOTOPOe
MPEIbABIAIOT IIKOJbHUKN, COCTOUT B CJIEAYIOIIEM:

2x ‘2x 1 1 x x 2
J. dt 9 = 1 = - ’ —%J.tdt = —itz = 1 —496
-2 t-2| = 22-2 x+2 ) )
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HpI/IpaBHHEM IIOJIYy4€HHBbI€ BbIpaXeHusd u, n30aBUBIINCH

OT 3HaMeHarelel, MoJyYuM ypaBHeHme x* + x% — 3x% — Tx +
+ 2 = 0. 910 ypaBHeHUe UMeeT KopeHb x = 2. Ilocie menenus

JIeBOM YacTM ypaBHEHHs Ha X — 2 mosydaeM x° + 3x2 + 3x —
— 1 = 0. Bro ypaBHeHHe mpuBoAUTCA K BuAy (x + 1)> = 2, or-
Kyoa x = %/E -1.

OpHaxko BasKHO 3aMETUTh, YTO €CJU B HPOMEKYTOK WUH-

1 ..
TEerpupPoOBaHUSA QPYHKIIUU Y = morazaeT eé TOUKa pasphl-
(t

_2)2

Ba =2, TO COOTBETCTBYIOIIETO0 HHTEIrpaJjia He CYIIEeCTBYET.
Touka x =2 He ABAsAeTCA OTBETOM, HOCKOJBLKY t= 2 comep-
JKUTCA B oTpe3ke [—2; 4]. A BOT TouKa x=§/§—1 OTBETOM

ABJIAeTCA, TaKk Kak 1 — 32 < 2, u 2(?/5 -1)<2.

6) x=0. Pemenue. 3n1ech, Kak W B IIpeAbIayIleil 3ama-
ye, aHAJOTHMYHAS CHUTyaIlls C IIPOBEPKON MNPUHAIIEKHOCTU
TOUKHK pPas3pbiBa MOALIHTEIPAJbHON (PYHKIUK IIPOMEXKYTKY
HNHTErpupoOBaHUA. ¥ paBHEHNE CBOIUTCA K CJIEAYIOIIeMY:

tg2x — tgx = sinx sinx =0,
- = sinx, OoTKyza
g g ’ YA cosx-cos2x =1,
cjemoBaTeJabHO, X =Tk, ke Z.
ITpu Bcex HaMIeHHBIX 3HAUEHUAX X, KPpOMe HYJs, B IPO-
T
MEXXYTKe MEeXAy X U 2x OymeT TOUKa BUIA §+nn, ne Z.

X.22. Pemenue. IIpu x < 2 Ha IPOMEXKYTKE UHTEIPUPO-
BaHNA IOALIHTerpaibHasd (PYHKIUS TOKIECTBEHHO paBHa 2.
CrnenmoBarenbHO, ipu x < 2 y = 2x — 2.

IIpu x > 2 mepBooOpasHas MOABIHTErpaJbHON (MYHKIIUU

2t -4, t<2,
PaBHA | 5 o, .o & TOTAR
y=x>"—-2x—-(2-1-4)=x>—-2x+2.
2x — 2, x <2,
Uraxk, yz{x2—2x+2, > I'padpur npencraBieH Ha

pucyske 10.6.
X.23. a) Ecau t < 0, To ma mpome:kyTke [0; 1] momwiuTer-
panbHas (QYHKIUA paBHa x> — 2¢x, a TOraa

3 1
F(t) = (x— - txz)

3

Ecau t > 0,5, To Ha nmpome:xkyTke [0; 1] mogbiHTEerpaabHasd

1

1
=t— 5
0

1
—3 ¢
0

3
dyHKIua paBHa 2tx — x°, oTKRyza F(t) = (tx2 - %)
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0/2x 0 x
-2 0 X

/

Puc. 10.6 Puc. 10.7 Puc. 10.8

Ecau 0 < ¢ < 0,5, To moabIHTerpaJbHadA (PYHKIMUA paBHA

3 3
8t
tx?- -2 0<x<2t,

3 37 8t?

1
o3 a Torma F(t)—?—t-i-g.

3 tx? 2t<x<1,

I'padur ¢pyuxmuu mpencraBiaeH Ha pucyuke 10.7.

0) BameuwaHue. PeiaTe 3ajadyy MOKHO aHAJOTHMYHO 3aja-
ye X.23 a), a MOKHO YIPOCTUTH pellleHue, ecJu IIOHNMATh,
YTO B IIPOIlecCe MHTETPUPOBAHUSA X SBJISETCA KOHCTAHTOI.

Pemenue. comonb3ys crejlaHHOe 3aMeduaHUe O IIEPBO0O-
pasHoOl MOAyJsd, IOJIydaeM, UTO IIepBOOOpasHAas HOILIHTETr-
(2t — x)|2t — x|

panbHOW GQyHKIUU paBHa G(t)=x 1 ,

a Torga

@t-x2t—x|'  w@-02-x x4
O e e e
npezncrasied Ha pucyake 10.8.

X.24. a) 0. Pemenue. [leficTBUTESBHO, JIIO0ASd HUMKHAA
cymma Jap6y maa ¢pyuxmun x°R(x) paBHa HyI10. IIOCKOIBKY
0 < x2 < 1 mHa orpeske [-1; 1], m06as Bepxuaa cymma Jap-
6y pyurmuu x2R(x) He IPEBOCXOAUT BepxHeil cyMMbl IlapOy
dyuxknuu Pumana. IlosTomy, KoJb CKOpo ajaA Jio6oro € > 0
CyIIecTByeT pasOuenme, BepxHAA cymMma [lapOy amaa KOTOpo-
ro MeHbIIle €, TeM 0oJiee OJIs DTOTO Ke pas0ueHusa BepXHASA
cymma Jap6y dyurmum x2R(x) 6ymzeT MeHbIIe €.

6) He cymectByer. Pemenue. Iloasiarerpaabuyio GyHK-

I'papur QyHKIUN

1
1-=, x=2,
M0 MOJYKHO ommcaTh Kak F(x)= q ¢  Torma B Ja10-
0, x¢ Q.

0oii paruoOHAJBLHON TOUKe, He SABJSIONIIENCa IeJbIM YICJIOM,
uMeeT MecTo HepaBeHCTBO F(x) > 0,5.

Bosbmém mpousBoabHOe pasbueHue orpeska [0; 1] Ha Ko-
HEUYHOe YHMCJIO TPOMEKYTKOB. Torza Ha Ji000M IIPOMEKYTKE
pasbuenusa maxkcumMyM (QyHKIIUM OymeT He meHbIne 0,5, a 1mo-
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ToMy J00asg BepxHAA cymma [lapby ¢dyHKumum F Oymer He
menbIitie 0,5. B To Ke Bpemsa jaiobad HMMKHAA cymma JlapOy
paBHA HYJI0. A 3HAUUT, MHTEPECYIOIUI HAC MHTErpaj He Cy-
II[eCTBYET.

X.25. a) %. Yrkazanue. Pentenue aHajJormuHo mpumMmepy 9
u3 §63 yuebHHUKA.

1
6) He cymiecrtsyer. Pemenue. I%C:lnl—lne:—lne.
€

1
. dx
Torma 111% 7=+OO. HVickoMmoro mHTerpaJjia He CYIIECTBYeT.
€—

2

2
B) !dfi:Z\/E. Pemenue. £%=2\/§—2\Eo Torga
2
. dx
lim [ 7 =22

X.26. CymrtectByeT npu a > —1. Peme Hue. 3ameTum, 4TO
1

Sa+1

(cayuait a=-1
+1
paccmorper B 3amaue X.25 0). IIpum sTOM MOKHO CUMTATh
€> 0, B COOTBETCTBHHU C 3aMeuaHmeM 00 00JiacTHU oOIIpeneJse-
HUS CTEHNEeHHON (PYHKIMK C NPOU3BOJLHBIM IIOKa3aTeJeM.

opu a # —1 BBIIOJHEHO Jx“dx =1-
€

Torma mpu a > —1 BBIDOJHEHO lim(l—%&‘““]=1, a mnpwu
a

e—0

a < —1 mpenmena He cyigecTtByer. Takum oOpasom, HHTerpaJ
1

Jx"dx cyiecTByer mpu a > —1.

€

X.27. a) Pemenune. [logpiaTerpajabHasd GYHKIUA HUMeEET
paspeiB B Touke X =0. B cooTrBeTcTBMU C ompeneseHUMEM WH-
Terpaja AJd TaKoU (PYHKIUU IIOJIydYaeM

5 0 5
_[ x%signxdx = f x%signxdx + fxzsignxdx =
-3 -3 0

0 5
- J.—xzdx+-[x2dx=—9+ %= %
-3 0

0) sin3 — sinl. Vka3aHue. PemnieHne aHAJIOTUYHO PEITEHUIO
samaun X.27 a).

2

X.28. a) 5. 6) —4. B) —o-.
10
X.29. 2.
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o 1 : 0 1 vz 3 2%
Puc. 10.9 Puc. 10.10

3

1
X.30. a) 17 — log,(315). Pemenue. j[zx]dx=j1dx+
0
logy3 loggb logy6 logo7

+ j2dx+ j3dx+ j4dx+ j5dx+ jﬁdx+ j7dx.

logy3 2 logsb log 6 logo7
FpaQ)HK HOI[I:IHTeI"paJII:HOfI Q)YHHI_II/II/I HpI/IBe,lIéH Ha PHUCYH-
ke 10.9.

0) \/§+\/_—§. I'padpur moxppiHTEerpanbHOU (GYHKIIIU

npexacrasiiedn Ha pucyHke 10.10.

X.31. a) 1+ x2

0) Pemenue. Ilycts G(x) — mepBooOpasHada (PYHKIIUU
J1+ x? (3HaThL ABHBLIH BUJ 5TOH IepBOOOPa3HON He 00A3a-

1
TeabHo). Tak Kax mo ompeneseHMI0 HHTerpaja J.,/1+t2dt=

=G(1) - G(x), To F'(x)=(G(1)— G(x)) =—-G'(x)=—1+ x2

x+1

B) Pemenmne. _[ 1+t2dt=G(t+1)—-G(1). Ilostomy
1

Fx)=G(x+1)=Gx+1) (x+1)y=1+(x+1)% r) Peme-
Hue. F’(x)=\/1+(x+1)2—\/1+x2. 1) Pemenune. F'(x) =
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=2x/1+ x*. e) Pemenue. ITockonbky F(x)= G(x* — G(x?,
To F'(x)= 3x2\/1 + x6 — 2x\/1 + x4,

s ay et et 1 et
.32, a) 3 5 ) 3 5 5 )

- -4
B) y=2e_4(x—2)+%—%. Pemenune. 3amerum, UTO

g'(2) = 2¢™*, 1. e. g'(2) PaBHO 3HAUEHUIO HOABIHTETPAILHOM
dyuknuu B Touke X, = 2. BocmosbdyeMca ypaBHeHUEM Kaca-

TeJIbHOM M pe3yJjbTaToM 3amaum X.32 a). Ilomxyuwmm

-1 -4

=2 Hx — e e

y=2e (x—2)+ 3 5
X.33. y=-x-3 -+ n+ 4nk; y=—x+§+4nk+¥—3;
y=—x+5—;+4nk—¥—3, ke Z. Pemenue. Yrobel Kaca-

TeJibHasd Oblja IIapaJijiejibHa MTAaHHOW HOPAMOM, HEoOXOIMMO,
yTOOBI €€ yriIoBoi Koa(hduIiimenT ObLT paBeH —1. B cBoio oue-
penb, yrjioBoW KOa((PUIIMEHT KacaTeJbHON — 3TO IIPOU3BOI-
Has JaHHON (GYHKIIMMU B TOUKe KacaHusA. A IIpoumsBOAHASA IaH-
HOII (PYHKIIMU — 9TO MHOALIHTerpajbHasd (PyHKIUSA. 3HAUYUT,
IJIs HAXOMKOAEeH!s a0CIMCChI TOUKM KacaHWSA IIOJydyaeM ypas-
mernue 2sin®x — 3sinx = —1.
Pemus sTO ypaBHEeHHe, IIOJIydyaeM

xe{%—ank; %+2nk; 5?n—k21tk: keZ}.

s cocraBjeHMA ypaBHEHUS KacaTeJbHOU HEOOXOIMMO
3HaTh 3HaAUeHWe (PYHKIMU B TOUKe KacaHusa. IlosTomy mpu-
OETCA MOJYUYUTh SABHOE BBIpAKeHNe OJad PYHKIuU f, a MMeH-

1.
HO f(x)=x+3cosx —sin2x—3. Torza cCOOTBETCTBYIOIINE Ka-

2
caTeJlbHbIe MMEIOT TaKHe yYpaBHEHUA: y=—x —3 + T + 47k,
y=—x+§+4nk+¥—3, y=—x+f’3—“+4nk—¥—3, ke Z.

Bunzo, uTo HM OfHA W3 MOJYYEHHBIX HPSIMBIX HE COBIIAaeT
¢ mpaAMOU Yy = —x + 5, IO3TOMY COBOKYIIHOCTh IIOJIyUYEHHBIX
ypaBHeHU# oOpasyeT OTBeT.

X.34. 4. Pemenue. F(x) = (t* — 2xt* + 3xt)\z — —x3+3x2

Torza F'(x) = —3x? + 6x. WTaK, IpOMSBOLHAS IPU IIOJOMKU-
TEeJIbBHBIX 3HAQUEHUAX X e,ZIPIHCTBeHHI:IfI pa3 MeHsdAeT 3HAK C «+»
Ha «—» IpU X =2, MO9TOMY B TOYKe X = 2 JOCTHUraeTCs Hau-
Gosibiliee 3HaueHUe (PYHKIMU, paBHOE 4.
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3amevanue. O6paTuTe BHUMAaHNE, UTO IPOU3BOAHAA (PYHK-
nuu F He COBIIaJlaeT C IOABIHTETPAJbHON (PpyHKI[HEl, B KOTO-
Pyio BMecTO t MmOACTaBJEH X. JTO CBA3aHO C TeM, YTO X HUMe-
eTcs He TOJHBKO B BEePXHEM Ipelesie MHTerpupoOBaHWs, HO U B
3alUCHU IIOABIHTErpaibHON (QyHKIUU. IlosToOMy B JaHHOM CJIy-
yae TeopeMy Bappoy IpUMeHATh HEJIb3d.

§ 64. CeoicTea onpepenéHHOro MHTerpasna

B maparpade paccmaTpuBaioTCsS CBOMCTBA, CBA3aHHBIE C
apuMeTUIYEeCKUMU TeNCTBUAMM, CBOWCTBA, CBA3AaHHBLIE C He-
paBeHCTBAMU, W OTAEJIBHO BBIJEIAEMOE CBOWCTBO MOJICTAHOB-
KM, KOTOPOE MO3BOJISIEeT BBIUUCJIATL OMNpeaeéHHbIe WHTerpa-
JbI, He BO3Bpalladch K MCXOTHOU IIepeMeHHO.

CunTaeM, UTO B KJacce CO cpeAHell yCIIeBaeMOCTBbIO 1 MO-
THUBAI[EeNl MOKHO OTPAaHUUYUTHCS MAOKa3aTeILCTBOM CBOMCTB
IJIs HeIPepPbIBHBIX IIOABIHTErPAJbHBIX (PDYHKIUHA, IPUHAB UX
6e3 mokasaTesbCcTBa OJA (GYHKIMIT, MMEIOIIUX KOHeUHOe YuC-
JIO TOueK paspbIBa. [lokaszaTesibcTBa B 9TOU CUTyaIlUM dJIeMEH-
TapHBLI U CBOAATCS K MaHUIYJAIIUAM ¢ opmyioir HbroTrona—
JletibuuIA.

s Gojiee CHJIBHBIX YUAIIUXCSA MOKHO 3aJaTh CAMOCTOS-
TeJIbHO pasobpaTh MOKA3aTeJbCTBO OCTAJBHBIX CBOUCTB (KPO-
Me cBoMcTBa 1, TOKA3aHHOTO B TeKCTe) IJd (PYHKIUIl, MMeIo-
X KOHEYHOe YICJIO TOUeK pasphIBa.

IlonesHBIMU TpPU peIlleHuMn 3agad SIABJIAIOTCI ChOPMYJIHPO-
BaHHBIe B MyHKTe 3 yueOHMKA CBOMCTBA MHTerpajga UYETHBIX U
HEUYETHBHIX (PYHKIIUHN 110 CUMMETPUYHOMY OTHOCUTEJIHHO HYJISA
IIPOMEXKYTKY, a TaKiyKe CBOICTBA HMHTerpajga IIepUOIUYEecKOil
dyurmnuu. [IpuBenéuubie B yueOHUKe IPUMepPhl IMOKa3bIBAIOT,
KaK HMCHOO0JIb30BaTh 3TU CBOMCTBA IIPU PEIEeHUUW 3ajad.

3amaum K sToMy maparpa@y B COOTBETCTBUU C HAEOJIOTU-
eii aBTOPOB WUJLIIOCTPUPYIOT ITOJIOMKEHUSA TEOPUU U OCOOEeHHOC-
T UX IPUMEHeHUd.

MooxkHO oOpaTuTh BHUMaHMUe Ha 3agaun X.43—X.45, B Ko-
TOPBIX HCIIOJb30BaHA TexXHMKa aud@epeHIIMPOBaHUA (PYHK-
1, 3aIMCAHHBIX C MIOMOINBI0O HMHTerpajia ¢ IepeMeHHbIM
BEePXHUM IIpeAesioM, oTpaboTaHHaAA IIPU pPelieHuu 3aja-
yn X.31.

OOpartaeM Tak:ke BHHMAaHIE Ha TO, YTO MOACTAHOBKHU B
OIIpe[e;IEHHOM WHTEerpaje ymAoOHO 3aluchbiBATh B OJHOM U3
IBYX BUAOB: x = @(t) unau y = f(x). B mocieguem ciyuae Teo-
peMa o TOACTAHOBKE B OIPENEeIEHHOM WHTerpajie UUTAeTCs

f(®) b
cIpaBa HaJIeBO: Ig(y)dy=Jg(f(x))g’(x)dx, IOSTOMY €CTeCT-
f(@) a
BEHHO, UTO TaKas IIOJICTAHOBKA TaK:Ke MMeeT IIpaBO Ha WC-
IMoJIb30BaHMe. BbhIOOP TeX MJIM MHBIX HOACTAHOBOK TUKTYETCS
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coobOpaskenusMu ymnobctBa. B permenuu sagauu X.46 a) mpo-
IeMOHCTPUPOBAHO MCIIOJb30BAHUME ITOJACTAHOBOK O0OMX THUIIOB.

CTouT TaKKe 3a0CTPUTh BHUMAaHHWE yUalllUXCsa Ha TOM,
YTO TIPeJes;ibl MHTEeTPUPOBAHUA IIOCJTE IIOJCTAHOBKHU MTOJISKHBI
COOTBETCTBOBATHL TEM, KOTOpbIe OBIJIU A0 MOACTAaHOBKMH.
B mpumepe 20 us § 64 yue6GHUKA MPU TMOACTAHOBKE X = —t IIO-
ayumnicsa umHTerpayg or 1 7o O B COOTBETCTBUHM C T€M, BO UTO
Imepeliu Ipefesibl WHTErPUPOBAHUA MCXOJAHOTO HHTerpaja
mocJye moxcraHoBKu. COOTBETCTBYIOIlee M3MeHEHUE IIPEIEeIOB
HNHTErPUPOBAHUA OCOOEHHO SIPKO 3aMeTHO B 3amauax X.46 B),

Ob6paTuM BHHUMAaHHE, 4TO B 3amavyax X.48—X.50 ucmoib-
30BaHUE CBOIWCTB ONpEAeJEHHOTO HMHTerpaJia Heob6XoauMo,
IIOCKOJIBKY COOTBETCTBYIOIIME II€PBOOOpPa3HBIE HE BLIPAXKAIOT-
cd B ABHOM BHe Uepe3 sJieMeHTapHble (YHKIIUU.

Pemtenusa u YKa3aHudA K 3agavyaM

X.35. a) " — 1. Pemenmune. Ilo cBoiicTBy 1 ompenenéHHo-
ro MHTEerpaja, CBA3aHHOMY C apu(pMeTHUYeCKUMU AeNCTBUIMU,
3amUIIeM:

Y T K I
Iexsin2xdx + Icoszxdx = j(exsingx + e*cos’x)dx = Iexdx =e"—1
0 0 0 0
3amevarHue. OTMEeTUM, UTO HETIOCPEICTBEHHOE BBIUUCJIECHUE
IBYX OAHHBIX HMHTETPajioB BO3MOYKHO, HO JOCTAaTOYHO TI'PO-

MO3IKO.
6) 2 + 2In3.

T

. .
sinx d3c<'|‘Sln dx. Pemenmue. J.wdx=
X X
0

X.36. a)

O v A

S1nxder.[Smx x. Bropoe ciaraemoe 6ymeT IIOJIOKUTEIh-
X

O'—.Nlﬁ

2

HBIM KaK HMHTerpaJ HeOTPHUIlaTeJIbHON HeIpepbIBHON (QYyHK-
UM, He PABHOM TOXKIECTBEHHO HyJHo Ha TPOMEKYTKEe WHTEer-

3
pupoBanus. IlosTomy Jsmx J. sinx
0

r

Y
0) ijgcosxdx>J2xgcosxdx Yrasanue. Pemienue amajo-
0
TUYHO pelreHuio 3amaum X.36 a) ¢ TOW pasHUIEH, UTO «JIHUII-
Hee» cjlaraeMoe OyAeT OTPHUIlATEIbHBIM.
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3amevanue. Ob6paTuM BHUMAaHINE, UTO WHTErPAJbl B 3aa-
Hun X.36 He BBIUUCISIOTCA B SIBHOM BHJE.
n T
4 2
X.37. a) sz cosx<'[2xcosx. Pemenue. 3ameruM, 4YTO
0 0

Ha OTpe3Ke [0; %] BBIIIOJHEHO HEPABEHCTBO X2 < X, OTKYAA

2 .
2% < 2% a ¢ yuéTOM MOJOMKUTEIHLHOCTH (MYHKIIUUA I = COSX
2

Ha 3TOM IIPOMEXKYyTKe moayumm 2% cosx < 2*cosx, oTKyIa
1 b

2
_[2" cosx < _[Zxcos x. 3amevarHue. Bo BTopoM uspaHuu yuyeOHU-

T
Ka OyZeT mMcIIpaBjieHa BEepPXHsAA IPAHUIla WHTEIPUPOBAHUA HA 1

6) Jd—x Idx Pemenne. Tak Kax Ha orpeske [1; 2]
11/1+x 1 X
1 1
BBITIOJIHEHO |1+ x% > [x? =|x|=x, To ——— <=, a cuenosa-
’ «/1+x2 ’

x

dx
TeJIBbHO, U J J‘
’ 4/1 +x2

X.38. a) Pemenue. 3amerum, uto Ha orpesdke [0; 1] BbI-

1 < 1
= X

\/5 J1+x
paBeHCTBa 00OpAaIlalOTCA B CTPOTHE B HEKOTOPBHIX TOYKAX OT-
pesxa. Tor,ua Ha orpeske [0; 1] BBIDOJIHEHO HEPaBEHCTBO

RN

C y‘{eTOM TOTO, 4YTO obe uwacTu AJAHHOI'O HepaBEeHCTBa CTaHO-
BATCA CTPOTMMM B HEKOTOPBIX TOUKAaAX OTPEBRa, ImojgygyaeM

IIOJTHEHO HepPaBeHCTBO <1, mpuuém obe yacTu He-

< x°. TIo TeopeMe 06 MHTerpUpPOBAHUY HEPABEHCTB

1
10 1

jfd’“w 02

1
dx <_[x9dx. W3 Toro uro

1
9 9
x x
[ < |
s 2 o J1+x
u J.x"dx = %, ciaenyer TpebyemMoe HepaBEHCTBO.

1
9
3ameyarue. Boruucianurnb J. ad
0,/1+x
HO (pasyiokuB x° Mo cremeHsM Xx + 1), HO 9TO BBIUHMCJIEHUE HE
o0JIeruuT JO0KasaTeJbCTBA HepaBEeHCTBA.

dx MOXXHO HEIIOCPEJICTBEH-
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6) Vkaszanue. PellleHue aHAJOTMYHO pEIIEHUIO 3am1a-
ypn X.36 a) u CBOAUTCA K HHTEIPUPOBAHNIO HepaBeHCTBAa

inx 1
0<&<;, BEPHOTO Ha OTpe3Ke E; %}

X.39. 0. Pemenue. Ha orpeske [0; 1] BBITTOSTHEHO Hepa-

n
X
BEHCTBO 0<m< x". IIo Teopeme 00 MHTErpupOBAHUU Hepa-

1

. A Torga IIO Teopeme

n+1
0

O CJKATOHl IIOCJIemOBaTEeJbHOCTH MCKOMBIN IIpeles paBeH HYJIIO.
3amevaHue. 3amadya CIYKUT JOTUUYECKUM TIPOAOJIKEHUEM

n
X
samaun X.38 a). Kpome TOro, BHEIUMCIUTH I1+x

0
n

HemlocpencTBeHHO. [[Jd 3TOro, BBIAEJIUB B APOOU IeJIYIO

X
x+1

x" _ .n-1_ n-2 _1yn-1 n" _
9acTh, MONYYUM —— 5 =X x"T+ D)+ ~+1° OTKY

1
xn _1_L _ n—1 _ n _
Aa '([1+xdx—; —+..+t(-1)""+(-1)"In2. Taxum oGpa

30M, JOKa3aHHOe HaMU YTBEDPXKIEHHEe MOYKHO CchOopMyJnpo-
BaTh Tak (pasfeiuB BhIpaKeHHUe Ijsa uHTerpana Ha (—1)"):

G D G Vi

lim | —— +..+(-1) |=—-1n2.

n_s 0 n “n-1

X.40. 2. Pemenue. Tak xax mpu t >0 BBIDOJHEHO He-

2
pasenctBO t —— <In(l+¢) <t (cpaBHure c 3amaueit 1X.258 B),
11
-, OTKyJZla (— - —)dx <
£)< -2

dx, T.e. 2/n—-2-1nn< Jln(1+—)dx
1

_|_

TO

RIF—‘

< ln[l

jln(l + —]dx

<2Jn —2. Takum 06pasoM, HOIYUUM

x
1
1 17 1 1
Liom-2-Inn<-L Lax <L @dn-2).
(22~ 1nn) ﬁl‘ln(1+\/;)dx @V -2)
TTocKOMbKY lim%(Z\/ﬁ—Z—lnn)=2 u lim%(Z\/ﬁ —2)=2
TO II0 Teopeme (o] cxKaTou II0CJIea0oBaTeJIbHOCTHU

.17 1 _
ll_}r{)lo n!ln(1+\/;jdx—2.
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X.41. Pemenmue. CupaBemau- y
BOCTHL HepaBeHCTBa CJEeNyeT U3 COOT- B
HOIIIEHUA MeXKJy ILJIOIAaAbio Tparme-
nuuu CDAE (AE — KacaTeabHasa K
rpadpurky GQyHKIuum f B TOuKe A),
IIpeAcTaBJAOIIell co00H JIeBYIO UYacTh
HEePaBeHCTBA, ILIOIIAALI0 IOoM Ipadu-

b

KOM (QYHKIUU [, paBHOIL Jf(x)dx,

a

u 1mromianpio tpamnenuun ABCD, mpen-
cTaBJAOIEN co00il MpaByio YacTb He-
paBenctBa (pumc. 10.11). E

X.42. Pemenue. Ilycts B HeEko-
TOPOH# TOUYKe X, BBIIOJIHEHO HepaBeH-
crBOo f(x,) < 0. Torma mo cmoiicTBYy 2
GYHKIIUU, HEOPepbIBHONW B TOUKe
(c. 30 yuebHMKA) B HEKOTOPOIl OKpe-
crHocTu (0; PB) Toukm Xx,, PYHKIUA

0l D c \ x

Puc. 10.11

B
oymer orpuiiareabHoi. Torma u J f(x)dx <0, BompeKu yCJIOBUIO.
o

X.43. Pemenue. Paccmorpum ¢yarnuio G(x) =

X X
= xJ' f()dt — jtf(t)dt U JOKaXeM, UTO OHa HeoTpUIlaTesJbHa IIPHU
0 0

x 2 0 (yTBep:KIeHNEe, PABHOCUJIbHOE YTBEP:KIACHUIO 3a/Iaum).

HelicTBUTEIBHO, G'(x)= -Tf(t)dt + xf(x) — xf(x) = Tf(t)dt
0 0

(mepBBIe OBa cjiaraeMble — pe3yabTaT aud@epeHInpPoBaHNA
Mpous3BedeHnsI). 3aMeTHUM, YTO TAaK Kak (GYyHKIUA [ IIOJIOMKU-
x

TenbHa mpu x > 0, TO 1 j f(t)dt > 0. Takum obpasom, G'(x) > 0
0

npu x> 0, a Torma G(x) > G(0) pu x> 0. JIna oKoHUAHUS
IOoKasaTeJbCTBa OCTAJoCh 3aMeTUTh, uTo G(0) = 0.

TaxuMm ob6pasoM, AOKasaHO 6oJiee CHJIBHOE YyTBep:KIeHUe
0 ToM, uTO (QpyuHKIuaA G mososKuTesabHa mpu x > 0.

X.44. Pemenue. Bo3pMéM TPOM3BONHYIO (MYHKIUU @ U
TOKaKeM, UTO ITPOM3BOAHAS OyIeT MOJIOXKUTeJ bHOUN mpu x > 0.

xf(x) - [f(1)dt = f(z) - [efe)dt f(x)[x i@ - | tf(t)dt]
0 0 0 0

(%)= =

[Tf(t)dt] [T f(t)dt]
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ITocnenusis mpoOb MoJOXKUTENAbHA TIpu X > 0, TaK Kak II0JIO-

2
JKUTEJNbHBI BhIpasKeHus f(x), (If(t)dt] ux: _[f(t)dt —th(t)dt
0 0

0

(II0JIOKUTEIBHOCTD IIOCJIeAHETO BBRIpDAKeHUA JOKasaHa B 3aja-
qe X.43).

X.45. Pemenue. [[eficTBUTEIbHO, PACCMOTPUM (PYHKITUIO

xf(x) — [ f($)dz

G'(x)= xg u mokaxkem, uto G'(x) > 0 mpu x> O.

A A 9TOro AOCTATOYHO IIOKasaTh, uTO Xf(x)— If(t)dt > 0.
0

Pacemorpum ¢pyurmuio F(x)= xf(x)— _[f(t)dt. Brruucaum

0
npoms3BomHYI0 9Tol (QyHKIuu: F'(x) = f(x) + xf'(x) — f(x) =
= xf'(x). Tak xax 1o ycioBuUi0 (QYyHKIIUS [ BOo3pacTaeT IIpHU
x> 0, To mpu x > 0 mpousBegeHue xf'(x) MOJOKUTEJIBHO, 3HA-

ynt, pyHKnus F Bosdpacraer Ha [0; +o0). Tak rax F(0) = 0,
To F(x) > 0 mpu x> 0. Takum obpasom, ZOKa3aHO, UTO

xf(x) - [f(t)dt > 0.
0

X.46. a) —é. Pemenue. Cooco6 1. C momoIrpo mozacra-

. T
HOBKH X = Sint ojd —y <t <0 momyuaem

0

0 0 3
) ¢
Jx 1-x%dx = j cos’tsintdt = —CO;

Cnoocob6 2. Bocronb3dyemcsa ImMOACTAHOBKOM y = 1— x2. Torma

0 1 3!
dy =—-2xdx, oTkyma Jx‘ll_xzdxzj.\/y'(—d—zyj=—%y2
) o

n 3’

1
5

0

6) 2-— \/5 Pemenue. Bocmonb3yeMmMcsa IIOACTAHOBKOM
y=1+ x?, momyuum
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17 11J3

480 160 °

%. IIpomsBoguas

paBHa 0 B Touke x =1, B KOTOPO OHa MEHSET 3HAK C «—» Ha

«+», IIOATOMY B 9TOH TOUKe (PYHKIIMSA MMeeT MUHHIMYM, KOTO-

PBIii, OyAyYM eSUHCTBEHHBLIM SKCTPEeMYyMOM Ha 00JIacTU OIIpe-

IeJIeHusI, SABJSeTCA W HaUMEHBIINM 3HaueHueM (GYHKI[UN.
HWrak, HauMeHbIllee 3HAaUYeHHE (PYHKIUU — 3TO

X.47. —g. Pemenue. F'(x)=arctgx —

1 1 1
F(1)= J(arctgx - %)dx = j arctgxdx — J. %dx.
-1 -1 -1

IlepBoe ciaraemoe paBuHo 0 Kak MHTeTrpaJ HEUYETHOU (DYyHK-

U TI0 TIPOMEXKYTKY, CUMMeTpuuHoMmy oTHocuTeabHo 0. Ta-

KuM obpasom, F(1)= —g.

X.48. y = 22"l(x — 1). Pemenue. Cxema permeHus HAIO-
mMuHaeT peirnenue 3amady X.32 m X.33. Ho, B oraimume ot ymo-
MAHYTBIX 3a/lay, MHTerpajJ He BbIpaskaeTcs uepes sjaeMeHTap-
Hble (pyHKnuu. Oxaako F(1) = 0 Kak mHTerpaj OT HEUYETHOI
GYHKIIUK II0 IPOMEKYTKY, CUMMETPUUYHOMY OTHOCUTEIHLHO

2
Hyasa. Tak kaxk F'(1) = 2%, ro mckomoe ypaBHEHHe Kaca-
TeJIHHOI BalMChIBAeTCA Kak y = 2'¢ Yx - 1).

n_t,

X.49. Pemienue. BocrosibdyeMcA IOACTAHOBKOU X = 3

r x

2 . 9 sin(E - t) 2
Oy UM JeSIdex = Je 2 )(-Ddt = Ie“"“dt (BHAK «—» mcues
0 T 0

2
B pe3yJbTaTe IIepeMeHbl MeCT IIPeleJioB HWHTerpupoBa-
HUA).

X.50. 0.

X.51. a) 0. Pemenue. Tak Kak moAbIHTeTpadbHaA QYHK-
IUsI HeIlpepbiBHA, HEOTPUIlaTeJbHA W HEe PaBHA TOXKIECTBEH-
HO HYJI0, TO Ipu X > 0 mHTerpas OyAeT IOJIOMKUTEJIeH, a IIPU
x < 0 — orpunareser. IlosToMy eIWMHCTBEHHBIM peIIeHUEM
ypaBHeHUs1 siBaserca x = 0.

6) nk, ke Z. Pemenue. Bocmoabr3dyeMcsa MOACTAHOB-

o T
Kou t = Ch U, TOJIYYUM

i I
« 3% 2
jcos”tdt= _[ cos”(g—uj(—du)= Jsin”udu.
0 3 T

2 2
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3amMeTuM, UTO OPU X =T IOJYUYEHHBIH uHTerpas paseH 0
KaK MHTerpaj HeYéTHOM (GYHKIIMU IO IIPOMEKYTKY, CHUMMET-
T

puunomy otHocuTesbHo 0. Wrak, Icos"tdt =0.
0
2n
PaccmoTpum Temephb fcos”tdt. Bocmosibzyemesi IOACTAHOB-

T

Ko t=m + u. IHomryuum

2n T b
Jcos”tdt = J.cos”(n +u)du = —Jcos”udu =0.
T 0 0

Taxum obpasowm,

2n T 2n
J.cos”tdt = Jcos”tdt + Jcos”tdt =0.
0 0 T

Taxk Kax (PyHKOUA cos"x IepuoAWYHA C HEePUOAOM 2T U
WHTErpaj 3TOU (PYHKIUU IO OJHOMY M3 ITPOMEKYTKOB IJINHBI
2n pasen 0, To MHTerpaJ II0 JIOOOMY IIPOMEKYTKY, OJINHA KO-
TOPOro KpaTHa mepuoay, oyzer paseH 0.

2nk n+2nk T
Torga j cos"tdt =0, u j cos"tdt = Icos”tdt +
0 0 0

n+2nk
+ I cos"tdt=0, ke Z.

I

Bosee Toro,

x+2n x+2m x

x
F(x+2n) = j cos"tdt =|cos"tdt + J cos"tdt =J.cos"tdt = F(x),
0 0 x 0
T. e. QyHKIUA F mepumosuuHa ¢ mepuomom 2T.
TakuMm oOpasomM, Bce UmcJia Bujga X =nk, k€ Z SABIAIOTCA
KOPHAMHU HCXOJHOTO ypPaBHEHMU.
HoxarkeM Temepb, YTO APYTrUX KOPHEH y ypaBHEHUA HET.
[jiss aTOTO, B CUJIy MEPUOAUYHOCTU (PYHKIHUU F, JOCTATOUHO

moKasaTh, UTO WX HeT Ha mpome:kyTke [0; 2m].
1) HokaskeM cHauajia, UTO APYTrMX KOPHEH HET Ha WHTEP-

T
BaJsie (0; m). B camom gmese, ecau 0 < x < 5» TO TOABIHTErPAIH-
Hasg QYHKIUA cos'Xx HeIpepblBHA, HEOTPHUIATEILHA U HE PaB-

X
Ha TOKJIECTBEHHO HYJIIO, a IIOTOMY Icos"tdt > 0.
0
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Ilycts Temepnb g < x <mn. Torga

cos”"tdt + | cos"tdt.

O oA

Tcos”tdt =
0

N A — R

Bo BTOpoM ciiaraemMoM HTpUMEHUM IIOACTAHOBKY t= T — U,
OJYyYUM

i
x n—Xx n—Xx E
Jcos”tdt = '[ cos’(m— u)(—du) = '[ cos"udu=— I cos "udu.
T . 3 n—x
2 2 2

Nraxk,

cos"tdt — | cos"udu =

i

S — A
| C——yro |2

'Tcos”tdt =
0

X

n—Xx
cos"udu = J. cos"tdt>0
0

| o |3

8

k3

T—X 2
= J. cos"tdt + J cos"tdt —

0 _

n—x K

(8mech yuteno, uto 0 <@ — x <, IOSTOMY OCTaBIIUMCS UH-

Nl a

Terpas OyJeT MOJIOKUTEEH).

X

2) Paccmorpum 7 < x < 2n. 3aMeTHM, UTO Jcos”tdt=

0
x

T X
= Icos"tdt + Icos"tdt = Jcos”tdt. C IOMOIIBI0O IOLCTAHOBKU
0

i T

X xX—T
t=T7 + u moayuaem Icos”tdt =— I cos"tdt. B paccyxxnenun 1)
T 0
OBLJIIO ITIOKA3aHO, YUTO IIOJIYYEHHBIN MHTErpajl He MOYKeT ObITh
paBeH HYJIO.

T'eomeTpuuecKkuii CMBICT paCCy:KIeHUS SCEH M3 PACCMOT-
penusa pucyHka 10.12, Ha KOTOPOM cxeMaTHUECKU M300paKEH
rpadurk QyHKIuH cos"x mpu HedéTHOM n. KpusBosuHelHbie
Tpamenuu, OrpaHWYEHHBbIE TPadUKOM dTON (PYHKINU HA OT-

T T

peskax [0; §:| u [E; n}, paBHBI KaK reoMeTpruyecKkue (UITYpPHI,

HO OJHa HAXOAUTCA HAJ OChIO abcIiucec, a Apyras — IIof Hei.
Wrak, kopHAMU ypaBHEHUSA SABJAIOTCA 4Yucaa Buna nk, ke Z.

X.52. IIpu HeuéTHBIX . Peme Hue. PaKTUUECKU HYIKHOE
paccy:KaeHue IIPOBENeHO B PEIeHUM NpeAbIAyINeil 3amauu.
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y HelicTBUTEIBHO, NMYCTh (GHYHK-

1 nua F mepuogmyHa ¢ HEKOTOPHIM
- nepuogom T, T.e. F(x+T)=
F(x), uro o3Hauaer
x+T x
x < :on
) pa x j sin tdt=_[s1n tdt, oTKyma
9 0 0
x+T
J. sin"tdt =0 (1)
Puc. 10.12 *

Opu BCeX 3HAYEHUAX X. Keaum n — 4ETHOeE YMCIO0, TO PaBeH-
cTtBO (1) He BBINIOJIHAETCA HU HPU KAKOM IIOJIOKUTEIbHOM
3HaueHUu 7', TOCKOJBKY IOALIHTerpajbHasa (QyHKIuA Oymer
HeoTpHUIIaTeJIbHA W HEe pPaBHA HYJII0 BO BCEX TOUYKAaX.

x+2m T

IIpu He4yéTHOM N BBIIOJHEHO J. sin”tdt = _[sin"tdt=0
x -7
(paccy:xkqeHne IOCJIOBHO IMOBTOPSET MCIIOJb30BAHHOE B IPUMeE-
pe 21 us § 64 yuebumka). M suauut, GQyHKnua F(x) Oymer me-
PUOAUUYECKOI.

X.53. a) IlpumepoM MOKeT CHAYKUTHL (GyHKnusa f(t) =

= sin?t. B mpenpigymieil 3agade SOKAsaHO, UYTO COOTBETCTBYIO-
masa QyEinua F Oyger HemepuoasuuecKOid.

0) Pemenue. Takoro poma ycjgoBMe HalaeHO B 3azaue
X.52. 9ro cymecTBOoBaHUE Takoro 1; > 0, n1asa KOTOporo Ipu

BCeX BEIIEeCTBEHHLBIX 3HAUYUEHHUAX X BBIIIOJHAETCA PaBE€HCTBO
x+Tq

j f(t)dt = 0.

HorasxeM, uTo B KadecTBe T; MoxxHO B3ATh 1. IIpexnmoso-
x+T

sKmM nporuBHoe. IlycTb _[ f(t)dt =a #0 1mpu Bcex BeIecT-
x

BEHHBIX X (TO, YTO STOT WMHTErpajl He 3aBUCUT OT X, COCTaB-

JseT coaepsKaHue cBouicTBa Ha c. 198 yuebnuka). He ymanaa

obmrHOoCTH, MOKHO cumTaTh a > 0. Tax kax F HempepbIBHA

1 IIepuoanvHa, TO OHA Or'paHMUYEeHa Ha R u aAocTuraeT CBOMX

HaumOOJIBIIIET0 M HAWMEHbLINero sHaueHuu (3amaua VIII.84).

O6osaauuMm ux M m m coorBercTBeHHO. OTHAKO, PAacCMOTpPEB
kT

OpU HaATYPaJbHBIX k BBIpaKeHUE jf(t)dt=ka (ITOCKOIBKRY
0
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9TOT UMHTETrpajl paBeH CyMMe k£ WHTErpajioB II0 IIPOMEXKYT-
KaM auHbl T, KasKIbIli W3 KOTOPBIX paBeH a), IOJYyYUM,
uyro F(kT) Mo:KeT TpUHUMATL CKOJb YTrOAHO OOJIbINIME 3HAYe-
HUA.

TeMm caMbIM ITOKA3aHO, YTO AJIA MEPUOAUYHOCTH (GQYHKIIUU

F HeO6XO,Z[I/IMO N OJOCTATOYHO BBIIIOJTHEHHUA IIPHM BCeX 3HaAUYEHM-

AX X PaBEeHCTBa
x+T

[ fyat =o.

Ilo cBoiicTBY mHTerpajyia nmepuonmueckon Gyuxiuu (c. 198
yueOHUKA) TOJYUUM

x+T T

j f(t)dt = j f(t)dt.
x 0

Takum obpasom, s MePUOAUYHOCTU (GyHKIUM F, 3amaH-
HOM KaK WHTerpajl HeIPEPBIBHOU IIepUOAMYECKON (PYyHKIINU,

T

Heo0XOIMMO M MOCTATOYHO, UTOOBI _[f(t)dt=0, rae T — mepu-
0

Ol TIOABIHTETPATILHON (DYHKIIUU.

3ameuarue. B paccy:KIeHUAX HUTIE HE WCIIOJIb30BaJIOCH,
yro T — rJaaBHBIA TepPHOJ] IOABIHTErPAJbHOU (MYHKIIUU, II0-
9TOMY CcHOPMYJUPOBAHHOE YTBEpP:KIAEHWE BEPHO IJs IIPOU3-
BOJIBHOTO IIEPUOJIa MOABIHTETPATbHON (DYHKIIUN.

B) fBansercsa. Pemenue. OrMeruM IIpekie BCero, 4TO
MOAbIHTETpAJbHAA (PYHKIUS IEepUOAUYHA C Iepuomom 2m.
ITpeo6Gpasyem mnombIHTerpajbHOE BBIPpAXKEHUE C IIOMOIIIBIO
dopmMysbl Ipeobpas3oBaHUSA IIPOU3BeAeHUA KOCHUHYCOB B CyM-
my. Torga mox MHTErpaoM OKaMKeTCs CyMMa KOCHUHYCOB, ap-
TYMEHTBHI KOTOPBIX MPEACTABIAIOT CO00¥ BBIPAKEHUS BHUIA

2007
ﬁ[ljt >+ Sk]t IJIST Pas3sIMYHBIX KOMOMHAIIUN 3HAKOB «+»
k=1

u «—». KosudyecTBO cjaraeMbIX B BTOH cyMMe OyJaeT pPaBHO
2007
2577,

3aMeTHM, UTO HU y OLHOT'O M3 KOCUHYCOB apryMeHT He pa-

2007
BeH 0 (DOCKOJIBKY B cyMMe [1+ Y+ Sk] Bce cJiaraeMsble, KPo-
k=1

me 1, KpaTHbI 3).
2n
a

Bocmonnsyemcess Temepb TeM, UTO Jcos(at)dt =0. Tak xak

0
o - 92007
BCe 4YrncCJjia BuUga %007 COU3MEepPUMBI C 211:, TO CyLIIieCTBYeET
1+ > +3*
k=1
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ypeao T, «KpaTHOEe» BCEM TaKHM UYMCJIAM, a TaKMKe Yuciay 2T,
a sHauuT, uHTerpas ot 0 mo 7 KasKIOro M3 cJjaraeMbIX OyIer

T

2
paser 0. Tarkum o6pasom, ICOSt " cos3t -+ cos37
0

X c0s32°°7tdt = 0, mpuuém T ABISAETCA MEPUOLOM IOLBIHTET-
panbHOM ¢Qyuruuu. Kax moxasaHO B IIPeAbIAVIIEM IYHKTE,
9TOT'0 JOCTATOUYHO, UTOOBI F ObLIA IePUOSAUUYECKOI.

Tak Kaxk mepumoaoM (QPYHKIUU F ABIsgeTcs JIO00N Hepuos
TOABIHTeTpaIbHOM (GyHKIIMU (cM. 3aMeuanmue K 3agaue X.53 0)),
To QyHKIUA F IepuoguyHa C IepruoaoMm 2T.

X.54. O6a murerpasia paBusl 0. Vrasanue. [Iya BeIUuCIe-
HUSA HYKHO pPasbUTh IPOME)KYTOK HWHTErpupoBaHUS Ha IBa
IpoMesKyTKa umcjoM 1, mocjie 4ero B OJHOM U3 IOJYYEHHBIX

1
HNHTEerpajJioB caejiaTb 3aMeHny x=7.

3n

smx sin x
X.55. _[ >J. dx. Pemenune. C moMoIIb0 3aMe-
2n
3n ( 9 ) b
sinx sin(¢+ 27 _J’ sin¢
HBl X =1+ 21 moaydaeMm 2J‘ _[ T on dt—0t+2ndt
s

OcTaérca 3aMeTUTh, UTO HA I/IHTepBaJIe (0; m) BHLIDOJIHEHO HeE-

in in s1nx
paBeHcTBo S¥ - SINX "5 torma u J—d <j dx.
x x +2n o

X.56. Pemenue. Ilycts Zn(k 1) < x < 2nk, ke N. [o-
KaxeM TpeOyemoe HMHAYKIHeIH 1mo kK.

Basa naagyxkunuu. k= 1. IIpu 0 < x < 1 Tpebyemoe HepaBeH-
CTBO BBIIOJHEHO B CHJY HEOTPHUIATEJbHOCTH MIOALIHTErpasib-
HOWl (DYHKI[MM, HE PABHOM TOXKIECTBEHHO HYJIIO.

X

Iycts © < x < 2n. Torza j Smt —I sin? dt+j sin Sdt.
01+
Bo BTOpOM cilaraeMom BOCHOHBSyeMCH MOCTAHOBKOIX t =y+m.
o _
IMosyuum J. Smt _J. sin(y + 1) ST d =—J. __SY gy, a rtorza
1+(y+m? t 1+ (y+n®
L x X—T ¥ - T
J'sint dt-i—J. sint dt=J. sint dt—l—J. smt _J‘ sin t
01+t2 n1+t2 ) 1+1¢2 Ja 1+ (t+m?

Ocrajocnh OTMETHUTH, YUTO IIpU BLI6paHHI)IX 3HaAUYEeHUAX X
Ha npomexkyTke or 0 g0 T — X BBIIOJHEHO HEPaBEHCTBO
sint sint
1+¢2 1+@+m?’

uTo Hu ,IlaéT IIOJIOKHUTEJIBPHOCTh HMCKOMOIO
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BbIpakeHus. TeM caMbIM MOKasaHa MOJOKUTEIbHOCTD JAHHO-
ro mHTerpajia mpu Bcex x or 0 mo 2n. Basa mHAYKIUMN OOKAa-
3aHa.

Nunyknuonusiit mepexon. IlycTh yTBep:kAeHUEe BBIMOJIHE-
HO nasa 2n(k — 1) < x < 2nk. [okameMm ero aada 2nk < x <

< 2m(k + 1).
Ilpu 2nk < x < © + 2nk 3anuineM AAHHBIA WHTETrpajJ B BU-
x 2nk x .

e J.&';dt = I &tzdt +J &tzdt. IlepBoe csiaraemoe moJI0-
01+1,‘ 01-1-1,‘ 2nk1+t

JKUTEJIbHO B CUJIY MHAYKIIMOHHOIO IIPENIIOJ0KEeHNs, a BTOPoe
HEOTPUIATEJIFHO B CHUJIY HEOTPUIIATEJIHHOCTU IOABIHTETDAJb-
HOM (QDYHKI[UU.

ITpu & + 2nk < x < 2n(k + 1) aHAJIOTUYHO AOKAa3aTelbCTBY
2nk T +2nk x

6as3bl IMOJIydYaeM j Smt dt = [ 3 gt j Sin t2 dt j sin t2 dt =
¢ T +2nk t
2nk T +2nk x—T+2nk
sint sint sin(m +
= J ——dt + J sdt + J (—y)zdy, OTKYIa, UCIOJIb-
1+¢ 1+t 1+(m+y)
2nk
3ydAd HepaBEeHCTBO S t2 > sint 5 BepHOE€ Ha IIPOMEXYTKe
1+¢ 1+(t+m
(n + 2nk; 2n(k + 1)), monydaem
2nk n+2nk x—n+2nk
int int . "
[ [ e gy
0 f194 2nk Ty
2nk n +2nk x—n+2nk . x—n+2nk .
=J' smt £ J' sint dt+ J‘ 51nt2dt_ J‘ siny 2dy
x— 7E+27Ek 2nk L+t 2nk 1+ (TC + y)

B mosiyueHHO#I cymMMe IIepBOe cjaraeMoe IIOJIOMKUTEJIbHO II0
UHAYKIMOHHOMY IIPEAIIOJOKEHUI0, a OCTAaBIIMeCs ABa cjara-
eMbIX HEeOTPUIlATeJIbHBI.

§ 65. MNpumeHenns onpepenéHHoro MHTerpana

Copep:ranue sTOoro maparpada BKJIOUaeT B ce0sS TYHKTHI,
MIOCBAIIEHHBIE BBIUNCJEHUIO ILIOINAale (DUTYyp, AJIUH KPUBBIX,
HaXOXKJEeHUIO IIpelesioB IIOocJefoBaTeIbHOCTE U pellleHUI0 3a-
nad ¢ (pU3MUYECKUM COAepKaHueM.

B mynkTe «BnlumcieHue IIomiageii» II0JIE3HO OOPATUTH
BHUMAaHUE yYyalliuXCsA Ha CHOCKY O BBIJIEJJEHUU IIOJIHOTO KBa/l-
para moj 3HAKOM HHTerpaJa.
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ABTOpPBI ToOJIATa0T, UTO M3yUeHUWe NaHHOTO MaTepuaJja HU
B Koeli Mepe He AYyO0JHMPYeT MHCTUTYTCKUN KypC BBICIIEI
MaTeMAaTHUKN, HO IPU3BAHO IIOKa3aThb, KaK MMEHHO pPasBUTUE
amnmapaTa MaTeMaTHUUYeCKOTO aHajamsa CTUMYJIUPOBAJIO Pa3BU-
Tre HayKm u TexHuKu. IlosTomy cpenu 3amau K maparpady,
IIOMHUMO CTAaHZAPTHBIX 3amad (3amauu X.57—X.65) ma TexHu-
Ky BBIYKCJICHUS HEOIIPEeIeJIEHHOI0 MHTerpaja, eCTh U 3aJauu,
CBsA3aHHBIE ¢ 0OoJiee TUIYOOKUM IIOHMMAHWEM CYTH TOrO, UTO
eCTh ompeneéHHbIl mHTerpas. O0paTuM BHUMaHUE Ha CI0OCO00
BBIUMCJIEHUSA MJIOIAAM, HNPUMEHSEeMbI B peIleHUr 3aJauu
X.57, momoratomuii n3bexkaTh TeXHUUYECKUX TpymdHOCTEH. Tor
JKe cmoco0 B 00IeM BUIe HNPUMEHsSeTCs IPH pPeIleHuu 3ama-
yn X.70 B).

IIpu msyuenum maparpada MOIKHO PYKOBOIACTBOBATBHCS CO-
o0parkeHUAMU HAJWUUYNSI BPeMeHU U YPOBHEM MOATOTOBKU
kKJgacca. Hampumep, B Oojee ciaboM KJiacce MOKHO OTpPaHU-
YUTHCA TOJbKO BBLIUMCJEHMWEM ILJIOIaAeit, JUIL IOKAa3aB pe-
IIIeHre IPUMEPOB OCTAJbHBIX IMYHKTOB, TeM CAMBIM Cc(OpPMU-
POBaB y YYaIUXCs IPe/CTABIeHMe O BO3MOXKHBIX IPUMEHe-
HUAX OMNpeneJEHHOro HMHTerpajga. B 0oJjiee CUIBHOM KJiacce
MOXKHO pelraTh um 0Oojiee ciao:KHBIe 3amaun (X.88—X.99).

B cuiapHOM KJacce MOXKHO OOpaTUTh BHMMAaHMNE Ha TO, YTO
Ipu pelrreHun mpuMepa 24 yueOHWKA ABa MOJYUYEHHBIX MHTET-
pajia oKasaJuch PaBHBIMHU, UTO ABJIAETCSA YACTHBIM CJIyUaeM
yTBep:kaAeHuA 3agaum X.74. 3agaum X.73 m X.74 mpexncras-
JIIIOT Pe3yJIbTaThl, IOJyueHHbIe erfé Apxumenom. OcHoBHAasA
TPYAHOCTL STUX 3afau — TeXHHKa IpeodpasoBaHUil ¢ 0OJIb-
UM YKCJIOM MePEeMeHHBIX.

ABTODBI CUUTAIOT CYIECTBEHHBLIM HJIJIIOCTPAIINIO TOT'0, KaK
ompeneaEHHBIN HMHTerpasl «paboraeT» B (Qusuke. B sasucu-
MOCTH OT YPOBHSA HOATOTOBKM KJiacca OBIJIO OBI ITOJIE3HO pac-
CMOTPEeTh IIOCTPOEHNE MaTeMATHUUYEeCKOIl MomaeJu (PU3NUECKOTO
ABJIEHUS, OCOOEHHO TaM, TI'Je YAAUYHbIN BBLIOODP 3TOH MOAEIN
CUJIbHO ympoilraer BblumciieHuA (3amaua X.86). Ina obmrero
pasBUTHUS YYEHHUKOB KpailiHe JKejaTeJIbHO He BBIIYCKATh U3
paccmoTrpeHusa 3agaunm X.81—X.87.

3amaun X.75, X.76, a Takxke X.88, X.90—X.93 aBiaaioT-
cA 3amayaMy Ha TeOMeTPUUYECKUU CMBICJI MHTerpaja Kak ILJIo-
Iaau, HO TPEOYIOT OT yualluXCcs AOMOJHUTEIbHBIX COO0Opaske-
HUM, [MOAYAC HETPUBUAJILHBIX (CM., HAIIpUMep, pelleHue 3a-
maum X.76.

B cooTBeTcTBUU C KOHIleIIinell msbe:kaTh AYOJIUPOBAHUSA
MHCTUTYTCKOT'O Kypca 3aJa4yy Ha BbIYMCJIEHUE MJIUHBI KPUBBIX
3aTPOHYTHI JuIib wMeJbkoM (X.77—X.79), mx pelnenue
CBOIUTCA K IIOJACTAaHOBKE B (popMysy. VIMEHHO IIO3TOMY W BO-
IPOCY BBIUMCJIEHUS IIPEHeIOB C IIOMOINbI0O MHTErPAIOB IIOCBS-
mieHa Jauninbk 3agada X.80, KoTopasd HpU HeXBaTKe BpeMeHU
MOJKeT OBLITHL IIPOIIyIlleHa 0e3 yIepba aJisg OCTaJIbHOIO MaTe-
puaina.
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Pemrenuss m yKkasaHUA K 3agadaM Y

X.57. a) 20\/5. Pemenmue. A

JanHnas B ycaoBuu ¢urypa msoo-
paxkeHa Ha pucyHke 10.13. Pemias B
ypaBHeHHe x°+ 3x—-4=7T-x, Yy=x*+3x—4
HaxoIuM aOCIuCChl Touek A u B,

T. €. IpeAejbl MHTErPUPOBAHUSI: 0/ 7 >
xA=—2—\/EHxB=—2+\/ﬁ. y=7—x
ITocKoNbKY BeCTH BBIUUCJIEHUS
C TaKMMH 4YMUCJIAMH HeymoO0HO, Oy-
IeM IPOU3BOAUTHL IIpeoOpazoBaHusa  Puc. 10.13
B OYKBEHHOM BHIE, IIOJICTABUB
Y1CJIeHHbIe 3HAUEHUsS TOJIBKO B KOHIIe BbIuucjeHmii. Ilpm
9TOM BOCIOJIB3yeMCs AJisA O0JerdeHUs BBIYMCJIEHUII TeopeMoil
Buera.
Tak Kak Ha ydyacTKe MeKIy ToukamMu A u B mpaMmas Ha-
XOAUTCSA BBIIIIe HapaboJbl, TO:

xg *B
S=[((7T- 2~ (x*+38x-4)dx= [(~x*-4x+11)dx=
XA E
xB 3
— |15 - (x+ 2))dx =157 - ELB

P XA

xB

(x5 +2)° — (x, +2)°
3

=15(x; — x,) —
IIpeobpasoBaB umcIUTENIb IIOCJEemHEelr ApoOu mo GopmyJe
pasHOCTH Ky60B, moayumm (xp + 2)° — (x, + 2)% = (x5 — x,) X
X (x3 + 4xp + 4+ x4+ 4x, + 4 + x5 + 2(x, + xp) + 4).
Tak xak 1o teopeme Buera x, + xz =4 u x, * x5 = —-11, 1O
X2+ x2 = (x4 + x5)° — 2x,x, = 38. Takum obpasom, (x; + 2)°—
= (x4 + 2)% = (xg — x,) * 15. Nrak, nckomMasa ILJIOIIAAL PaBHA
10(xy, — x,) = 20/5.
1
0) e
X.58. a) % Pemenue. 1306-

pasmM COOTBETCTBYIOIME rpapuKu
(puc. 10.14). Uckomasa mJjoIinanb
1

paBHA J(\/; —xddx = % O6parum
0

BHUMaHUE Ha TO, YTO DPUCYHOK
CUMMETPUUYEH OTHOCUTEJNHHO mpsA- Puc. 10.14
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MOH Yy = X, IO3TOMY MOKHO OBILJIO HAWTH IIOJOBUHY ILJIOIIAAU
.1
KaK pasHOCTh ILIomanum TpeyroadbHuKa OAB, paBHOU 50 H

IJIOMIALAM IIOJ IIapaboJjioii, paBHOI %

1
0) 5
2415 +6
X.59. a) 8log,(4++15)+16— “ s - 0) 3In2 — 2.

X.60. a) 2v/2. 6) 1 — In2.
X.61. % Yrkasanue. Vickomas mjoinagb paBHA ILJIOIAIH,
OorpaHMuYeHHOM rpaduKamMyu QYHKIUHA, OOPATHBIX JaHHBIM

(t. e. fl(x)=Shzlx u g,(x) = sinx), Ha TPOMEXyTKe {0; g}

(puc. 10.15).
X.62. a) 18.6) 5.
3 12

X.63. 121
63. 122,

X.64.

X.65.
X.66.

wl; oo.lm

=2,25 nwimu a=0,25. Pemenue. Bospmag mio-

S

4
2 4
magb paBHA J‘de=4\/x‘ =4. 3HauuT, MEeHbIIasd IJOIIalb
X 1
1

IoJ:KHa OBITH paBHA 2.
3aMeTHM, YTO IpAMasg X = a MOKET HaXOAUThCA KaK IIpa-
Bee, Tak u JieBee mpsamMoil x = 1. OOmasa Qopmysa AJIS ABYX

T2
!ﬁdx‘=|4f—4|.

crydyaeB 6y,ue'r BBITJIANETh TaK:

Pemasi ypasHenue |4+a —4|=2, monyuaem a = 2,25 wmau
a=0,25.

X.67. a) a=2. Pemenue. OueBUAHO, YTO peIlIeHUEM SB-
JsgeTcAa npaMasa X = 2, IIOCKOJIBKY yKasaHHad npAMad — OCh
cuMMeTpum dYepTe:xka. llpu caBure sTOM HTpPAMON B Ty HJIU
MHYIO CTOPOHY IJIONIAAb II0 OJHY CTOPOHY OT IIPAMOI yBeJIU-
YyBaeTcsd, a 0 APYrylo — yMeHbIIaeTcsa. 3HAUUT, APYTUX pe-
IeHUU HeT.

6) a=5- \/%. Pemenue. HerpyngHo BBIACHUTH, YTO ILIO-
manb GUIyphbl, OTPaHUYEHHOU mmapaboJsoil y = —x? 4+ 4x+1

124



9 » n / / Yy
n| Y72 \)//*
2 o }; /\ y=a
N & / \
i & i ! v
cﬁ:«) Q{ y=sinx
I
> ;:E y=—x2+4x+1
_ sinx 2 13
o2 /
o S
2
Puc. 10.15 Puc. 10.16

. 4 .
u upamoil y =4, paBHaA 3 Takum o06pasoM, HY:KHO HaAWTH Ta-

KYIO TOPU3OHTAJBbHYIO MIPAMYI0, UTOOBI ILJIOINAAb, OTPaHUYEH-
HasA eio U mapa6osoii y=—x> + 4x + 1, Oblna 661 paBHA 3

O6o3HauMM abCIIMCCHI TOUEK IepeceueHusd IPAMOU Yy =a
u mapabosabsl x; u x, (puc. 10.16). Torga HyXHO BBIACHUTS,

X2

OIpU KaKWX 3HAUEHUAX A BBIIIOJIHEHO PaBEHCTBO J(—xz +4x+

*1
[is obserueHus BBIUHMCIIEHUIT OyIeM WCIIOJb-

2
+1-a)dx= 3
30BaTh TeopeMy Buera (aHaJOTMYHO perieHWio 3amauu X.57).

X
j(—x2+4x+1—a)dx=

X1
3 3
x9—2)" —(x;-2) _

j(—(x—2)2+5—a)dx=(5—a)(xz—xl)— ( .

x1

X2~ %1 2 2
3 '(15—3(1—(361 + x2+ x1x2_6(x1+ x2)+12)).
Taxk Kak x; U X, ABJIAIOTCA KOPHAMU ypaBHeHUA —x2+

_ X1+ Xy=2, 2 2 _
+4x+1=a, T0 {x1x2=a—1, oTKyza x{+ x5 =4—2(a — 1) =

= 6 — 2a. Takum ob6pasoM, moJaydaeM
X~ X1
3 (10 - 2a). (1)

xg
J.(—x2+4x+1—a)dx=

X1
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ITonyuuB BeIpasKeHUA IJIA X, U X, KAK KOPHeHl ypaBHeHU:

- x* + 4x + 1 = a, MoxeM 3amHUCaTh X, — Xx; — 2,/5 — a. Iloxcra-
BUB 9TO 3HaueHue B Gopmyay (1), moayumM ypaBHeHUE

%1/5 —a(®—a)= %, OTKyZla a =5 — %/%.

X.68. %. Yraszanue. Ilycth rpauk KBaApPaATHOTO TPEX-

yjieHa 3a7aéTca GopMyJson y = x% + ax +b. IIoCKOJBKY Ips-
Masa y=4x — 13 aBigercsa KacaTeJbHOU K 5TOMY rpadukry,
ypaBHeHue x2 + ax +b=4x— 13 mMeer KpaTHBIII KOPEHB,
T. e. ero guckpumuHaHT paseH 0. CiegosarensHo, (a —4)% —
— 4(b+13) = 0. AHasorngyHo mosydaeMm ypasBHeHue (a + 4)% —
— 4(b—3) = 0. Beruuras m3 ogHOTO ypaBHEHUA APYyroe, HaAXO-
oM a =—4, a 3areM HaxoguM b = 3.

Temephb 3amaua IpeBpaTHJjach B CTAaHJAPTHYO (aHAJOTHY-
HYIO0, HanpuMmep, 3amauaMm X.64 mam X.65).

gz _lgz_ 1, %, a<-1,

6 2 2

X.69. S(a)=410, -1<a<x<l, Pemenue. U3
1 3 1 2 1 1
Ea —Ea +§a—g, a>1.

rpad®uKoB QYHKIIUI BUTHO, YTO IIPU OOJBIIINX IO MOIYJIO OT-
pumaTeabHBIX @, a TOuHee mpum a < —1, mcxkomasa durypa
orpaHmueHa mapaoOoJioi u mpamoir y=x—a (puc. 10.17, a).
ITapabosna m mpamas mepecekaroTcAd B TOUKe ¢ abciuccoil a,
MO3TOMY W3 TeopeMbl Buera MOKHO HOJYYUTh, UTO abcrimcca
BTOPO#M TOUYKM mepeceueHuss paBHa —1. Torma mckomas 1jo-
-1

mange paBHA J.(—xz +ax —x+a)dx = —%a3 - %az - %a - %.
a

ITpu a = —1 mapabosia u npamas Kacatoresa (puc. 10.17, 6),
u pganee, nupu —1 < a <1, durypa BbIpOKIaeTcd B TOUKY,
T. e. mWiIomanb purypsl paBHa 0.

0) B)
Yy
2

Puc. 10.17
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IIpu a > 1 uckomasa ¢urypa orpanmdyeHa mnapaboJionn u
npamoit y=a —x (puc. 10.17, g). Ira npamas u mapaboJia
ImepeceKarTCcsa B TOUKe ¢ abciiuccoit a, 3HAUUT, abciimcca BTO-
poii Touku mepeceueHma paBHa 1. Torma mckomasa mJIOMIALb

a

paBHa I(—xZ +ax+x—a)dx = %a3 - %az + %a - %.
1
X.70. 3ameuwanue. 3agaun X.70 a) m X.70 6) aBaArmTcA
YACTHBIMU CJOyYasgMU pesysbTaToB 3amaum X.70 B). X pere-
HUE [JOJIXKHO O0JIerYyuTh HaINCaHUIe

COOTBETCTBYIOIIUX (OpPMyJaT B 00IeM y
BHU]E.
4./(g - b)®
B) Smin=L. Pemenmue. Tak

3
KaK ¢ > b, uckomasa ¢durypa Oymer He-
nycroii (puc. 10.18). IlycTs abceruccsl

TOUYEK IIepecedYeHmus IIPAMOM u Iapado- ‘?
JIBI PaBHBI X; U X,. BHOBB, Kak B pe-
0 X
miennu 3agau X.57 m X.67, Oymem mc-
IIoJIb30BaTh TeopeMy Buera. b

Hckomasa miomiagb paBHA

s=j(px+q—(x2+ax+b))dx=

X1

Puc. 10.18

2 2
ax; —axy
2

2 2 3
DPXe — PXy Xo— X
= gy ) - -

= b(xy,— x9).

X9 —
Brinocs 3a CKOOKU

X1
, IIoJyyaem

g —*2 g X1 (Bp(x; + x,) +6q — 2(x7 + x5 + x,x,) — 3a(x, + x,) — 6b).
Tak Kak X, U X, — KODHHU ypaBHeHMsA x>+ ax +b=px+q,

o {x1+x2=p—a, Torza S=ﬂ.(p2+a2—2ap—4b+4q).
xxXy=b-q. 6

IToncraBuB BMECTO X; U X, UX BBIPDA'KEHUA KaK KOpHeH
KBaJApaTHOI'O YypaBHeEeHUd x2+ax+b =px + ¢, NDOIy4UM

xz—x1=\/(p—a)2—4(b—q). TakumM 006pasoM,
I
o_Wo-o’-10-0]

6

B sroit (popmysie mepeMeHHOI IO YCJIOBUIO 3aJadym SBJIS-
eTCcsA TOJIBKO p. 3HauUeHWe ILIONanu OyJeT HAaUMEHBIIIUM, ec-

[ 33
an p=a. Torga Smin =%. IloyuuTenbHO CpPaBHUTH BTy
dopmyay ¢ QopMyJIioii, IIOJyueHHOII B 3amaue X.67 0).
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y X.71. x? — 2x — 4. Yrazanuue.
Ilonesno ucmosawn3oBath (popmyy,
IOJIYUEeHHYIO B IIpeAbIAyIneil 3a1a-
ye, a Tak/Ke COOOpasKeHUsS O pa-
BEHCTBe [JUCKPUMUHAHTa HYJIIO,
urypupoBaBllIve B pelIeHuu 3a-
maun X.68.

X.72. 4. Pem e ue. O6o3Ha-
yuM abCcIucCy TOUKU KacaHusA 3a
/ 0| x t (t>0). Tak xaKk OpU IMIOJOKU-

TeJIbHBIX X Tpad@uxk GyHKIUHU |
coBmagaer ¢ rpa@ukoM (QPYHKIUU

Yy =4+/x, TO ypaBHeHUe KacaTeJb-

Puc. 10.19
o 2
HOUW OynmeT mMeTh BUM Y — 4\/Z=$(x—t). 3amnuineM ero B BU-

ne y=%x+2\/;. g HaxoaeHUA abcI[mcchbl BTOPOII OOIIei

TOUKM KacaTeJibHOW m rpadpmra Qyuxmnuu (puc. 10.19) mHyK-

HO pemniuTh (OTHOCUTENBHO X) ypaBHeHHe 3./—x =%x+2\/;

(t aBIAeTca B 9TOM ypaBHeHHH mapamerpom)'. Pemus ero,

o . t
HaujgaemM X = —Z.

HNrak, miromanps purypsl paBHa

S= j( x+ 2t - 3Fjdx+j( x+2f—4f)dx,

3nft | tft _ 250l
16 3 48 °
Halgém t = 4.

3ameuarnue. Ita 3amava OblIa IpeloKeHa Ha BBIIIYCKHOM
sx3amerne 2000 roma B BapumaHTe IJA MaTeMaTUYeCKUX KJac-
COB.

X.73. Pemenue. He ymansas oGIIIHOCTH, MOKHO CUH-

TaTh, YTO Imapabosa 3afaéTcA ypaBHEHHeM y = x> (TaK KaK Bce
mapaboJibl KaK reomerpuueckrne (purypsl momobunr). Kaca-
TeabHad K mapabojie B TOUKe ¢ abciiuccoil ¢ 3amaércsa ypas-

HeHUueM y=2tx—t2. IlockoabKy XOpza mapaJijejgbHa Kaca-
TeJbHOW, €€ ypaBHeHUe mMMeeT BUI Yy = 2tx —b (Iad HEKOTO-

poro b < t?). IIycrp abermuecsl Touek B u C paBHBI X, U X,
cooTBeTcTBeHHO. KaK y:Ke HEOZHOKPATHO OBLJIO ITOJYYEHO

250/t _ 25

48 6

oTKyzma S = Pemus ypaBuenue

! TIpome Bcero pemwuTth 5TO ypaBHEHMEe, IPUHAB /—X 3a HOBYIO
HEU3BECTHYIO.
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(cm., Hanpumep, pernieHue 3agaun X.70), y C
miaonianb (hUrypbl, OrpaHUUYEHHOI IIa-
(xz_x1)3

paboJoit u xopmoii BC, paBHa — %

Haiiném mniomaabr TpeyrojabHUKA
ABC. 3amerum, 4TO X; U X, ABJISIOTCS D

KODHSAMH ypaBHeHus x° = 2¢tx —b, mo-
x, +x,=2t,
xx,=0b.

x1+x2

3TOMY Torma t= PR

T. e. abcmucca Touku A — cepeauHa OT- 0|B x
peska Mexxay abciuccamu Touek B u C.
3HAYUT, €CJU IPOBECTH uepe3 TOUKy A
BePTUKAJbHYIO NPAMYIO, TO OHAa IePe-  p,c. 10.20
ceuéT orpe3ok BC B ero cepemune —
Touke D (puc. 10.20). Takum ob6pasom,
AD — memumana TpeyroabHuxka ABC, a Torma TpPeyroJbHUKU
ADB n ADC paBHOBEJUKU.

Ilmomans KasKaoro M3 3TUX TPEYroJIbHUKOB MOYKHO BBI-
YUCJIUTh KaK IIOJIOBUHY IIPOU3BeIeHUs MenuaHbl AD Ha BbI-
COTy K Hel, omyIleHHy0 u3 ToueK B m C coOTBETCTBEHHO.

X X
2 1
Kampasa n3 Takmx BBICOT paBHA —— (KaK pPacCTOAHUE MEXK-

2

Iy BEPTUKAJIbHBIMU OPAMBIMU, ITPOBEAEHHBLIMU UYepPes3 TOUKU
A u B, paBHOoe pasdHocTH abOciiucc Touek A u B).

Ocraérca maiitu gauny AD. 3amMeTuM, UTO 9Ta AJMHA PaB-

Ha pasHocTu opamHaT Touek D u A. OpauHara Touku A pas-

Ha t%, a opamHATa TOUYKH D paBHA Pe3yJbTATY IOACTAHOBKU

abcmuccesl Touku D (T. e. ¢) B IpaByl0 YacTh ypaBHEHUA IIPA-

moit BC. Takum oGpasom, opauHaTa Touku D pasa 2¢% — b.
Torma AD=1t?—-b. Ocramoch 3aMeTuTh, uTOo 12— b =

2 2
z[m (= x)”

P ] — XXy = I/ITaK, Imjonmiaab TPeYyIroJIbBHUEKA

3
Xog— X
g. Herpyauo Bumers, 4uTO

ABC monyuujach paBHOU’
4 (x2*x1)3 (x2*x1)3
37 8 6

YTO W AOKA3LIBAeT YTBEpPIKAeHIE 3aJaui.

X.74. Pemienue. Kaxk u B mpenpiayileil 3agaue, He yMa-
Jsis1 OOII[HOCTHM, MOYKHO CUHTaTh, YTO mapaboja 3agaHa ypas-
HenreM y = x2. IlycTh KacarelbHBIE K IapaGoJie IPOBeJeHbI
B TOuKax ¢ abcmuccamu a u b. Torma ypaBHeHUSA STUX Kaca-
TeJbHBIX UMEIOT BuZX Y = 2ax —a’ u y = 2bx — b?. Us ypaBHe-

Husa 2ax —a® = 2bx — b Haiigém abenucecy Touku C mepecede-

129



A DY £ x
—1[0 2

\_~
.

C Puc. 10.21 Puc. 10.22

HHUS 3TUX KacaTeJbHBIX: aTer' 3uauuT, abcrucca TOUKHU IIepe-
ceueHNUsA KacaTeJbHBIX €CTh CepelurHa OTpes3Ka MeyKIy abcIiuc-
camMmu ToueK KacaHusa (pumc. 10.21).
Takum oOpadom, njomiagb (UIYPHI CJeBa OT IIPAMOU
a+b
— atb
x-a)? 2 _(-a)?
3 24 ¢

2
x=a'2'rb paBHA I(x2—2ax+a2)dx=

a

AHajornyHO ILJIOIAAbL (QUIYPHI cOpaBa OT IPAMOI
b b
_@-») _®-a?
3 Jais 24
2

‘ a

x=2%% papma j(xz—be—Fb%dx
2 atb
2

X.75. x, = 0,5. Pemenue. Mckomaa niomajgb paBHa

pasHocTu miomanu tpanenuu BCED mn nioimanu mona rpadu-
KoM QYHKIUM Ha oTpe3ke [—1; 3], B3ATOl# IO MOIYJIO
(puc. 10.22). Ilnomans mox rpaukoM (QPYHKIIMM OCTAaETCsS He-
U3MEeHHOI, a 3HAUUT, HAaWMeHbITasd HWCKoMas IJIOoINagb OyIaer
OpY HaMMeHbINel I1romaau Tpamnenuu BCED.

IInomans Tpamenuu paBHA IIPOM3BENEHUIO CPEeIHEH JTUHUU
Ha BBICOTY. BrnIicoTa Tpamenuu — oTpe3ok DE — mocTodHHA.
3HaunT, HAaUMeHbIllee 3HAUEHNEe IMJoINaau OymeT HpU HauU-
MeHbIIIell cpenHell JUHUU. B CBOIO ouepenb, OJMHA CpemHen
JUHUN paBHA MOAYJI0 3HAUEHUs JUHENHON (QYyHKIUMU, 3ama-
oIieil xKacateabHy0 (060o3HaumM e€ g), B Touke x = 0,5.

Urak, TpebyeTca HAWTM HaWMMEHbIIee II0 MOAYJIIO 3HaUe-
HUe JuHelHo# QyHKIuu g B Touke x = 0,5. 3amerum, uTo 3a-
maHHada PYHKIUA [ BRIIYKJA, a 3HAUUT, €€ rpaduK HAXOMUT-
csa Hanm Jao0oit eé kKacareabHoii. CiemoartenabHo, f(0,5) >
> g(0,5), xaxoii ObI HU OblLIa JWHENHaA QYHKIUS g, 3amaro-
masg KacaTeJbHYI0. PaBeHCTBO MOCTHUraeTcs JWIIL B cjaydae,
KoTjJa KacaTeJlbHad IIPOBeJeHa B TOUKe ¢ abcmuccoil x, = 0,5.

3ameuwarHue. B TIpUBeNEHHBIX PaCCYKIEHUIX HMeEeTcs me-
(deKT, CBA3AHHBIA C TEM, UTO HPU HEKOTOPBHIX 3HAUYEHUIAX 4
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W A HEKOTOPBIX KacaTelbHBIX Y
4yacTh (PUIYypHl «BbBLIE33aeT» B
BEPXHIOI IIOJYILJIOCKOCTh. UTOOBI
COXPAHUTh PACCYKIEHUA, IIPOIIe
BCEro <«IIOAHATHL UYEPTENK», T. €.,
HaOpuUMep, PACCMOTPETbh BMECTO
dyurnuy f pyrrmmo g(x) = flx) + 5
+ 100. Uckomasa ¢urypa otr 3TOro
He U3MEHUTCS, a HeoIIpeJleJiéH-
HOCTb UepTeKa MCUE3HeT. Puc. 10.23
X.76. Pemenue. C IoMOIIbIO

IPOM3BOSHON MOYKHO yOenuTbesi, uto Gyurmusa f(x)=/log,x

ABJIAeTCA BOTHYTOM. IlosToMy ILIomiagb Iof IpaduKOM STOM
QyHKIMI O0O0JbIlle, YeM ILJIOINaAb BBILEJEeHHOHN Tpalenuu Ha
pucyuke 10.23. AHaIuTHYECKU 9TO HEPABEHCTBO 3aIllChIBAET-
CcsA CIeNyIONIIM 00pasoMm:

J logzxdx>(c_a),w.

a

3ameTum, qTO \/logza + \/logzc > \/logza +log,c =

= ./log,(ac) 1/logzb2 f Jlog,b. CnemoBarennHo,
J2- \llogz

I log,xdx>(c—a)-—————

a

OTKyza oueBHAHBIM 00pasoM cJjenyeT Tpedyemoe.

X.77. In(2 + +/3).

1 In2
X.78. s+t 5
X.79. 3 + In2.
5
_ 625
X.80. a) 4\/572. 6) '[x3dx=T. B) g. Yrasanue. IIpeo6-
0
pasosate x, = (1 4t . 4 1 |y momyumrs
nT 12 g2 2
1+[;) 1+(;) l+[z)

limx, = dx2=£.
n— o0 01+x 4

) 1 Pemenne. PaccmorpuMm mocisiefoBaTeIbHOCTD {Y,} C
e
1
obmum unexHom y,=Inx, Torga y,=_(Inl+In2+..+Inn)-
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—lnn=l(ln1—lnn+ln2—lnn+..-+lnn—1nn)=l(lnl+lng+
n n n n

1
+ w.+In %) Temeps BUgHO, uTO lim ynzj.lnxdx =(xlnx — x)‘j):
n— oo
0

= -1, orkyza limx,6 = el

n— o

3amewanue. OOpaTuM BHUMAaHNE, UTO HAWJIEH MHTErpaj OT
GYHKIINU, He ompenenéHHou B Touke 0, T. e. MCIOJIHL30BAHO
0000IIIeHe TOHATUA OIIpPeAesIEHHOro mHTerpasa. [loyuyuresnb-
HO CPaBHUTH peIlleHre 5TOi 3aJauM ¢ HAXOXKIEeHUEeM TOTO JKe
npenena B 3amaue VII.96 yuebHumka maa 10 kiacca.

X.81. 1 + 2In2. Pemenune. 13 ycaoBusa 3amaum ciaeayer,
YTO CKOPOCTHL Tejia B MoOMeHT BpeMeHu t =0 paBHa HYJIIO.

t
DopmMyJsIy CKOPOCTHM HaAWIEM W3 pPaBeHCTBA v(t)=J%dx=
0

= —4Int (He HY’KHO paccMaTpPUBATL IIPOMEXKYTKHU BpPEMeHU,
Oosbinivie 1, TaK Kak (DYHKIIUM CKOPOCTU U YCKOPEHUS He MO-
ryT mperepmeBaTh paspniB). M3 pasencrsa —4lnt = 8In2 wmaii-
néMm sHaueHnue Bpemenu t = 0,25.

Ocrajioch HAWTU IIYTh, IPONAEHHBIN TEJOM, II0 (POpPMYyJIe

0,25
x(t)= [ —4lntdt = (-4tInt +41)

0

X.82. 2ncosl.
X.83. kln3. Vrkasanue. Ilpu n3oTepMUUECKOM CHKATHUU LAB-

0,25
0

=1+2In2.

.. k
JeHue U OOBEM CBA3aHBI COOTHOIIIEHUEM p=<;» Tae k — me-
KoTopasi KoHcTaHTa. PabGora, coBepiliaemas HaJ ra3oM, BBI-
yucadaerca mo ¢opmysue (V, u V; — COOTBETCTBEHHO HadaJb-

HBIII ¥ KOHEUHBINI O0BLEMBI rasa):

Vo Vy V.
A= jp(V)dV — kInV|, —Eklng*=kIn3.

vy ! 1
3amewanue. Kak BuIHO, 3HAHME pagnyca MIJIKHIAPaA OBLIO
HeCYIIeCTBeHHBIM, a MJsA YTOYHEHHsS OTBeTa HeoOXOImMO
3HATH IIOCTOAHHYIO M30TE€PMUYECKOr0o mpoiiecca. [Jja eé BBI-
SICHeHUSA MOXKHO, HAIPUMeEP, 3a4aTh HaBJeHWe B HaYAJIbHBIN

UM B KOHEUHBII MOMEHT IIpoliecca.

X.84. SRmH_
R(R + H)
HO CUMTATh MATEPHAJIbHON TOUYKOM, T. €. IpeHedpeUs ero pas-
mMepaMu u (GOpPMOM IO cpaBHeHHIO ¢ 3eMJieéii. B cooTBeTcTBUU
CO CHOCKOU Ha c. 215 yueOHUKA MOAYJb CHUJbI, AeHACTBYIOIEH
Ha MaTepuajJbHYI0 TOUKY MacChl M, HaXOIAIIYIOCA Ha BBICO-

Pemenue. B ycioBuu 3amauyu Teso MOXK-
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ﬂ)z, rae G —

(x+R
rpaBUTAIlMOHHAA IIOCTOAHHAsA, M — Macca 3eMJin.
Bynem mepemeniaTh TeJ0 BAOJL pPaamyca, COETUHSIIOIErO

Te X HaJ IIOBEePXHOCTHIO 3eMJiu, paBeH F =G

H
9TO TeJIO C IIEHTPOM BeMJII/Il, Ha MaJioe pacCTodHue —. HpI/I
n

9TOM MOZYJIb CHJILI IIPAKTUYECKM He H3MEHSeTCH, a e€ Ha-
[IpaBjieHNe IIapaJijieJIbHO HAIIPABJICHUIO IIePeMeIlleHUs, [I03TO-
My pabora sTOH cuJbl OymeT MPUMepPHO paBHA (C TOYHOCTBHIO
10 OECKOHEUYHO MAaJIOi 0oJiee BBICOKOTO IIOPSAMKA)

F-H=G mMHz.
n n(x+ R)

Haiiném smaueHme paboThbl Ha KaKAOM IIPOMEKYTKE IJII-
H
HBI - OT x=0 g0 x=H u CIOXUM 5TH 3HaUeHUdaA. TakuMm

o0pasoM, MbI IOJYUYUM ITPUOJIUKEHHOE 3HAUEHNE MCKOMOM pa-
GmM

(x+ R)?

orpeske [0; H]. IlosTtomy mckomada pabora A paBHaA

0OTBI, paBHOE PHUMAHOBOI cymMme (PYyHKIuu f(x)=

H H
GmM_ . GmM| _ GmMH
! (x+ R’ x+R|, R®ER+H)

3aMeTnM, 4YTO 3HaueHNe Macchbl 3eMJM He JaHo. Bciowm-

GM
HAM, OJHAKO, UYTO YCKOpPEHMe CBOOOJHOI'0 MaJeH’d g=?,

ngmH
R(R+H)"

3amevanue. O6paTuM BHUMAaHMNE, YTO (DOPMYJIOH CHUJIBI Ts-
JKecTu mg IMOJb30BaThCSA HEJb3s, TaK KaK sTa (opmysa Bep-
HA TOJBbKO BOJIM3U TOBEPXHOCTH SEMJIU.

X.85. 0,5ngR’H?. Pemenue. Pac-

. kH
CMOTPHM CJIOM BOJABI Ha PACCTOAHUNN T oT

2
mostomy M =% M OKOHUATEJILHO A =

eE

H
IIOBEPXHOCTU, TOJIIIXMHaA KOTOPOI'o paBHaA — }
n

(puc. 10.24). YTo6bI ero BBIKAYATh, HYK-
HO IIOOHATH €ro Ha II0OBePXHOCTh (JaJibIiie
BOJla BhLIbeTcA cama). Macca cjiosi paBHa

R H (c yuéToM TOTO, UTO TJIOTHOCTH BO-
n

Puc. 10.24
! Mo:xHO mOKasaTh, UTO CHJIA TATOTEHUS KOHCEPEAMUGEHA, T. €.

paGora 9TO¥ CHJIBI HAJ TEJIOM He 3aBUCUT OT TPAeKTOPUU, [0 KOTO-
pOii IBUTAJIOCH TEJIO.
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obl paBHa 1), a paccrosHue, Ko-
TOpoe HeoOXOAMMO IIPEOS0JIETh
CJIOI0 BOJABI, MOYKHO CUUTATHh

PaBHBIM FH  Pagwum obpasom,
n

pabora WO HTOABEMY [TAaHHOTO
CJIOS BOABI Ha TMTOBEPXHOCTH paB-

Ha nngHz%.
n

Ina HaxoxgeHUs pabOTHI
Puc. 10.25 IO MOABEMY BCell BOABI HA IIO-
BEPXHOCTh JOCTATOUYHO HaNTHU

1
lim (L + % + e+ %j =dex =0,5. Torma nckomas pabora pas-
n n

2
n—o0
n 0

uma 0,5mgR2H?2.

3amenwaHue. KoHeuHo ’Ke, yKasaHHBIN mIpenes MOT OBITHb
Halifled 1 0e3 IPUMEeHEHUs HMHTerpaJa.

X.86. F—2¢™ Pemenmue. 13 coobpaskeHuit CHMMeTPUH
a

sACHO, YTO MCKOMAas cmJja OyaeT HampaBJieHa BIOJb OMCCEKT-
pucsl yraa. IlosTomy, Kak B pelenuu npumepa 29 mus §65
yueOHIKa, OymgeM cpasdy paccMaTpuBATh U CYMMHPOBATL IIPO-
eKIINY CUJIbI Ha OMCCEKTPHUCY.

PaccmoTpumM  MaJleHBKHMH  KycoueK  cTep:KHA DE
(puc. 10.25) m BBIUMCJINM, C KaKOMW CHJIOM OH HPUTATUBAET
mMaTepuaJabHyio Touky M. I[JIst aTOTO HYKHO HAUTHU MAaCCy 39TO-
ro KyCOUYKa, a, IMOCKOJIbKY JaHa JUHeWHas IIJIOTHOCTh, IJIA Ha-
XOMKJIeHUS MacChl JOCTATOYHO HaWTm mamuy DE.

O6oznauum L DMA=¢, a LDAM =%. W3 Tteopembl cuHy-

coB B TpeyroiabHuxke AMD cienyer: AD _ o OTKYyIa

sing sin[q) + %)

AD — asin@ .
sin((p—i—%j
asin&
W3 sToro ke TpeyroabHuUKa DM =—2a. AmajoruvuHO
sin((p—i—Ej
u3 TpeyroabHuKka AEM umeem M:w. O6o3ua-

sin((p-i— A + %j

YUM PpAaCCTOAHUWE MeXKAY BEepIIMHOU yrja W MaTepuaJbHOU
Toukoi a. Torga
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sin((p + %) - sin(@ + Ag) — sincp-sin((p+ AQ + %)
DE = AE - AD =a =

sin((p + %) . sin((p + AQ + %)

o o o .
= _ A — —= in—
cos( 9 (p) cos( P + Aq)) sin 9 sin A@

. oy . o . oy . o
2sm(q)+2)-sm((p+A(p+2) sm((p+2) sm((p—i— Aap+2)

Ecau orpesoxk DE maj, To yroi A@ ToKe MaJ, IIO9TOMY
MOXKHO NPHUOJMIKEHHO CUMTATh (C TOYHOCTHIO A0 OECKOHEUHO
MaJbIX 6oJjiee BBICOKOTO MOPAAKA, 4eM A@), UTO

sing~Aq>
DE=a—2 .

.2 o
+_
sin ((p 2]

Torma mMomyab CHJIBI, ¢ KOTOPOH oTpe3ok DE mpursaruBa-
eT MaTepuajJbHyI0 TOUKY, paBeH

sinZ AQ LT
. asin_
AF = Gmpa 2 : za = Gm_pAO:p
.2 o . o asin=
sin [(P-l— 2) sm((p-!— 2) 2

(3a paccTossHHE MEKIY OTPE3KOM UM TOUYKOIl B3dATa IJIUHA
DM). Ocranoch HAWUTU IPOEKIIMIO STOM CHUJIBI HA OMCCEKTPH-
. GmpAQ
cy: AF,=——_"r-cosQ.
asmE

o
VYron ¢ moxxer MeHAThca oT 0 mo m— . Eciu pasgmenutrs

5
9TOT yroJI Ha 1 YacTell W B KadecTBe AQ OpaTh OZHY U3 3TUX
yacreil, a 3aTeM CYMMHPOBATH MOJYyYE€HHBIE BBIPAYKEHUS,
Gmp
HOJIyYMM PUMAHOBY CyMMmy A pyHKmmm f(9)=——
asin—

- CcosQ,

IO9TOMY CHJa, ¢ KoTopoir ayu AD meiicTByeT Ha MaTepuajb-
n,z
Gmp

asin®
2

HYIO TOUYKY, OyneT paBHAa I cosq)d(p=@. ITonyuen-
0

HBIII pesyJbTaT CJeayeT yIBOUTH, TAK KaK C TaKOH JKe Tropu-
30HTAJBbHOU COCTABJAIOIIEN TOUKA NPUTATUBAETCA APYToi
CTOPOHOM yrJa.

3amewanue. O6paTuM BHUMAHNE, UTO OTBET HE 3aBHCUT OT
BEeJIMUYWHBI yIJIa, B KOTOPBIA COTHYT CTEP;KeHb. 3aMEeTUM TaK-
JKe, UTO 3aJadyy MOJKHO OBLJIO PeIuTh, paccMaTpuUBad CUIY

135



KaK (QYHKIIMIO PACCTOAHUS OT BepIIuMHBI yria. OmHako mpu
9TOM HWHTErpupoBaHue (OThICKAHUWE IIepPBOOOpasHOii) OymeT 60-
Jiee CJIOKHBIM U IIOTpedyeTcsa HAXOAUTh MHTErpajl ¢ 6ecKoHeu-
HBIM BEPXHUM IIPEJEJIOM.

X.87. 41tp0(R2 + 2R + 2). Pemenue. Paccmorpum cioit
arMoc(depsl, HAXOOAIUICA Ha BBICOTE A HAJ IIOBEPXHOCTHIO
3eMy W UMeMNINi Maayo Toanuuay Ak. O0bEéM 5TOTO CJIOs
(c TOYHOCTBIO A0 OECKOHEUHO MAaJIbIX 00Jiee BBICOKOI'O IOPAI-
Ka, ueM Ah) paser 4m(R + h)?Ah. B cuny mamoctu Ak MOKHO
CUMTATh, YTO IJIOTHOCTH aTMoOc(ephbl BO BCEM CJIO€ OJUHAKO-

Ba W paBHA P * e", a moTomy Macca 9TOTo CJI0A IPUMEpPHO paB-

Ha Py e - 4T(R + h)’Ah. TlosromMy Macca Bceil aTMocdepsl
400
pasua 4np, | e "(R+ h)’dh —Anp,(R*+ 2R + 2) (upu Haxoxme-
0
HUU TepBOOOPa3HON NPUAETCA ABaKAbl MHTErpUPOBATH IIO
qJacTAM).
X.88. a) Pemenue. YTBep:KIeHUe cjeqyeT U3 PUCYH-

ka 10.26, Ha KoTopoM M300pakéH rpaduK QYHKINUI f(x)=%

\ Ha mpome:xkyTke [n; n + 1]. Taxk
KaK (QYHKIIUA BBIOYKJA, ILJIOIIALb
nox rpaduKoM OymeT MeHbIIe,
yeM MOJjoIinanbk Tpamnemnuu. Ilimo-
mane mon rpa@uKoM — paBHA
n+1
1 I ldx=1n(n+1)—1nn=1n(1+l),
n+1 " x n

S|

n n+l X B TO BpeMsa KakK ILJIOINALbL Tpale-
1 1

Puc. 10.26 PR
OuE paBHA —— .

0) VkasaHue. JloxkasbIiBaeTcsa aHAJOTHUYHO IIPEABIAYIIEN
3azave, TOJBKO (PYHKIMS paccMaTpuUBaeTcs Ha OTpPe3Ke
[a; b].

X.89. Pemenue. Tak xax pyHKIUa f HempepbiBHA Ha R,
TO y Heé ecTh IepBooOpasHas F. M3 ycaoBus cjenyer, 4TO
IIPpU BCEX BEIIECTBEHHBIX 3HAYEHUAX X BbITOJHEHO F(x + T) =
= F(x). Takum o6pasom, (QpyukIusa F mepuogmyHa C IIepUo-
mom T, a Torma m e€ MPOM3BOAHASA IEPUOAWYHA C TaKUM Ke
nepuosmoM (cm. pesyiabrar 3amaum 1X.18).

3amevarnue. TpebGoBaHUe HENPEPBIBHOCTU QYHKIIUU B
YCJIOBUU 3ajauu cylilecTBeHHO. Hampumep, eciau B3ATHL (PYHK-
U0, PaBHYIO HYJIIO Besle, KPpOMe HeIlepUOAUYHOTO CUETHOTO
MHOJKECTBa TOUeK, TO MHTerpaJ TakKoil (DYHKIUU OyaeT paBeH
HYJIIO Ha JIOOOM IIPOMEIKYTKe, HO (DYHKIIUsS He OyIeT mepuo-
OUYECKOI.
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y C.
S,~ j ' w)dy
f(®)

S~ [r(xax

b

Puc. 10.27

X.90. a) g

6) 2048. VkrasaHnue. 3agaua X.90 GasupyeTcsa Ha TPOCTOM
reoMeTPUUYECKOM COOOpaKeHUM, IIPEeICTABJIEHHOM HA PUCYHKE
10.27, a. Ecau Ha orpeske [0; b] mama Bospacramiiad QpyHK-
nus f, To eé rpauK ABJISETCA TaKiKe rpa KoM oOpaTHOII
eli pyHKIIUU, 3amaHHoN Ha orpeske [f(a); f(b)], ecau cumrarh
eé apryMeHTaMu TOUYKU Ha ocu opauHaT. VI3 pucyHKa BUIHO,
YTO

b f(b)
[faydx+ | £ @ydy =b- f).
0

1(0)

Ecau »xe BTOpOii mHTerpas G6epércsa Ha orpeske oT f(0) mo
HEKOTOPOTro ¢, TO O0bequHEHNEe COOTBETCTBYIOIIUX KPUBOJIU-
HEeHMHBIX Tpamenuii BKJOYaeT B ce0sa IPAMOYIOJLHUK C ILIO-
maapio be (puc. 10.27, 6 u 10.27, 8).

X.91. g Yrkasanue. Cm. ykasanue K 3agaue X.90.

X.92. a) HepaBeHCTBO cienyeT U3 HPeNbIAYIIET0 PaCCYK-
menus m pucyHkos 10.27, 6 u 10.27, 6. PaBerncTBO moctura-
ercs, ecau b= f(a).

6) Pemenue. B ycioBusx sagaun dyarmunm xP ' u x? !
SABJSAIOTCS OOpaTHBIMU APYTr APYyry. HepaBeHCTBO sBJIsIeTCS
YacTHBIM cJiydyaeM HepaBeHCTBa m3 3azauu X.92 a). PaBen-
cTBO mocruraercd, ecau b=a’ ! (unm, uro TO Ke camoe,
a= bq_l). ITO HEpPaBeHCTBO MOYKHO JOKAa3aTb C IOMOIILIO IIPO-
usBogHOM (cM. 3amauy I1X.265).

3ameuanue. HepaBeHcrBa 3amaun X.92 Ha3bIBalOT HEPaABEH-
crBamu IOura. OHM UrpaioT BayKHYIO POJIb B COBPEMEHHOMN Ma-
TeMaTHuKe.

X.93. Pemenue. Oyuarnun f(x)=4x*+1n glx)=4x*-1

SABJSAIOTCSA B3aMMHO oOpaTHBIMU. IlosTOMy JieBoe M3 ABYX He-
pPaBeHCTB ecTh UACTHBIN ciayuail samauu X.92 a).
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0 3 x Puc. 10.28

1 moxkasaTesJbCTBa IIPABOTO HepPaBeHCTBA PaCCMOTPUM
pucyuok 10.28, a, Ha KOoTOpOM M300pakeHa OKPECTHOCTb TOU-
Ku G rpadpuka pyuxmnuu f ¢ abemuccoit 3. Ilpamasa BF ume-
eT ypaBHeHue y =3 (pumc. 10.28, 0).

CymMma uHTerpajoB GyHKIui f u g 6osbiite 9 Ha MJIOIALb
KpuBOJIMHeHHOTro TpeyroabHuxka BFG. IlosToMy mgoCTaTOYHO
moKas3aTh, UTO ILIOMIAAb 3TOT0 TpeyrojabHuka meHbire 0,0001.
Hokaxxem, 6ojsee Toro, uro BF - GF < 0,0001.

Bamerum, uto GF =f(8)-3=43*+1-3=

1 1 1
= < <—

(‘\1/34+1)3+(‘\1/34+1]2-3+4\/34+1-32 L3 4-3 100
Amnanornmuno BF =3 - 43*-1=
1 1

< .
(4t 1) + (457 —1) 34 4s* 1-3218% 4tz 1)
IlokaxkeM, dYTO (\4/34 - 1]3 >25, T.e. 8Y125>25, uro

ciexyer w3 BepHOro HepaseHcrBa 8% > 5°. Ilosromy

1 1 1
< _

4571 425 100
Uraxk, BF <%, GF <$, a IIOTOMY ILJIOINAaAb KPUBOJIU-
HeifHoTo TpeyroabHuUKa BFG momaBuo menbime 0,0001.

X.94. Pemenue. PaccMOoTpUM KBaApaTHBIA TPEXYJIEH
OTHOCHUTEJILHO IIePEeMEeHHOH ¢, 3aJaBaeMblii PaBEHCTBOM

b
a(t) = [(f(x) - t + g(x))dx =

b b 8
— 2. jfz(x)dx +2¢- If(x)g(x)dx + jg (x)dx.

ITocKoMbKY TIPpU KaKIOM BeI[eCTBEHHOM 3HAYEHUUW ¢ DTOT
TPEXUJIEH ABJAETCA WHTErpaJioM OT IIOJHOTO KBajpara, ero
3HayeHre OyIeT HeOTpUIlaTeIbHBIM. KOJIb CKOPO IIPU KarkIOoM
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BemecTBeHHOM ¢t mMeeM a(t) 2 0, IMCKPUMUHAHT TpPEXUJIeHA
a(t) OymeT HEIOJIOMKUTEJeH. 3alucaB HepPaBeHCTBO AJA IUCK-
pUMUHAHTA, MOJYyYUM TpedyeMoe.

3amewarue. ATO HEPABEHCTBO, PABHO KaK W METOJ ero J0-
KasaTeJlbCTBA, SBJIAETCA BA)KHLIM B TEOPUU TI'HIBOEPTOBBIX
nmpoctparcTB. CM. Tak:kKe 3amauy X.96.

X.95. Pemeunue. MccienoBaB 3Ty PYHKIIUIO C IIOMOIIIBIO
MIPOMB3BOMHOI, HETPYAHO YBHUIAETH, uTO Ha oTpeske [0; 1]

(PYHKIMA BO3PACTAET, VAOBJIETBOPAA HepaBeHCTBY 1< J7-1=
=f(0) < f(x) < f(l) =2, a Torma Ha orpeske [0; 1] BeImOJIHEHO

HepaBeHCTBO ——— + f(x) <3, a 3sHauuT, u

f( )
j(ﬂ )+f(x)jdx jsdx 3.

1
X.96. Pemenue. I3 ycioBus cjJaemyeT, 4TO J.f’(x)dx =
0
=f(1) - f(0) =1. BocmosbayeMcs HepaBeHCTBOM 3amauu X.94,

1 2 1
HOJIYIIM [J.(f’(x)-l)dx] <J‘(f’(x))2dx-‘|.12dx, OTKyZa U cile-
0 0 0

ayer TpebyeMoe HepaBEeHCTBO.

2
X.97. Pemenue. 3anuireMm % = dex. Torgma

t 2 t t
[log (27 + aydx - & = [(log 27 + @) ~ x)dx = | logz(l ¥ %)dx.
0 0 0

BocnoanzoBasmiuchk HepaBeHcTBOM In(l + x) < x mpu x> 0
(mpumep 80 a) 3 §61 yuebHUMKA), TOIYyUUM

1“(”2%) a log,[1+-%)a
1 (1 Lj: - OTKyZa Jogz( + ) x <
08,1+ 2% In2 2*In2’
t t
1 a
<j dr——— @ | _af 1
) 2%In2 11122-2’C\0 In22 2t ] " In22

(mmocaenuee

HepaBEeHCTBO BBIIIOJIHEHO B CHJIYy TOTIO,

1
2 log,e <log,4 =2).

X 98. PemreHue. 3anuiiieMm Tpe6yeM0e HepaBeHCTBO B BU-
ne j (2x — 1)f(x)dx >0. PaccmoTpum j(zx 1)f(x)dx, mpous-

0,5
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Begd B HEM 3aMeHy IlepeMeHHou x =1 — ¢, mOoaydumm
1 0 0,5
j (2x — 1)f(x)dx = j (1-20f(1— 1) - (—dt) =— j(zt— D1 - t)dt.
0,5 0,5 0

IlomeHAB B HOJIyYeHHOM HMHTerpajge OYKBY { Ha OYKBY X,

1 0,5
NpUAEM K CIIeMyIOIeMy: j(2x —1)f(x)dx = j (2x — 1) f(x)dx —
0 0

0,5 0,5
- [@x-1)f(1- 0dt = [ (@x—1)(f(x) - (1~ x))dx. Bamermm,
0 0
uyro Ha orpe3ke [0; 0,5] BeimosiHeno 2x — 1 < 0, a Tak’Ke
f(x) < f(1 — x) (B cuy TOTO UTO Ha HAHHOM OTpe3Ke x <1— x
u QyHKIUa [ Bo3pacTaeT), a IIOTOMY ITOJABIHTETPAJIbHOE BhIpa-
JKeHUe B IOJIYYEeHHOM WHHTerpaJje OyAeT HeOTPUIIATEJIBLHO,
a 3HAYUT, U caM WHTerpaj OyaeT HeOoTpuUIlaTeJIeH.
X.99. a) Pemenue. 3amMeTuM Ipe’kIe BCEro, 4To U3
YCJIOBUA CJIeAyeT: AJIA JI00r0 MHOTOUJIeHA (¢, CTEeIeHb KOTO-

1
poOro MeHbIIle 7, BBIIIOJHEHO PaBEHCTBO J p(x)q(x)dx =0.
0
IIycTs MHOTOUJIEH p MMeeT KOPEeHb a, He JeKalluil Ha
[0; 1]. He ywmansaa ob6miHocTtH, mycTh a > 1. Torgma p(x) =

1
— (x — a)q(x). Ipu srom degq=rn — 1. Toraa j p(x)q(x)dx = 0.
0

1 1
C Ipyro# CTOPOHBHI, j p(x)q(x)dx = I(x —a)qi(x)dx. IoxsiaTET-
0 0

panbHas QYHKIIUSA HepepbiBHA, He Imojo:kuTeabHa Ha [0; 1]
(rak xak x —a < 0 mpu x € [0; 1]) u He paBHaA HYJIIO B HEKO-
TOPBIX TOUKAX 3TOrO OTPe3Ka (BO BceX, KPOMe KOHEUYHOTrO YuC-
Ja KopHeli MHoTouJeHa ¢). Tormza mHTEerpajs oT sTOH QYHKIIUU
cTporo orpuiiareseH. [lomydeHHOe TPOTUBOPEUNE NOKA3BIBAET
yTBepsKIeHUe 3aJauu.

6) IlycTts a — KpaTHBIII KOpeHb MHOTOuJeHa p. Torma

1
p(x) = (x — a)’g(x). C ogHOII CTOPOHBI, Jp(x)q(x)dx =0. (1)
0

1 1
C 1Opyroi  CTOpPOHBI, Ip(x)q(x)dx = J(x —a)’q{(x)dx.
0 0

ITogpiaTerpasnbHasas PyHKIMA HeOpepbIBHA, HeOTpUIlaTeJbHA U
paBHa HYJIO JUIIb B KOHEYHOM 4YHCJEe TOYeK. JSHAYUT,

1

J p(x)q(x)dx >0 Bompexu (1). IlosryueHHOE TpPOTHUBOpPEUUE IO~
0

Kas3bIBAaeT YTBEPIKAeHNe 3aJaumu.
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Mmaea Xl. KomnnekcHbie ymcna

MecTo aTO# TJIaBBI B Kypce MW KOJHWYECTBO MaTepuaja BO
MHOTOM ONPeAeSIOTCA JUUYHBIMU CUMIOATUAMU aBTOPOB K
aToMy pasmeny. IlosaraeM, 4YTO MMEHHO KOMILJIEKCHBIE UICJA
cpeiu BCETO COJEepP:KaHWA IMTKOJBHOTO Kypca MaTeMaTUKU
ABJIAIOTCA IO AYyXY Hambojee GJIU3KMMH K COBPEMEHHOII Ma-
TeMaTHuKe.

HelicTBUTEIbHO, KOMILJIEKCHBIE UMCJIa COmep:KaT B cebe u
TPUTOHOMETPUIO, M TEOPUI0 MHOTOYJIEHOB, U TeOMeTpuYecKue
npeoOpa3oBaHUA, W TEOPUIO JNEJIMMOCTH, U €Ilé MHOTO TOro,
YTO He HAIIJIO OTPA’KeHWUsS B TEeKCTe TJIAaBHI.

C Apyroil CTOpOHBI, 3TOT MAaTepuUaJ OTHOCUTCA K TOMY,
KOTOPBIII «He CIPOCAT Ha dK3aMeHe», W aBTOPHI IIPEeKPAaCHO
MOHMMAIOT, YTO WMEHHO OH IIOJABEPTHETCA COKPAIIeHUIO
B cJIyuyae HexXBaTKMU BpeMeHH. TeM He MeHee cumTaeM KpaliHe
JKeJlaTeJIbHBIM M3yUeHMe 5TOr'0 MaTepuaJia XoTs ObI Ha 0030p-
HOM YypOBHe, TaK KaK HojaraeM, 4To MaJo HaWmérca Tem,
CPaBHUMBIX C KOMIIJIEKCHBIMM UYMCJIAMHU IO CUJIe BO3AEHCTBUA
Ha ydJaluxcHd.

Kpome Toro, KomMIIeKCHBIE YKCJIa 3aBEPINAIOT IIOCTPOEHME
ajredpanuecKy 3aMKHYTOH UYMCJIOBOII cucTeMbl (T. €. YHCJIO-
BOM CHCTEMBI, B KOTOPOHA BCE€ MHOTOUJIEHBI ¢ Koa(QduimeHTa-
MU W3 9TOM CHUCTEeMBbl MMEIOT KOPHU W3 TOU KEe CUCTEMBbI).

ITpuMmepHBIN TIJIaH M3YUYEeHUs TJIAaBBI IIPUBEIEH B Tabauile
(nnsa 4 m 5 yacoB aareOpsl M HavaJ MaTeMaTUUYEeCKOTO aHaJIM-
3a B HeMeJIo).

T'maBa XI. KommiaekcHbIe umciia 12 16
OmnpenesieHre KOMILJIEKCHBIX YMCEJT 2 2
TeomeTpuuecKoe mpeacTaBIeHUE KOMILJIEKCHBIX 4 4
quces

Tpuronomerpuueckasa ¢GopmMa 3alucu KOMILJIEKC- 4 4

HBIX uyuces. @opmyna Myaspa

KopeHb n-ii cTemeHW m3 KOMILJIEKCHOI'O YHCja 2
ITpuMeHeHUA KOMIIJIEKCHBIX UMCeJ] 2
Kourposbuas pabora Ne 8 2 2
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§ 66. OnpepeneHne KOMMIEKCHbIX YMCEn.
Anrebpanyeckas ¢popma 3anucu U apudpmeTryeckue
AEeUCTBUS HOA KOMMIEKCHBIMM YMCIAMM

Ilepen BBemeHMeM KOMIIJIEKCHBIX UHCEJ JKeaTelbHO MIPO-
BECTHU C yYalllUMUCS BCTYIUTEJIbHYIO Oecely, B X0oAe KOTOPOI
BBIACHUTL TpPeOOBaHUs, MpelbABIAeMble K PaCIIUPEHUIO II0-
HATUSA YUCJIA. ITO MOKHO CHeJiaTh, HAaIPUMeD, II0 CJeayIole-
My IJIAHY:

1) AxcuomMaTuyecKoe IIOCTPOeHUWe MHOKeCTBa HaTypaJib-
HbIX uwncen N. BroIlmosHeHMe KOMMYTATHBHOCTH UM accoIlHa-
TUBHOCTH CJOKEHUS W YMHOMKEHHS, a TaKyKe AUCTPuOyTUB-
HOCTU yMHOKeHusA. HepaspemmmocTh ypaBHeHus a + x = b,
a>b.

2) MHoskecTBO 1enabix umncen Z. CylmecTBoBaHUe HENT-
PaIbHOTO dJeMeHTa OTHOCUTEJNLHO CJIOMKEHUS W YMHOMKEeHUd,
a TaksKe CyIIeCTBOBaHUE ITPOTHBOIIOJOKHOTO sjieMeHTa. Ilpu-
Mep KOJIbIla MHOTOUYJIEHOB ¥ HEKOMMYTAaTHUBHOTO KOJbIIA
KBagpaTHBIX Marpuii. Kouapio Z — ob6JjiacTb I[€JIOCTHOCTH,
T. e 0e3 gmeauresieii HyJad. IlpuMep KoJblia, He ABJAIOIIErO-
ca obmacThio 1esgoctHocTu. (Hampumep: Koabio Z, pasbutoe
Ha HeIlepeceKaloluecs KJAcChl 9KBUBAJEHTHOCTHU IIO IIPU3HA-
Ky gequmocTu Ha 6, obpasyeT Kojablo Z /6Z, B KOTOPOM Bce-
ro 6 smemenTonB: 0, 1, 2, 3, 4, 5 — ocraTkm IpHU [AeJIeHUU
Ha 6. Jlerko ybemuTbecs, UTO 9TO KoJblto. OgHako 2 + 3 = 0,
XOTs caMUW MHOMKUTeIW He HyJu.) HepaspelrumocTs ypaBHe-
HUA ax = b, ecaiu b He meaurTcd Ha a.

3) Ilome pammoHaJNbHBIX uYMceJ @ — YaCTHBIM cJayuan
KOJbIla, B KOTOPOM CYIIEeCTBYeT OOpaTMMOCThL OIepaluu

yMHOKeHns. HepaspeImnMocTs ypaBHeHHd x2 = 2.
4) Ilone BemecTtBeHHBIX uwmces R. Ilone uywmcen Buzga

a + b\2, a, b € Z. Hepaspemumocts ypasHeHus x> — —1.

5) TpebGoBaHUA K PaCIINPEHUIO IMOHATUSA YMKCJIA:

a) PacimupenHoe MHOKecTBO P’ JOJMKHO COmeps:KaTh UCXOJ-
HOe pacIupseMoe MHOMKecTBO P KaK OJHO M3 CBOUX MOIMHO-
s)kectB. Takum o0pasom, MOJMKHO BBINOJHATHCA: N & Z <
@ < R < C.

0) Omepanuu ¥ OTHOIIEHUA PACIIMPSIEMOro MHOKecTBa P
ompenesieHbl TaKiKe U JJsd PacIIUPeHHOTo MHOKecTBa P/,
OpUUYEM UX CMbICJ B P’ JOoJKeH COBIIAIaTh CO CMBLICJIOM, KO-
TOPBIA OHU mMeau B P g0 ero pacimupenuda. «IIpuHnun mep-
MaHEHTHOCTHU » .

B) B muoxecTBe P’ moyiKHA OBITH BBIMIOJIHMMA OIl€palusd,
KoTopas HeBbIHOJHUMA (MM He BCerJa BBIIOJHMMA) B MHO-
sKectBe P.

r) Pacmiupenne mHokecTBa P’ JOMKHO OBITh MUHUMAJIb-
HBIM M3 BCEBO3MOXKHBIX PACIIMPEHUN MHO}KecTBa P, ymoBier-
BOPAIOIINX TPeOOBAaHUAM a)—B).
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Ve npu pabote ¢ stuM maparpadoM HeoOXOAMMO BCsSUeC-
KM IOAYEPKUBATDH, BO-IIEPBBLIX, CBA3b KOMIIJIEKCHBIX UHCEJ C
IeCTBUTEJIbHBIMIA YKCJIAMU, BO-BTOPBIX, Pas3jnuure MeXKIy
HUMN (HaanMep, HEBO3MOMHOCTH I'OBOPHUTH O TOM, YUYTO OIHO
13 KOMILJIEKCHBIX UMceJ OOJIbIle APYyroro). tTo HamboJjee sap-
KO JemMoHcTpupyercsa B myHKTe 3. C Apyroi cTOpoHbI, BO MHO-
JKeCTBe KOMILJIECHBIX UYHCeJ BEePHBLI Te JKe ajredpamdyecKue
TOoMKAecTBa (Hampumep, (POPMYJIBI COKPAIIEHHOIO YMHOME-
HUSA), YTO U BO MHOKECTBe BeIleCTBeHHBIX uucesJ. B maabHeli-
IIeM IIOHSTHE AEJUMOCTUA PACIPOCTPAHUTCA Y HA KOMILIEKC-
Hble, TaK HasbIlBaeMble rayccoBbI umcia (cM. 3amauy XI1.165).

Pemrenuss m ykasaHUA K 3agadyaM
XI1.4.8) J. Pemenue. a> —6a+7=-2a°>—-8a = ac J.

XI1.5. 0) [5 ﬂ 27— g\/_), (5+2\/H;27+§\/HJ. Yrasanue.
IOCTATOYHO DEITUThL CHCTEMY 4 —3=y,
1+5x=y.
XI1.6. J.
XI1.10. Yka3aHnue. HeoOxoguMo IPUUTH K BBIBOLY O TOM,
i, n=4k+1,
|- 1l,n=4k + 2, Y L
uyro i = i n—4k+3, rne ke Z. 3) —2i+1. g) —i— 1.
1, n=4k,
_ 1_i 5y21 20 3.4 eyl l;
XI.11. a) 16) ) 29.I‘)5+5l.}1)l.e)2+21.
68 99 .
) _+§ . 3 ﬁ_ﬁl.

XI1.12. a) —% 6) —8. B) -1 + i. 1) O.

XI.13. z=1+i. Pemenue. B xome mpeobpaszoBanuit
moJiyuuM ypaBHenue bz + 5zi — 10i = 0. Temeppr nycThb

5a—5b=0, @{a=1,

z=a+bi, a, be R. Torna {5a+5b—10=0 b=1.

X1.14. (1; +v2); (l —)

2’
X1.15. 6) (-2; 3); ( )

XI1.16. 6) (1; 2); (-1; —2).
XI.17. a) 0; +/7. 6) .
XI.18. a) z = 1—-i. 6) z = -1 + 0i.
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XI1.19. -2; *2i.

3amewanue. Iloe3HO IMOHATH U3 YCJIOBUSA, UTO 2 JubOO Be-
IIleCTBEHHOE, JAnG0 YHCTO MHHUMOe, TaK Kak 2° € R.

XI1.20. 6) x = i y = 2 — 3i.

XI1.21. z = 2+ 4i; w=1 + 3i.

X1.22. YVkasanue. JlokasaTh paBeHCTBO z — 2 = 0, SKBUBA-
JIEHTHOE IAaHHOMY.

XI1.23. a) Ykasarnue. [lokasaTb m0 UHAYKIIUH.

6) Pemenmue. Ilycts z=a+ bi, a, be R. Torama
1 a—bi a b . 1 a b .
PP S a2+b21’ OTKyZa (;]z PRy + a2+bzl=
_a+bi a+bi 1
T 2+p® (a+biNa-bi) a-bi

XI1.24. 6) 0; *i; *1.

X125 o) 2B, BB B B B B

. 2 .
otk Ty Tk 0 gl Ty
XI1.26. Ykasarnue. a) Pelllenve aHAJIOTUYHO DPEIEHUIO 3a-
maum XI1.25.6) 2 +1i; —2—-1i.B) 1— 3i; —1 + 3i.
3amevarue. IlonesHo oOpaTUTh BHUMAaHNE, UTO PEIIeHUEM
SIBJIAIOTCA IIPOTUBOIIOJOKHBIE UHNCJA, KaK W IIPU pPeIIeHUn

ypaBHeHus x> = a B moie R.

XI1.27. 6) z = -3 + i.

XI1.28. 6) *+2i; 2.

XI1.29. a) 28. Pemenue. 31ech riaBHoe — cHauaja gOra-
natwes, aro (1 + i)? = 2i. Torma (1 + i)'® = (2i)® = 28. 6) —2'°.
B) 21004 1) —22008 4 22008; pemenme. (i — 1)%°% = (—2i)2°%® x
x(l _ 1) — 22008 . (l _ 1) — _22008 + 220081-.

(2 - 5i)°%6 - (—2 — 51)7%6 (4 + 25)%66
XI1.30. 1) 1. PemeHue. (21__15)566.(5+2i;566 = (C4-25)56

XI1.31. a) -1,3 — 0,9i. 6) -1,5 + 4,7i. B) —3 — 8i.
r) —i. Pemrenue. 3mech, Kak ¥ B IPEILIAYINUX IIYHKTAX,
TIOJIEBHO CJIEIUTH 3a pallMoOHAJMU3al el BBIUYNCJIEHU:

N || =

1.

. 31-17i\1+i .
20—+ S -1
. . 31-17i)(4+3i)\1+i .
=(—41(1—1)+( X ’)) Lo1-i=
= (41— i)+ T+ i) g -1 =20 gy
1+ . .
XI1.32. a) 0. Pemenue. (1__;] =il =—i. CiemoBaTeIbHO,

Rez = 0.
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3 w4
6) 9. Pemenue. %—kl_l%:%—il():s—im:g.

CaemoBaTenbHo, Rez = 9.

XI1.33. a) —556. VYkxasarnue. Bocmoab3oBaTbcss OMHOMOM
Hrrotona mgusa n = 7.

XI1.34. a) 4. PemeHnmue.

A+ (1+iV A=) "4,
a-iy* 2" |1-i i i )

6) (—1)" - i*" "', Ykazanue. PellleHne aHAJIOTUYHO pellle-
Huio 3amaun XI.34 a).

2 4

XI1.35. z= 5 gi.

XI1.36. Pemenue. 910 yupakHeHUEe HUJLIIOCTPUPYET, UTO
mosie C — 9TO 00JIaCTh IIEJIOCTHOCTH, T. €. IIPOU3BeJeHue ABYX
KOMILJIEKCHBIX YMCeJ PABHO HYJIO TOTJa U TOJHbKO TOTAA, KOT-
Ia xXoTd OBl OOWMH W3 MHOMKUTeJNeill paBeH HyJ0. [[oxkamem
ato. Ilyets 2z, =a+ bi u z,=c+di, a, b, ¢, d e R. Torga
(a + bi)c + di) = 0 @{ac_bd:o’@{“czbd’

cb+ad=0 bc=-ad.

IlepeMHOXKUB ypaBHEHUs NOCJeIHEN CUCTEMBI, IIOJYyYUM
ypaBaeHue-caencraue ab(c? + d?) = 0. Eciu cymMa KBaapaToB
BellleCTBeHHBIX umces pasHa 0, To Kamgoe m3 Hux pasuo 0,
T. e. 2, = 0. B mporuBHOM ciy4yae OZHO W3 umcesJ a uiau b
paBuo 0. Ilycts, He ymanmasa obmiuoctu, a =0. Torma bd =0
u bc=0. Ecitu b # 0, To oba umcaa ¢ u d paBael 0, uTO
HeBepHO II0 mpenmojokenuoo. 3Hauut, a=0 u b=0, T. e.
z,=0.

XI1.37. Pemenue. O6GpaTHOe YTBEepKIeHUE OYEBUIHO.
32tzeR,

z,=2z. Ilycrs 2z,= a+ bi
z2,'2€R 2 y 1 ’

Hokaxkem, dYTO {
z,=c+di, a, b, c,d e R. Torga (a + bi)(c + di) = ac — bd +
+ (bc + ad)i € R, u, caemoBaTesbHO, bc + ad = 0. Tax Kak

a+bi+c+di=(@+c)+(b+dieR, To, cieroBaTeJbHO,
b=—d.

> Ecan

Hrak, nMeeM cucreMy {bc tad=0, {b(c —a)=0

b=-d b=—-d.

b=0, o u d=0, u Torzga z;, 2, € R, 4To He yAOBJIETBOPIAET
E c=a, _

ycnosuio. Eciu ke |, _ —d, T %2 = 2.
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XI1.38. a) PemeHue. 9To reoMeTpuUecKasi IPOTPeCcCUs CO
i(1 — 2008

13 =0 (mamoMHHUM, YTO

3HaMeHaTeneM q = i. Sy g =

;2008 _ 1

0) VkaszaHue. Penienume aHaJOTUYHO PEIINEHUIO 3amauyu
XI1.34 a). Baars g = —i.

B) Pemenue. MokHO pasbuTh Ha OBE CYMMbI CJEIYIO-
mum obpasom: (i + 3i® + 5i® + ... + 2009i°%) + (—2i® — 4i* —
— ... — 2008i%°%) = (i — 3i + 5i — ... + 2009i) + (2 — 4 + 6 —
-8+ ...-2008)=i(1+5+9+...+2009) —-i(83+ 7+ ...+
+ 2007) + (2 +6 + ... + 2006) — (4 +8 + ... +2008) =
= -1004 + 1005i.

B kaykmoii CKOOKe cyMMa 7 IepBBIX YJIEHOB apudMeTnye-
CKOM IIpOTPEeCcCUum.

XI1.41. Vrkasanue. Bocmoab3oBaTbcsa TeopeMoii Buera.

XI1.42. r) Pemenne. x> —6x +25=0< (x — 3) =42 =
S x-32=(Q2i)¢ = (x-3-2i)(x—3+2i)=0.

o) (v — iv)(u + iv).

§ 67. KomnnekcHble 4Mcna M MHOrOYMEHDI.
OcHoBHas Teopema anrebpei
HeprI[HO YKa3aTb MHOT'OYJIEHBI C IIl;eI‘/JIC’I"BI/ITGE.T[l'nHl')IMI/I KO-
s(ppuIlmeHTAMN CTEIIeH! BBIIIEe HYJEeBOIi, KOTOpPbIe He HMMEIOT
ImeficTBUTENbHBIX KOpHeH: x2 + 1, x2+x\/g+\/§, 2x* + x2+ 5
u ap. OgHAKO HEBO3MOYKHO IPHUAYMATh MHOIOYJIEH CTeIleHU
BBIIIIe HYJIEBO#, KOTOPBLIN He MMeJ Obl KOMIIJIEKCHBIX KOPHEN.

OcHoBHasI MBICIBL maparpada ¥ COCTOUT B TOM, UTO MHO-
JKEeCTBO KOMILJIEKCHBIX UMCes ajrebpanmyecKu 3aMKHYTO.

Pemrenuss m ykazaHuA K 3agadam

X1.43. 3ameuanue. fAcuo, uto f(z) + f(z) € R. a) 54.
6) —18.

XI1.44. Her. Vkaszauue. JlocTaTOYHO IIPOBEPUTH, UTO
fa—-i)=0.

XI1.45. a) x* — 9x* + 73x — 65 = 0. Pemenue. ITo Teope-
Me u3 § 67 . 1 MHOrouJIeH uMeeT KOpPHU 2, = 1; 2, = 4 — Ti;
23 =4 + 7i. IlycTs ypaBHeHUe HMeeT BHU[ 23+ bx® + cx +
+ d = 0. Torga mo Teopeme Buera

ztz, +2;=-9, b=-9,
22yt 2,2, + 22, =73, T.e. y¢=73,
22,2, = 65, d=-65.
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3ameuarnue. 3agaua mMeeT 0ECKOHEUHO MHOTO PeIleHuH
(HampuMep, HJOCTATOUYHO Pas3fgesiUTh Ha 2 Bce KOd(MAUIIMEHTHI).
B) Yka3aHue. Bocmoab3oBaTbCcsa TeopeMoil Buera.

XI1.46. a) +1; +5i. 6) +3; +2i. B) 1; —1£./2i. 1) —1;
3 * 2i.

X1.47. a) a=-1. Vkaszanue. 3aMeTuTb, UTO
6) a= 2.

XI1.48. a) 6. 6) 6.

X1.49. 1 +i. Pemenmue. ITpuaumas BO BHHUMaHWe, YTO
P(-5-1i P(i-5 7T—1i .
PE7—21’; B ﬁ((2i+7)) 3. 1ti

1-i v

P(z) = P(z), mony4dum
-1+

XI1.50. a) %; 2‘/§i. 0) Zi\/g; %*ﬁi. Pemenue. Ilo-

IeJuB JIeBYI0O M IIPaByIO0 YacTW ypaBHEHUS Ha Z U CHAeaB

1
gameny 2+ =t, moayYuM 412 - 17t + 4 = 0, orKyza

1
= =9+ ./
2+ 4, z=2=1,3, Ry o .
1 1< 1+3J7i B) 5 . 1) -1; 3; 1+ 2i.
2-0—;:2 z2= 3 . 2

XI.51. x*+ 4. Pemenue. ((x — 1)> + 1)((x + 1)> + 1) =
= (2% — 2x 4 2)(x® + 2x + 2) = (x® + 2)® — 4x® = x* + 4.

XI1.52. a = b = 0. Ykaszanue. [JocTaTOYHO TOAEJIUTH YTOJ-
KOM.

XI1.53. (0,5 — i)z +1 + 0,5i. Pemeunune. Ilo Teopeme
Besy P(i) =i, P(—i) = 2. Ilo Teopeme O IejiecHUM C OCTATKOM

P(z) = (22 + 1)Q(z) +az + b, T.e. P(2) =(z + i)z —i)Q(z) +
+ az + b. 3agaua cBejlach K CUCTEMeE

i=ai+b, - a=1+0,5i,
2=—ai+b b=0,5—-1i.

X1.54. a=4; z,=1-1i; z;=2. Pemenune. Ilo Teopeme
Buera 2,2,z = 4. IloHaTHo, uTo 1 — i TaK)Xe KODEHB.
Torma Tperuii KopeHb paBeH 2. Ilo Teopeme Bwuera

z2tz,t+tz=a,

oTKyza a = 4.
212y + 2523 + 212, = 2a — 2, yA

XI1.55. a=1; 2z, =1, 2z, =-2i, 2z;=2i. Pemenmne. Ilo
tTeopeme Buera z; + 2z, + z; = 1. Ho 2z, = z; = bi, b € R\{0},
T.e. 2,=1. Torma 1-1+a+3—-4a=0 < a=1. A rax
KaK 2,2,23 = 4, To b> =4 © b =12,
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X1.56. a=5 z;,=-2%i Pemenue. Ilycrs
u=2b+bi, be R. Torna u = 2b — bi To’kKe KOpPeHb ypaBHe-
Hus. 3aMeTuM, 4YTO II0 Teopeme Bumera u + u = —4, oTKyza
b=-1. Takum ob6bpasom, —2 — i um —2 + i — KOpPHU ypaBHe-
HUs, cJemoBaTeJIbHO, a = (=2 — i)(—2 + i) = 5.

XI1.57. (-3; —2). Pemenue. YcjoBue 3aauyM O3HAUYAET,
uyTo ypaBHeHue (a — 1)t2 — 4t +a + 2 =0 [OIKHO HMETH
OBa Pas3JIMYHBIX OTPUIlATEJbHBIX KOPHA (a = 1 He aBIsgeTCA
OTBETOM II0 CMBICJY 3amadu), T. €.

4—(a—1)a+2)>0,

2>0, 4

4 oTKyma |—— <0, =-38<a<-2.

t,+1t,<0, a—;

+

tt,>0, ‘;_1 >0

XI1.58. Pemenune. Ecau z,, ..., 2, — KOPHH MHOTIO-
wieHa p,, To p,(x) = (x — z)(x — 2y) * ... * (x — z,), 3HAUMT,
Ql-2z2)1-29) ... (1-2)=p,(1)=n+1.

XI1.59. Pemenue. [lokaxxkem, uTo Ji000ii MHOTOUWIEeH P(x)
C BeIleCTBEHHBIMU KO3((PUIlmeHTaMU, NTPUHUMAIOIINNA HEOT-
puilaTeJabHbIe 3HAUEHUA IIPU BceX X € R, MOXXHO IPeICcTaBUTH
B BUJle CYMMBI KBaJpAaTOB JBYX MHOTOUYJEHOB C BeIl[eCTBEHHBI-
MU KospduimeHTamMu.

B camom pgesie, KOPHUM MHOTOUYJIEHA C BEIeCTBEHHBIMU
Kosp(puiimenTaMu pas3dUBAIOTCA Ha OeHCTBUTEJIbLHbIE KOPHU
U Tapbl KOMILIEKCHBIX KopHe#. Iloatomy

P(x)=all(x—2z)(x~2) [1(x~ @)™, tae o, € R.

Ecmu Vx € R P(x) 2 0, To a > 0 u Bce uucia m, 4E€THSHI,
IMOATOMY [OeNCTBUTEJbHBIE KODHU TOMKe pasOuMBamTCA Ha

napset. CiiegoBaresnbHO, P(X) = (\/E ﬁ (x— zj))(\/g f[ (x—2)),
j=1 j=1

NpUYEM HEKOTOPbIe U3 YHUCeJ Z; MOT'YT OBITH /J€HCTBUTEIbHBI-
l

mu. Ilycrs +Ja Hl(x —2)=q(x) +ir(x), roe q, r — MHOro4Je-
js

HBI C BeIlleCTBEHHBIMU Kos(pumuenramu. Torma
!
Ja I1 (x - 2) = g(x) + ir(x).
j=1

B urore IIojryuyaeM

2 2
P(x) = (g(x))” + (r(x))".

3amewanue. 19 MHOTOUJIEHOB OT HECKOJIBKUX IIepeMeH-

HBIX aHAJIOTUYHOEe yTBeDKJeHHe yKe He Bcerjia BepHO, T. e.
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CYIIIECTBYIOT HEOTpHUIlaTeJIbHbIE MHOTOUJEHBI (TaK MBI OyaeM
Ha3bIBaTh MHOTOUWJIEHBI C AENCTBUTEJbHBIMU KOd(PUIIMeHTa-
MU, KOTOpBIE IIPU BCEX MEHCTBUTENbHBLIX 3HAUEHUSIX IIepeMeH-
HBIX TIPUHUMAIOT HEOTpPUIlaTeJbHblie 3HAUEHUdA), KOTOpbIe
HeJb3sd NPEACTABUTHh B BUAEe CYMMBI KBaJpaTOB MHOTOYJIEHOB
C IeHCTBUTEIbLHBIMU Koddduiinenramu. IIepBsIM 3TO JOKa3ak
. T'uns6ept B 1888 r., HO OH He NMPUBEJ SABHBIA MPUMEP Ta-
Koro mMHOrouwieHa. IlepBbiM mpocToit mpumep npuBén T. Morir-
Kua B 1967 r. A mMeHHO OH IOKasaJj, 4YTO MHOTOUJEeH
F(x, y) = x*y?(x® + y> — 3) + 1 HeoTpuIaTeJeH, HO €ro Heb-
34 TPeICTaBUTh B BHUAE CYMMBI KBaJpaTOB MHOTOYJEHOB
C IeHCTBUTENBLHBIMU KO3(MMUIIMEHTaMMU.

§ 68. leomeTtprueckoe npepcraeneHune
U TpUroHomeTpudeckas bopMa 3anmcu
KOMMAEKCHbIX 4Mcen

droT maparpad Kak HeJb3sd JIyullle INOAYEPKUBAET, UTO
KOMIIJIEKCHBIE UMCJa MMEIOT OCOOEHHOCTL «IIePEeBOILIOIATh-
csi» W3 ajredpamvyecKoil (POPMBI 3aIllCH B TPUTOHOMETPHUE-
CKYIO, 3aTeM B IIOKa3aTeJbHYIO.

Bénbpmias wacTs 3amau, MDOCBAINEHHBIX M300paAKEHUIO
KOMILIEKCHBIX YMCEeJ M MOIYJII0 KOMIIJIEKCHOT'O YMCJIa, TECHO
CBfA3aHA C KOMILJIEKCHBIM ypaBHEHNMEM OKPYYKHOCTH U IIP-
moii. Taxk, Hampumep, mepen perrmenuem 3agauy XI.72—XI1.87
PasyMHO IIOJIYUYUTH STHU YPABHEHUS, UCXONA U3 OIPEemeTeHUH.
Ilpu 5TOM HCKJIIOUYUTEJNIHLHO MOJIE3HBIM ABJIAEeTCA (PAKT, UTO
paccTosgHNe MeXKIy TOUKaAMU 2 U W PABHO PACCTOSHUIO MEXK-
oy HYJI6M M TOYKOH 2z — w, T. e. paBHO |z — w

IIpu usyuyeHUU TPUTOHOMETPUUECKON (POPMBI KOMILIEKCHO-

X

cos ¢ = ——,
«'x2 + y2
ro 4Yncja Ba)XHO IOHATH, UTO PAaBEHCTBA | y He
sin ¢ =

,lx2+y2

[IO3BOJIAIOT HAIKCATL YAOOHYIO eOUHYIO (POPMY IJIs BhEIpaike-
HUA yrja ¢ uepes X U y. Bo BCAKOM ciiyyae, OHO He 00s3a-

x X

x2 + y2 [xZ + y2
HampuMep, YMCJIO 2 JIEKUT B TPEThEH UYeTBEePTH, TO €ro IJjaB-
HBII apryMeHT OOJIbIIle T, TOrJa KaK 3HAUEHUsS apKCHUHyCca U
apKKoCHHyCa He MOryT ObITb OoJibIle T. IlosToMy IJIaBHBIIA
apryMeHT KOHKPETHOrO 3aJaHHOI0 YMCJa HAXOLAT OOBIYHO
He Mo (PpopMyJaM, a C IIOMOIILI0 IeOMETPUUECKOT0 M300parke-
HUA.

HO COBIAJATh HU C arccos , HU c arcsin : eciu,
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TeopeMbl O CIOKEHUUN KOMIIJIEKCHBIX UMCeJ U UX IIPOU3-
BefeHUU (AeJeHUMW) B TPUTOHOMETPUUECKOU (QopMe «OoKuBa-
IoT» B 3amauvax XI1.101, XI.104, XI.108, XI.112.

Ba:kHO, UTO HApPALY C TeOMETPUUECKUMU CIIocobaMu pelrre-
HUsA OPUCYTCTBYIOT U aHajauTudecKkue (3amauu XI1.84, XI1.114,
XI1.116). 9To BaKHO KaK C METOAUUYECKOM TOUKM 3PeHHUs, TaK
M ¢ MaTeMaTUUYeCKOIi, 0COOEHHO KOrjJa IIPU ONpemeEHHBIX
YCJIOBUSAX TEPBBIiI cIoco0 HEeBO3MOKeH, KaK B 3amaue XI1.84.

IIpu msydvenuu dopmyasl MyaBpa HapAAy C TEXHUYECKU-
MU IPUOOPEeTeHUSIMU, HAIPUMEp C IIOJyUYeHMeM MHOTOUJIeHAa
f(cos0) = cosno gasa gwoboro n u f(sino) = sinno. g Heuér-
HOTO 71, B KONMUJIKY y4YaIllUXCs IIOMagaeT «MeTOJ KOMILIeKC-
HbIX uuces» — 3agauu rpynnel C: XI1.127—XI1.132, uTo oco-
0eHHO BaXHO W IIEHHO KaK C TOYKU 3PEeHud B3aMMOCBs3eil
B MaTeMaTWKe BOOOIEe, TaAK U C TOYKMW 3PEHUSA MOTUBAIUU
U3YyUYEeHUSA KOMILIEKCHBIX UHCEeJ.

Penrenuss U ykasaHus K 3aJadyaM
XI.61. r) y=-2x+2. Pemenue. Ilycty z = x + iy, x,
YycR. Tormpal2x+y=2<y=2-2x.n)y=-1.x)y > —2x.
3) x> + y? < 1. u) Bea miaockocTs. YkasaHnue. YCIoBUe CBO-
IUTCS K HEPABEHCTBY X + 5y2 = 0.
XI.62. a) x? — y* = 1.
0) Ykasanue. IlpuBecTu ypaBHeHHE —

=1 K Bu
x2+y2 Ay

2
1 ..
X +(y+ ) 1 9TuUM ypaBHEHUEM 3aTaéTCA OKPYIKHOCTD.

B) OKpy:KHOCTH (x + 2)° 4.

r) Ilapa Touek (ﬁ _1) , (_E

1
R Ej.PemeHne. N3 ycao-

1
1-.3i oY Ty =%
3

BUA IOJIyYaeM 2° = 5 T e

n) Kpyr (x — 1)? +y2 < 1. Pemenue. Im >1e

z-1
2XT2NEY sy > (x - 1P+ e (x - 1P+ Y0 <,
(x— 1) +y
a 9TO Kpyr.
XI1.63. a) Ilpamasa y = —x — 1. Vkasanue. 3amauy ciaeny-
eT CBeCTH K IIpeo0pas3soBaHUIO ILIOCKOCTHU (IIapaJjiieibHOMY IIe-
peHoCy, TOMOTETHUN WJIN CUMMETPUHU).
ITo ycnoBuo y = —x. YpaBHeHUHe 3aJaéT NIapaJjielbHBIN
ImepeHoc Ha eJUHUIY BHU3 BI0Jb ocu Oy.

< Im
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0) Ilpamaa y = x. VkaszaHue. YpaBHeHUEe 3aJaéT CUMMET-
PUI0 OTHOCUTEJHHO Hadajia KOOPIMHAT.

B) Ilpamaa y = —x — 2. Vkas3aHue. YpaBHeHUe 3a1aéT ma-
pajyiesbHBIN TepeHOC Ha eOUHUIYy BHU3 BAoJIb ocu Oy m Ha
eIUHUILY BJEBO BAOJIb ocu Ox.

r) IIpamaa y = x. Ykasanue. YpaBHeHUe 3aJaéT CUMMET-
puro oTHOCcUTENAbHO ocu Ox.

XI1.64. Yrkaszanue. Cm. ykasanume K 3amaue XI[.63 a).

VceiaoBue sajzauy o3HadaeT, uToO AaH Kpyr x> + y? < 4 Ges
TPAHUILI C IIEHTPOM B Havaje KOOPAMHAT W PagWycoOM, paB-
HBIM 2. a) Ykaszanue. YpaBHeHUe 3aJa€T IMapaLIeJbHBIA IIe-
peHoCc Ha ABe eIWHUIILI BIIPAaBO BIOJbL ocu Ox.

0) Yrkasanue. YpaBHeHUE 3aJa€T HapaJlJIeJIbHBIA TEePEeHOC
Ha [OBe eIWHUIIBI BJIEBO BAOJb ocu Ox U Ha ABe €IUHUIIBI
BBepx BHoJb ocu Oy.

r) Ykasanue. YpaBHeHUEe 3aJaéT CUMMETPUIO OTHOCUTEJb-
HO ocu Ox.

n) Yrkaszanue. YpaBHeHUe 3aJaéT TOMOTETHIO C I[€HTPOM
B Touke O(0; 0) u Koapdunuentom 2.

XI1.65. a) /10. Vrasarnue. Bocronb3oBaTbcsa GopMyJiaMu

paccroaHuAa MexxAy naBymda Toukamu A(7; —2) m B(6; 1). B) 2.

XI1.66. a) Ha. Vkasanue. Cm. yxkaszanue K samaue XI.65
a). 6) Ia.

X1.67. 6) Pemenue. PaccMOTpUM TOUKU KOMILIEKCHOI
ILIOCKOCTH, COOTBETCTBYIOI[UE AAHHBIM KOMILIEKCHBIM YHC-
aam: A(—4; —3), B(—1; 3), C(2; 9). Torma AB(3; 6), BC(3; 6).
Tax xax AB || BC, To Touku A, B u C jexar Ha OJHOM IPSIMOI.

3amewaHue. YMECTHO OTMETUTh, UTO TPU Pas3IUYHbIE TOU-
KU 2,, 25 ¥ 25 JIeXKaT Ha OJHOH NPAMON TOTAA M TOJBKO TOTr-
na, Korga 3% ¢ R, Il NOKa3aTeIbCTBA STOTO yTBEP KICHUS
22
JOCTATOUYHO BOCIIOJB30BATHCA IPUBHAKOM KOJJIMHEAPHOCTU
BEKTOPOB [JIA BEeKTOpa C HAUaJIOM B TOUKe Z; U KOHIIOM B TOY-
Ke Z; U BEKTOpa C HAa4YajJOM B TOUKe 2Z; U KOHIIOM B TOYKeE Z,.
X1.68. 6) (=3; 0); (3; —2); Imz}
(1; 4). VYrkasanHue. 0O603HAUUTH 41 A3
TOYKH, COOTBETCTBYIOIINE MTaHHBIM
KoMIIJIeKcHbBIM uymcaam A(0; —1),
B(2; 1), C(-1; 2). fcuo, uro 3azxa- C
ya uMeeT Tpu pernenuda (puc. 11.1).
W3 ycioBusA, uro guaronanau mge- D
JATCA IIOI0JIaM, B KakIOM U3 . —
cJiyyaeB HAUTU KOOPAMHATHI TOU- _NQ €z
ku D, i=1, 2, 3. )
B)z2=2,+t2y— 235 2=2,+25— 2
—29; 2 =24+ 23— 2y. YrKasanue. Puc. 11.1




HocraTouHO IepeiTu K PUCYHKY U PACCMOTPETh KOMILIEKC-
Hble 4YHCJa 2, 25, 23 KAK BEKTOPHI Ha ILJIOCKOCTH.

XIL.69. a) +./3.
5) (1+\/§; 1—J§j, (1—\/?7; 3—2J§

2 2 2

j. Pemenune. I3 pucyuka

TOHATHO, uTOo Touka C MOJ:KHA Jie)KaTh Ha CepeIUHHOM IIep-
HeHIUKYJdpe K oTpe3Ky ¢ KoHmamu B Toukax (0; 0) u (1; 1),

T. e. Ha npamoir y = —x + 1. Tak xak BA = CA = \/5, TO
JE=\/(x—0)2+(—x+1—0)2@x=—1i2£.

B), I') Yka3arnue. PellleHue aHAJOTMYHO PEIICHUIO 3aJaul
XI.69 6).

XI1.70. a) z =12 ;r . 6) z= ZUZ?’u. Yraszanue. [TocTraTouHo

meperT K BEKTOpPaM M WCIIOJb30BaTh TeopeMy O KOOpAHWHAa-
Tax TOUYKU, AEJAIIEHl OTPE30K B JAHHOM OTHOIIEHWMN.

XI1.72. r) OKpy:KHOCTE ¢ eHTpoM (—1; —2) u paguycom \/3 .
1) CepefMHHBIN IEPIEHAUKYJIAP K OTPE3KY C KOHIIAMHU B TOU-
kax (1; 0) u (-1; 0), T. e. mpamaa x = 0.

XI1.73. # + %i. a) JlaHHOe MHOKeCTBO eCThb OKPY3K-
HOCTH (X — 1)? + (y — 1)’ =1. Tak Kak reoMeTpUUYECKUIl
CMBICII |2| — 5TO paccTogHHMe OT TOUKM A0 Hadaja KOODJMHAT,
To u3o6pasuM pucyHok 11.2. Ha mém |z| mpuHuMaeT MuHH-
MaJIbHOE 3HAauYeHHe B TOuKe A, W, cjlemoBaTelbHO, 2 = X + Xi.
C mpyroii CTOPOHBI, TOUKA A NPHUHALIEKUT OKPYKHOCTU

(x—-1%*+ (@y—-1)2 =1, u rorga

Imz 2-2 2-.2
B F=Tn T

2+.2 2+.2.
1 c 0) 5 T i Yraszanue.

/ flcuo, uTo HanbobIIee 3HAUEHUE |2|

i.

OpuHMMaeT B TOuKe B — TouKe,
>  IuaMeTpaJbHO IIPOTHUBOMOJOMKHOMN
0 1 2 Rez rouke A.

B) 2 + i. Ykasanue. BeiecTBeH-
Puc. 11.2 Hasa vacTh paBHa 2 B Touke C.

r) 2+ [1 + .22 - 2]i. Yiasa-

nue. (2 -1 +(y-1)P=1=y=1+ 22 -2

152



X1.74. 3 E i.

XI1.75. —4i. Pemenue. Ilycts z = x + iy, x, y € R. Tor-
Ia 2\/x2 +(@y+3)7° = \/x2 +y*P ex*+(y+4)7°=4, a sT0 ypas-

HeHNe OKPYKHOCTHU C IleHTpoM B Touke (0; —4) u paguycom 2.
Tax KaKk TOYKa a paBHOyIaJieHa OT JIOOBIX TOUEK OKPYIKHO-
CTH, TO 5TO U €CTh €€ IIeHTP.

1
XI1.76. Pemenue. I3 ycioBus cieayer, 4TO a4=—Z.

Ilyers 2 =x + iy, x, y € R, Ttorma (x + yi)(x —yi) — 4 <

e x? + y2 = 4. CnemoBaTesibHO, MHOKECTBO A €CTh OKPYK-

HOCTL C IeHTpoM B Touke O(0; 0)

U paamycom, paBHbBIM 2. MHoXe- 9

Yy
cTBO B 3ajaérca ypaBHeHUeM x2+y?=4
(0,5 + 0,5i)(x + yi) + (0,5 — 0,5i) X
><(x—yi)=2\/§<:>x—y=2\/§. Ta- 1/52/
o
-2

KuM 00pas3oM, MHOXeCTBO B ecTb _o 0 X
IpAMAasi, IIPOXOAMAIAs Yepe3 TOUKU

(0; —2\/5), (2\/5; 0). Haiimém o6miue
TOUKHK HOJsd MHOXKecTB A u B:

YL 22
x2+y2=4’ x=\/§, q)g
= 3HAYUT, /
y=x-2y2 |y=-2. 7
MHOXKecTBa A u B mmeroT omgHy 00-
VIO TOYKY (\/5; —\/5) (upamasa Ka- Puc. 11.3
caeTcsa OKpPYKHOCTH, puc. 11.3).
XI1.77. a) Kpyr x® + (y — 2)> < 4. 6) Kpyr x*> + (y + 1)2 < 1.

B) Kpyr 6es rpanumsr (x — 3)% + y2 < 4.

x
) ITonymnimockocTs y < —-3 0e3 Hauajsia KoopauHat. Pemre -

x 2y y<-—
2 2773 7 <
x"ty x"+ty

[CNES

b

HHeE.
x#0, y#0.

X1.78. a) Koabiio, o6pasoBaHHOE ABYMSA KOHIIEHTPUUYECKUMU
2 2 2
OKPYXKHOCTAMU (x+%)+(y+%]=1 u (x+§j+(y+§)2=9,

Pemenune. 3 < [Biz+1-i <9 3 < |3i|2+%+é<9®

1 i
ol1< z+§+§<3.
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0) Vrkaszanue. Anajoruuno peienunio sagauu XI.78 a) BbI-
HecTu |1 —i| = \/5, IIOJIYUYUTh KOJIBIIO, 3afaBaeMoe HepaBeH-

i
crBoM 1 < |z— 17— <2.

1

B) BepxHAA MOJSyHJIOCKOCTD, TPAHUIIEH KOTOPOI SBJISAETCSA
npamaa y = —1.

XI1.79. a) Ilepecekatorcsa. Pemenue. JlocTaTouHO BCIIOM-
HUTH, 4YTO [JBe€ OR VIKHOCTH HUMeIT Oo0Iue TOUYKHU, €eCJUu
IR, - R,| < 0,0, <|R, + Ry|, rne O, u O, — TEHTDPHI ITUX
OKpysKHOCTell, a R, u R, — paamycwl. I3 yciaoBuda cienyer,
uto 04(0; 2), O04(2; 0), R, =1, R, = 2. Tark xax 1 < 0,0, =

=24/2 <3, ToO MHOKeCTBa IIepeceKarTcsd.

06), B), ) Vka3aHue. PemteHue aHAJOTUYHO PEINEHUIO 3a-
maum XI.79 a).

XI1.80. r) -0,6 — 1,2i — uwmcJI0O C HAUMEHBIIUM MOXYJIEM;
ypcJia ¢ HauOOJIBIIMM MOZLYJIeM He cyilecTByeT. Pemeunue.
IIyets z = x + yi, x, y € R, Torga m3 YyCJIOBUA CJEAYeT

3
(x — 2%+ y? = x>+ (y + 4)? & y=—£—— YpaBHeHnue mnps-

MO, MEePHeHIANKYJIAPHON NaHHOU M IIPOXOAMAIIEH uepes Haya-
JIO KoopAauHAT, uMeeT Buj y = 2x. Torga Touka repeceueHmUs
aTux mpambix (—0,6; —1,2) — umckomasa. Bropoii cmocob peiie-
HUus OpuBeIéH B 3amaue XI1.81 a).

XI1.81. a) 0,5. Pemeunue. Paccmorpum Toukm A(0; 1),
B(—\/g; 0). Torma A—B)(—\/g; —1). Tak Kak mcKoMasa mpsaMas
MepIeHANKYIAPHA A_B), TO Be}cTopA_B) — HOpPMAaJb K IIPAMOI,
W, 3HAYUT, —\/gx —y+c=0 — eé obmee ypaBHeHue. Haxo-
OIUM C U3 YCJOBUS, UTO JAHHAA MPAMAas IPOXOIUT Uepe3 TOUKY

1
[ \/2_, 5] — cepenuny otrpeska AB. Vmeem —\/gx -y—1=0.
Bocmosb3oBaBminck (popMysIoi pacCTOAHUSA OT TOYKU IO ITPSi-
. laxg + byg + c| L .
Mol d =0 20— maliéM HAaUMEHBIINN MOIYJIb.

1/az-i-b2

XI1.82. Vkasanue. IIpeobpasoBaTh VyCJIOBHE K BHULY
|zi — 8i + 4] = |il|z + 3 + 4i| = |z + 8 + 4i|, npomomEUTEL pemIe-
HUe aHajgoruuyuo samade XI.81.

XI1.83. a) Vkasarnue. IIpeobGpasoBaTh ycCJIOBHE K BHULY
|21||Z - 22| = |22”2 - Z1|- Ho |21| = |22| = 3, IOdTOMY |2 - Z2| =
= |z — 24|, a aT0 yske obcyxmanocs B 3amaue XI.81.

X1.84. 6) 3 + 4i; 4 + 3i. Pemeunmue. IIpuseném aBa cmoo-
coba pelreHus 3aaaq1/1 CnocoG 1. HYCTB z=x + yi, roe x,
ye R, torga z + z = x° + y?, a sHauur, x*>+ y®> = 25 — ypas-
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HeHIe OKPYKHOCTU C I[eHTPOM B Ha-
yajie KoopauHaT. l'eoMeTpuUUYecKU

<
s

cymma wmoayaeit |z — 7|+ |z — Ti PN
O3HavYaeT CYMMY PAacCCTOSIHUNA OT

TOUYKHU, COOTBETCTBYIOIIell KOMII- QN7
JIeKCHOMY 4mcay 2z, no Touek A(7; 0) = 0 A x

u B(0; 7) (puc. 11.4). OKpPy:KHOCTH

mepecexkaeT OoTpe3oK AB B IByX TOU-

Kax P u @, OHU U COOTBETCTBYIOT

TeM 4YmcJaM, AJA KOTOPBIX |z — 7| + -5
+ |z — 7i| npuHUMaeT MUHMMAaIbHOE

3HaueHUe, TaKk Kak majad P u @ 3Ha- Puc. 11.4
yenue |z — 7| + |z — 7i| paBHO nMHE

orpe3ka AB. 3aMeTUM, UTO AJIS JIOOOM TOUKU OKPYKHOCTH N
o HepaBeHCTBY TpeyroabHuka AN + BN > AB. KoopauHaTsl
ToueK P m @ HAXOAUM U3 CUCTEMBI

x=3,

x+y="17, y=4
=

xX*+y*=25 x =4,

y=3.

Cooco6 2. YuursiBas, uto x> + y2 = 25, MoyKeM 3amnmucarb

lz =7 = Jx -T2+ > = JTd—14x, |z — Ti| = P+ @ T =
= .[74 - 14y. Paccmorpum dyHKIUIO O(X; y) OT ABYX Iepe-

MeHHBIX O(x; Y) = \/74 —14x + \/74 — 14y, samaHHYIO IIpU

yerosum x% + y? = 25. Tax kak ¢(x; y) > 0 mpu m06BIX X
U Y, TO MOMKHO HAWTM MUHUMYM QYHKIUHA %(pz(x;y)=

=T4-T(x+y)+ \/(74 —14x)(74-14y). 3Hauwur, %(pz(x; yY)=

=74 -T(x+y+ \/98(x+ y)’— 74 - 14(x+ y) + 3026. Beipasum
2xy = (x + y)2 — 25 u cpenaem 3ameny t = 7(x + y). Torma
MUHUMAaJbHOEe 3HaueHUe QYHKIUUA %(pz(x; Yy) coBOHaméT cC
MUHUMAJbHBIM  3HaueHueMm  (yuaxmuu g(t) = 74 — ¢ +
+\/2°~ 1481+ 3026; g(t) = 37 + (37 — t) +,/2(t — 37)*+ 288.
CnenaB 3ameny p =t — 37, HaliéM MHUHUMAJIbHOE 3HaAUEHUE

, 2p
HKIIAT =37 —p + ./2p* + 288; =—"__ 1;
byHKIL f(p) p P f'(p) o 1 268

f(p)=0<p=12.
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Tak xKaxk ¢yaxnusa [ yObIBaer

- - + Ha mnOpoMeXKyTkKe (—o°0; 12], a ma

12 p HOpomexyTke [12; +0°) Bozpacraer

o — (puc. 11.5), To MUHMMAaJIbHOE 3HA-

yeHre (PYHKIUSA NPUHUMAaeT B TOY-

Puc. 11.5 xe p=12: min f(p) = f(12). Ho npn
pE

p =12 BeimosiHeHO t =49, a 3mauut, x + y = 7. Tak Kak

xX*+y*=25, 0 x=8,y=4mwm x=4, y=3.
3amewarHue. ATOT CHOCOO0 TPYAOEMKHIL, HO 0oJjiee YHUBEp-

canbHbIl. Eciiu ObI Ha oTpeske AB He HaILIOChL ObI HU OLHOI

TOYKW, YIOBJIETBOPSIOIIEH YCIOBHIO x> + y2 = 25, To pere-
HUE IIePBLIM CIOCOOOM ObIJIO Obl HEBO3MOJKHO.

XI.85. [g, \/5} Pemenue. Ilycts z=x + yi, x, y € R.
Torga wus ycaoBua umeeM x> +y?>=4x>—-4x+1+1 -
-4y + 4y® = 3(x*+ y®) — 4(x + y) + 2 = 0. OGozHAUUM
lz2| = x*+ y* =c, c>0. IlepedopmMyrupyeM sagady: IpH
KaKuX HEOTPUIATEeIbHBIX 3HAYEHUAX c cucrema

3X*+yY)—4x+y)+2=0,
{ gx Zy) 9 (x+y) UMeeT pelleHus?
x"ty =c

BbITTIOTHUB TpeoOpasoBaHUs, MOJIYUUM

2
{362—4x—4y+2=0,<:> y=—x+3*2

2 2 2 47
X"ty =c x2+y2=c2

2
3¢ +2
y=—x+—F—»
32 +2 3 +2)°
2 a2
2x 1 x + 16 c“=0.

ITorATHO, YTO y KBAaAPATHOTO YPAaBHEHUSA B CHUCTEME HYK-
HO IOTPebOBaTh HEOTPHUIATEILHOCTh AUCKPUMHUHAHTA (M 5TO-
ro OyIeT MOCTATOYHO, UTOOBI CHCTeMa WMeJia pelleHue), T. €.

9¢* — 20 +4 < 0= §<c2<2@§<c<\/§(c>0).

XI1.86. —1; 4. Pemenue. Ilycte z=a + bi, a, b € R.
VeisoBue o3HauaeT, YTO BEePHBI PAaBEHCTBA

(a +10) + b* = 65,
a’+ (b -2)*=13.

Pemrasa sty cucremy, Hangeém b.
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Imz
Imz 1] A
1
K
48 {s —1QMJ2 Rez
—-1-a 9 J-1-q Rez -1| B
Puc. 11.6 Puc. 11.7

XI1.87. YVka3aHue. PellleHre aHAJIOTMYHO PEIIEHUIO 3amaduln
X1.86.

XI1.88. IIpamyio.
XI1.89. —2. Pemenue. Paccmorpum ypaBHeHHe 22 — 2iz +
+a=0<z=it /-1-a. 3ameTuM, YTO KOPHU YypPaBHEHUS

UMeT OAMHAKOBYIO MHHUMYI0 dacTh (puc. 11.6). OueBummo,
YTO yroJ MeKIy BeKTOpaMu, M300parKaioniuMyu KOPHU IaHHO-
ro ypaBHeHUs, Oyzer paBHaATbeA 90°, ecam MOAYJIbL BeIECT-
BEHHO YacTV PaBeH MOIYJI0 MHUMOW, a MMEHHO

Fla-1ea--2.

X1.90. % + @ Pemenue. [[yis BLITTOJTHEHUSA YCIOBUS 3a-

Jauyy HeOoOXOAMMO W OOCTATOUYHO BBINOJHEHHUSA CJIeAYyIOIIeil
CHCTEeMBI:

lo|=12"— 2|, _ J1=]z—1],

|2 =127 2| = 1.

ATy CHUCTEMY MOXKHO DPEIUTh, MCXOASA U3 TeOMEeTPUUYECKUX
coobpaskeHUi: 1Be OKpy:KHOcTH (puc. 11.7) ogmHaxkoBOTO pa-

1 3 1 3
nuyca (r = 1) mepecexkarorca B Toukax A 5 g | B B 5 g |
MooxHO peminTh cucTemMy M aJjredbpamuyecku. Eciaum moJo-
KUTHL 2 = a + bi, a, b € R, To, pemras cucremMy, IIOJYYUM

1
a=(-17 _ "2
a+v=1 +

S

X1.91. Pemenmue. Ilycts 2z =x + yi, x, y € R u 4wuc-
ay i coorBerctByeT Touka A(0; 1), umecay z — i — Touka
B(x; y— 1), a uncany z + i — tmouka C(x; y + 1). Ilo ycioBuro
JOJI;KHO BBIMOJIHATHCSA XOTA ObI O4HO 13 paBeHcTB AB = AC,
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AB=BC u AC= BC, T. e. TOJI)KHO OBITh BBLIIIOJIHEHO YCJIOBUE

\/x2+(y—2)2=\/x2+y2, y=1,

X+y-2)°=2, =|x*+(y—2)*=4, Ilepsoe ypas-
2 2 __
,x2+y2=2 x"+y =2.
HeHUe 3aJaéT IPSIMYI0, a BTOPOe U TPeThe — OKPYIKHOCTH.

IIo ycioBUIO HOJKHO BBINOJHSTHCSI XOTsS OBl OJHO W3 pa-
BeHCcTB AB=AC, AB=BC u AC = BC, T. e. HICKOMOE MHOKe-
CTBO 3aJla€TCs TOJYyUYeHHOM COBOKYITHOCTHIO ypPaBHEHUM.

X_I;92. Pemenne. HYCTB_)‘-II/ICJIY U COOTBETCTBYET BeK-
TOp @, & YHUCIy U _—— BEKTOp b, TOrAa Hy’XHO JOKasaThb, YTO
la — b| > |a|—|b|. Ecau |a|—-|b| <0, To HepaBeHCTBO
oueBuUAHO. Hciu |E)| - |3)| >0, To |E>— 3)|2 > (|E)| - |3)|)2 =4
= (@ - b)Y = [dP - 2d|[p] + [p < a2 - 240 + B2 >
> d - 2[d|o] + | = a b <|d|b] (rax rax a? = [a ), uro
BEPHO IIO0 OIIPeJe/IeHNI0 CKAJSAPHOTO IIPOM3BEAEHUS, IPUUEM
Imu Imv
Reu Rev’
C reomMeTpruYeCcKOil TOUKU 3PeHUS HEepaBEeHCTBO 03HAYAET, UTO
CTOPOHA TPeyroJibHHKAa OOJIbIIle PA3HOCTU IOBYX APYIHUX €ro
cTtopoH (puc. 11.8).

X1.93. Vraszarnue. Ouarb-Taku, Kak U B 3agauve XI1.92,
MOJKHO IIepeiTH Ha S3bIK BEeKTOPOB. SICHO, UTO IIOJyUYeHHBINA
YeTBIPEXYTOJBHUK — mHnapajuiejgorpamm (puc. 11.9) u ero agua-
roHaJan pPaBHBLI. SHAUHUT, 3TO IPSAMOYTOJbHUK.

XI1.94. T'eomeTpuueCcKM 5TO PAaBEHCTBO O3HAYAET, UTO CYM-
Ma KBaJApaToOB AMaroHajleil mapaJiiejgorpaMMa paBHA CyMMe
KBaJpaToB BCeX ero CTOPOH.

— —_—
paBeHcTBO mocturaercs, ecau a b, T.e. eciu

XI1.95. 0; @. 3ameuwarnue. Bo BTopomM mamaHuu OyaeT

HCIIpaBJeHO IIepBoe HepaBeHCTBO: |z —i| < 3. Pemenue.

2 —i|<3,
1) Ilycts a = 0. Torma | | BBIIIOJHAETCS OJISI eIUH-
lz2| <0
crBernHoro uwmciaa 2z = 0.
Imz u
Imz -
a Ql‘
U - = \ +
. a—b =3 2 v'
v o a+b/ Rez
b
0 | Rez v
Puc. 11.8 Puc. 11.9
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Imz
4
Ol r
14 1 R2 02
—3% 3a Rez
-2
Puc. 11.10 Puc. 11.11

2) IIyetp a > 0 (a < 0 He moaxomuT, Tak Kak Vz € C
|z| > 0). Torma mHOkecTBO |z —i| < 8 3a7aéT KPyr ¢ IEeHTPOM
B Touke O,(0; 1) u pagmycom R, = 3, a |z —3a| < 2a zagaér
Kpyr c nentpom O,(3a; 0) m paguycom R, = 2a. YciaoBue
3aauy O3HAYAeT, UYTO KPYrW KacalTCA BHEIIHUM ol0pa-
soMm (puc. 11.10), T.e. 0,0, = R, + R,, a 3Hauur,

2 —
9’ +1=3+2a, _, ,_6+19
a>0 5

XI1.96. 0O; ﬂ. Ykaszanue. Pemntenue aHaJIOTM4YHO pe-
mieHno 3agaunm XI1.95.

XI1.97. a) (—o0; 0) U (%; +00j. Pemenue. ITouaruo, uro

npu a < 0 cucrema perrenuii He mmeer. IIpu a > 0 manHbIe
ypaBHEHUA 3aJal0T OABE OKPYIKHOCTH, 3TU OKPYIKHOCTH He

00,>R,+R
UMEIOT OOIIMX TOYeK, ecJu 12 ! 2 pne O,(a; O
- {0102<IRI—R2|, Ae 0y(a; 0)
u O,(0; 1) — meHTPH [NaHHBIX OKpYKHOcTei, a R, =1,

R, = — ux paauychbl. Tax,

az+1>(1+3)2
a 2)° [a>0,
E =

2
2 _a
a+1<(1 2)

XI1.98. (——° 0). Pemenue. MuoxecTBo |2 — 2| < 2 zaza-

€T Ha KOMILJIEKCHOM ILJIOCKOCTH BHYTPEHHOCTH Kpyra C IIeHT-
pom O,(2; 0) m pagmycom R, = 2, a MHOMXKeCTBO |z — ai| =
=a + 4 npu a > —4 3a7aéT OKPYKHOCTb c HeHTpoM O,(0; ai)
u paguycom R, = a + 4. I'eomerpuuecku (pumc. 11.11) sTo
O3HAuUaeT, UTO WX IepecedeHue He mycTo. Torga |R; — Ry <

<0,0, < R, +R,, T. €. a+2<‘/4+a2<a+6®—§<a<0.
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Imz Imz
iz a
b z
0 Rez
- 0 a Rez
Puc. 11.12 Puc. 11.13
IIpu a = —4 BeImoiHAeTcA |2 — 4i| = 0 < z = 4i. Ho Torzma

He BBHITIOJHAETCS BTOpOe HepaBeHCTBO |4i — 2| = /20 < 2, 3Ha-

yuT, perrenuin Her. Ilpu a < —4 JjieBasg 4yacThb IIEPBOro Hepa-
BeHCTBA |z — ai| > 0, a ero mpaBasd YacThb MeHbBIIe HyJId, 3HA-

YUT, pelnieHnuil Her.

XI1.101. r) Cm. puc. 11.12. Vraszarnue. Ilycts z + i = w.

Torma z = w — i.

n) Cm. puc. 11.13. Vkasanue. Ilose3no mgokasaThb TOT
daxT, 4YTO IPU YMHOMKEHUU Ha [ IMIPOMCXOAUT IIOBOPOT BEKTO-

pa, 1/1306pa31ca101uer0 YMCJIO 2 Ha KOMII-

Imz , o Tt
, JIEKCHOM IIJIOCKOCTH, HA YTON o BOKDYT
,
//’ Hauaja KoopamHAT (Ha yroja —g, ecyu
.7 YMHOKUTHh Ha —i). 9TO SCHO U3 PUCYH-
0 ka 11.13. IIycts a > 0, b > 0. Torga
Rez  (a + bi)i = —b + ai. Hamee nmeiicTBOBATH
Kak B II. T'): arg w = g, w = zi. CiemoBa-
w ,
Puc. 11.14 TeJIBHO, 2 = = —Wi (puc. 11.14).
u) Pemenue. Ilycts z = x + yi, x,
i+l x+y+(x—y)i
y € R. Torma . R . Orryzma
x+y
2 2
cos (—T) = rty ,
x+y ¥ L(x=y 1= xty ,
2 2 2 2
2ty Syt ) Jet ' +@-?
X~y 0= X~y
2 2
sin (—m) = x+y Ja+ P+ @ -y’
x+y 2+ xX—Yy
x2+y2 x2+y2
o ]xX< 0,
x=y.
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XI.102. 5) Pemenue. 16—16J§i=32(cos(—§)+ isin(—gjj.

XI.104. a) -1. ©6) 3i. B) 1-i. PemeHue.
(cos%nJrisin%n)(H—l) —i(i+1)=1-i. 1) -6+ /6i.
Pemenmue.

(cos(—ﬁ) + Lsm(——)]( 3+ \/_1) =
(cos(—%) + Ls1n(—%)j(cos 5T isin )\/r \/17( \/_ \/— )
=6 +6i.

Yrasanue. IlonesHo yduecTs, Imz A(x — 1)%4 (g — 1) =1
YTO MPU YMHONKEHUU KOMIIJIEKC-
HBIX YHCeJ UX MOAYJU IIePEMHO-
JKaIoTCsA, a apryMeHTHI CKJIaAbIBa- /
orcsa. CymMma TJIaBHBIX apryMeH-
TOB He SIBJAETCA, BOOOIIe TOBOPHI, 1
TJIaBHBIM apryMeHTOM HIpPOM3Bee-
Husg. ITo OyAeT BepHO JUIIb B TOM

ciaydae, KOTZa CyMMa TJIABHBIX < /10 1 Reoz
apryMeHTOB COMHOMKUTeJIell MeHb- @
mre 2m. %

XI1.105. a) z=1. 6) z=i. >
B) Yka3arnue. [locTaTOUYHO PEIIUTH
(x -1’ +(@y-1)y°=1,

= Jax
(puc. 11.15).

XI1.106. /14; 2_;

X1.107. 84/2; %

XI1.108. 6) Pemenue. Peire-
HUe aHaJOTUYHO PEINeHUI0 3aJauu

- _Z Puc. 11.16
XI1.101 e). Ilycts w S Torga

z=w( + \/g), arg(i+ \/?7) = g, li + \/?:|= 2, T.e. IOBOPOT JydYa

cucremy

Rez

(argw= g] Ha yroJa % (puc. 11.16). B urTore moaydyaem Jyd,

COBIIQIAIONINII C IIOJIOYKUTEJBbHOIN IoJyochbio ocu Oy 6e3 Ha-
yaja KOOpPAUHAT.

XI1.109. B) \/ﬁ(cos(n + arctg g)+ isin (Tc+ arctg %D
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3ameuwanue. Ilepen BuimmosHeHweM 3azau XI1.110—XI1.112
II0JIE3HO YCTHO IIOBTOPUTH (POPMYJILI IPUBELEHII.

XI.110. a) cos38 + isin38°. ©06) co0s218" + isin218".
B) cos(—48") + isin(—48°). r) cosl32’ + isinl32°. Pemenue.
—c0s48° + isin48 = cos(180° — 48°) + isin(180° — 48°) =
= cos132° +isin132°.

XI.111. a) cos(—58°) + isin(—58°). Bameuarnue. Bo BTOpOM
W3JaHUKU yCJIOBHe OBLIO 3aMeHeHO Ha sin32° + icos148°.
Pemenue. sin32° + icosl48" = cosb8" + icos(90° + 58°)
= c0sb8’ — isinb8” = cos(—5H8°) + isin(—58°).

B) \/5 cos70° (cos% + isin T

4
= cos70° + icos70’. 3amerum, uto Rez =Imz > 0, T. e.

argz = g, |2l = \/2c08270° = 2 c0s70°. Torza

z= \/Ecos 70° (cos g + isin E) .

4
T) cos(—%)—k isin (—%)
XI.112. cos160° + isinl160°.
XI.113. 1+ i+/3. Pemenue. Ilycts 2 = x + yi, x, y € R.
Torga z = x —yi; 2+ 2z = 2x; z — z = 2yi. Jdamnee (z + z)(z —
— 2z) = 4xyi, OTKyZa IO YCJOBHUIO 3amaum 4xyi = 4\/§i, T. €.

), Pemenue. sin20° + icos70’

xy=\/§. 3uauut, x # 0 u y # 0, Tak KaK argz=g, TO%=\/§,

xy =3,

x > 0, y > 0. Takum oGpasom, Y _ 3, <:>{y=1/§,
x=1.

X
x>0,y>0
XI1.114. p > 2. Pemenue. Cnoco6 1 (amanmutmuecKuii).

Ecau argz=—, T0o z = x + xi, x > 0. Torma

I
4

o+ xi — 1+ + /Bil = \J(x — 1)* + (x + VB)” < p.
fAcwo, uto p < 0 He moxxoaut. Paccmorpum p > 0, Torma

(x—12+(x+V3)2<p*=2x+ 23 -1)x+4— p?<O0. (*)

Temepb 3amauy MOMKHO IepedOpPMyJIMPOBATH: HPU KaKUX
3HayeHUAX p > 0 HepaBeHcTBO (¥) mMeeT XOTA OBI OZHO IIO-
JOKUTEJbHOEe peleHue?

D=0,

Tax Kak
x> 0.

IIpoBepuMm cHauajga  cJaydain {

D D
7= —4— 2\/?_>+ 2p2, CJIeIOBATENbHO - = 0= p=42+ \/§ Torma
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Rez

ey,

Puc. 11.17

P+E3-1)x+2-/3=0=x=-1¢[0;+). Temepp xocra-
TOYHO 1IOoTpeboBaTh, dYTOOBI X, > 0, rme x, — Goubpmui
KOpeHb ypaBHEHUS. A 3TO 3HAYUT, qTO

—J3+1++2p2—4-23
*/—++2p \/—>O<:>./2p2—4—2\/§>\/§—1 p>2
(p > 0). 3amerum, 4TO w/2+\/§ < 2.

Cmoco6 2 (reomerpuueckuit). Hepasererso |z — (1— +/3i)| < p,

rae p > 0, 3amaér Kpyr c meHTpoM B Touke (1; —\/37) u pagmy-
COM p, a Yucjia ¢ apryMeHTOM T nesxar ma ayue y =x, x >0

4
(puc. 11.17).
VYcioBre o3HauaeT HENYCTOE IepeceueHUe Jyda WM OKPYIK-
HOCTH, a dTO IIpousoiinér, ecau p = 00, > 2.

XI1.115. Cm. pemrenme 3amauu XI1.116.
XL1HL[%@—J&;56+J&} Pemenne. Croco6 1.

MHuoskecTBO umncesa 2z, OO KOTOPBIX |2 -3 - 4i| <1, — sT0
Kpyr (x — 3)>+ (y — 4)?2< 1. HOycrs 2z =x + yi, x, y € R.
Torma Imz =y, Rez = x, EEZ = % Ilepedopmynupyem

3ajavdy. IIpu KaKUX 3HaAYeHUAX C € R cucrema

(x— 3+ (y—4)* <1,
Y—¢

uMeeT XOTA ObI omHo pelneHme? CucremMa mMeeT pellleHIe
TOrAAa U TOJBKO TOTHAa, KOTJa WMeeT pellleHre HepPaBeHCTBO

(c? + 1)x® — 2(83 + 4¢)x + 24 < 0. Tax xaxk c>+1 > 0, TO
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IOCTATOUYHO IIOTPeOOBATh, qTo6LI >0 -8c*+24c-15>0<

@Z(6—£)<c<z(6+@.

Imz Cmoco6 2. W3 pucyuka 11.18
dACHO, 4YTOo tgo = %, o= arctg%
4 1 1
u tgﬁ—ﬁ, B—arctgﬁ. IToaTo-
B 4__ 1
3 J24  6-46
my tg(a—P)= 4F1 ==
1+ —
o 3 24
0 3 Rez AHanoran(;)Jr\/gnonyan, 4TO
tg(a+p)=——.
Puc. 11.18 8 b) 4

XI1.117. a) 2+ 27 - 3i.

6) [158—12 145; 158 +12,145 } 8) [0; 2m).

5 5
Ej B) \/ESinl (cos(—g—ngr

. T T . .
XI.118. a) ZSlng(cosE+ isin

5
+ lSln( 28))

XI1.120. JIyu argc = %

XI1.121. a) Pemenmue. (\/_ )7008 22008(cos2008 [——j

+ isin2008 (—%D= 22008 (cos (—%j—k isin (—%D

XI1.122. 6) Pemenue. Pelllenre aHAJOTUUYHO PEIINEHUIO
npumepa 37 us § 68. Ilo popmyne Myaspa

cos12a + isinl20 = (coso. + isino)'? =
= cos'?a + Cjycos'ta - isina + CZcos'®a(isina)® +
+ C3,cos’o(isina)® + Ci,cosPo(isina)* + ...,

cosl20 = cos'?o — szcosloocsin%c + Ct,cosbasin®o —

— C%,cosbasin®o + C¥,cos*asin®o — C19cos?asin'®o + sin'o.

XI1.123. Pemenue. 3anuiiieM ypaBHeHUe z -+ % =2cos0

B Bume 22— 2zcosO+1=0 ®2=2cos9i«/cos29—1 S z=

.. .. 1 1
= cosb Lt isin®. Torga z" = cosnb £ isinnd < .= ——— =
2 cosnbO * isinnd
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= cosnB +isinnb. CiuoxkuB mocjiefHHE IBa PABEHCTBA, IIOJY-

1
qum 2" - =2cosnb.

XI1.124. PemreHnue.
(1 + itgoc]" . (cosoc-i— isinoc)" __cosno.+isinno. 1+ itgno

1-itgo coso. — isina cosno. — isinno ~ 1-— itgno

(mepen mociegHUM PaBEHCTBOM UHCJIUTENb W 3HaMeHaTeJb
pasgmenuau Ha COSnO).

XI.125. a) a=-1; {ii; #} Pemenue. u=(sinl—

12
6 6
- icosij o (cos(— 5_n)+ isin(— 5—“]) = cos(— 5_nj+ isin (— S_nj: —1i.
12 12 12 2 2
Taxk Kaxk u = —i KopeHb, To (—i)* — (=i)® + (a® — 3)(-i)* —
—ai—3=0 © a=-1. Torga ypaBHeHHe HPHUMeT BHUL 2* —

- 22— 222 - 2-3=0. Ilomenus no cxeme I'opHepa Ha 2z + i,
moayunm (z + i)(2% — (1 + i)z + (i — 3)z + 3i) = 0. A TaK Kak
i TOoKe KOpPeHb ypaBHEHUS, TO
z==i,
z+iz—-i)(z2-2-3)=0< ,_1:413

Bamevanue. MoxHO 6GBLIO YBUAETH, uTo 2% — 2% — 222 — 2 —
-83=2"-22-382+22-2-83=(>-2-3)(z2+1).

B) a=1; {1 + i; 2}.

XI1.126. a) 4 + 3i. Vrasanue. Ilo ycaoBUIO Z yIOBJIETBO-
psieT ypaBHeHHIO 22— 2+ 1 =0, 1. e. 22= -1, Tak Kak 2>+ 1 =
= (z + 1)(2% — z + 1). Hocrombry 22 = (2%)" - 22 = —2%, 10
HYKHO BBIUHCIUTD 2°.

s
MOJIOMKUTENbHBIe uuciaa. Torma cosdb’ = cos(45 - 1°) moxHO
OBLIIO IIPEACTABUTH B BHUIEe MHOTOUJIEHA C IEJbIMH K03 duim-
eutamMu or cosl’ (cm. zagauy XI1.122), T.e. umeao cosdb’ =

2

= ? OKasajioch ObI pamyuoOHaJBbHBIM YMCJIOM, YTO HE€ TaK.

XI1.127. Pemenmue. Ilycts cosl’ = rme p U ¢ Iiejbie

XI.128. n € N. Pemenue. J[okaxeM, 4TO yCJIOBME 3aa-
YY BBINOJHSETCS IJsS JII000Oro HaTypaabHOro n. Ilogoxum,
f(x) = (coso. + xsina)” — cosno. — xsinno.. Ho x% + 1 = (x +
+ i)(x — i) u f(i) = (coso + isina)” — (cosno + isinno) = 0 Ha
ocHOoBanuu Gopmyasl Myaspa. AHAJIOIMUYHO yOeKIaeMCs, UTO
f(=i) = 0, u Halle IpeAIIOJIOMKEHNE MTOKAa3aHO.

XI1.129. Vrkaszanue. Hactupiii cayuain sagaunm XI1.130 mpu
A= 1. 91y 3amauy YMECTHO JaTh KAaK IIOATOTOBUTEILHYIO K pe-
mreHuio 3agaum XI1.130.
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X1.130. Pemenmue. PasziouM MHOTOUJEH X° —

— 20xcoso. + A% Ha MHOKHUTENM, JUHEHHBIE OTHOCUTEIBHO X.
Jia sToro HaéM KOPHM KBaApPaTHOTO ypPaBHEHU:

x? — 2 xcosa. + A2 =0 © x = hcosa. + JAPcos®a— A =

< x = Acoso * isin o).

OGosuaunM f(x) = x"sina — A"~ 'xsinno + A'sin(n — 1)o.
Ocrajioch mokasaThb, 4To f(Mcoso * isina)) = 0. A 3T0 JEerkKo
IIPOBEPUTHL ¢ HOoMOINbI0 (Qopmynasl MyaBpa, Kak B 3agaue
XI.128.

XI1.131. n # 3k, k€ Z. Pemenue. ITIockoIbKy x° — 1 =
=(x — 1)(x®*+ x + 1), To KOpHAMH MHOTO4YIeHa x> + x + 1
ABIAIOTCA umMcaa € # 1, Takme, uTo € = 1. J[Ia TOTO YTOOBI
IoKasaTh, 4TO p(x) = x%" + x" + 1 menurcs Ha x2 + x + 1,
ZIOCTATOYHO yOeZUThCs, uTo ecau € = 1 u € # 1, To p(e) = 0.

Ecmun =38k + 1,10 ¥ +¢"+ 1 =¢2+ ¢+ 1 =0. Anayo-
TUYHO paccMaTpuBaeTcs cayuaii n = 3k + 2. KoHeuno, 3mech
MBI HCIOJIb30BaAW TOT (haKT, UTO KOPHU KBAAPATHOTO TPEX-
ujieHa He SABJIAITCA KPATHBIMU.

XI1.132. Pemenue. Ilyctp u = cosx + isinx, v = cosy +
+ isiny, w = cosz + isinz. [JamHBIe paBeHCTBa PaABHOCUJIbHEI
TOMY, 4TO U + U + w = 0. CioKeHrue KOMIIJIEKCHBIX UKUCEeJ —
9TO CJIOJKEHUE BEeKTOPOB, IMOSTOMY BEKTOPHI U, U U W 0o0pasy-
0T TPeyroJbHUK. IIOCKOJBKY BCE€ OHU SABJIAITCA €IUHUYHBI-
MU, TO 3TOT TPEYrOJIbHUK PAaBHOCTOPOHHUM, OTKYyZAa U CJELY-
€T, UTO YIJbl MEXXKJY COOTBETCTBYIOIIMMU BEKTOPAMU PaBHBI

21 2n . .
i?. A Torga, HampuMmep, ecJau y=xi?, To sin3x = sindy.

§ 69. KopeHb n-i cTeneHU M3 KOMMNEKCHOro uYucna

Onpenenenre KOpPHA B HayaJje maparpada sABIsSeTcA HAMO-
MUHaHUEM U eIlé pa3 HOJUEPKUBAET JIOTUUECKYI0 BO3MOIK-
HOCTBL CYIIIECTBOBAHUA HECKOJLBKNX KOPHEH ITaHHOM CTeIlleHU
U3 JaHHOTO KOMILIEKCHOTo umucja. Kaxk MbI yBHUIUM [aJee,
TOJIOKeHNEe C KOPHAMU B MHOMKECTBE KOMILJIEKCHBIX UMCeJ CO-
BEPIIIEHHO MHOE, YeM B MHOJKECTBE elCTBUTEJBbHBIX UUCEJI:
I JII000TO KOMILJIEKCHOT'O UYKCJA, OTJIAWYHOTO OT HYJIA, CY-
IIIeCTBYET POBHO 71 KOPHEHW CTeleHu n.

Oco0bIli MHTEPEeC ¢ reoMeTPHUYecKOM TOYKMU 3PEeHUusd IIpejn-
CTaBJISIIOT KOpHU u3 1.

KpoMme ykasaHHBIX B y4YeOHUKE CBOWCTB 3TUX KOPHEMH,
MOXKHO 100aBUTh WM TO, UTO BCAKWI KOpPeHDL CTemeHu n u3 1

ABJIAETCH CTeIleHbIO IIePBOT0 KOPHA; 60jee TOUHO: €, = z—:’;. Jro
HeMeIJIeHHO cJyenyer u3 dopmyabl Myaspa. Kpome Toro, us-
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TepeceH M TOT (PaKT, UTO CyMMa BCeX KOPHEU cTemeHUW n U3
1 paBua mymio. lanee B § 70 sT0 He pa3 MPUTOAUTCS, U BCE-
TaKU yAeJUTh d3TOMY BHUMAHUE MOJIE3HO MPU M3YUYEeHUU MMEeH-
HO sToro maparpada (samaum XI1.139, XI1.148, XI1.160).

IIpu mayuyenum apud@meTnuecKUX AeNCTBUU C KOPHAMU
CTeIleHU n cjiefyeT ocob0 MOAUEepKHYTh HOBBIN B3TJIAM Ha pa-
BEHCTBO 1z, * 1/z, = #/z,2, (upuBbuHOe B mone R) Kak Ha pa-
BEHCTBO nABYX MHoKecTB! Kpome Toro, KopeHsn cTemeHu n
BIIEPBBIE AJIA yUallliXCsd IMPeACTaBJIgeT MHOTO3HAUHYO (Wi,
KaK TOBOPAT B Teopuu (PYHKIUN KOMILIEKCHOI IIepeMeHHOI,
MHOTOJIMUCTHYIO) (DYHKIIMIO, T. €. OTOOparkeHWe, 3HAUEHUAMU
KOTOPOTO SABJIAIOTCA HEKOTOPhle MHOYKECTBA.

Pemrenuss m ykasaHUA K 3agadam
27k RE+1)r

XI1.133. a) cos%Jrisin?, k=0, 1, 2. B) cosT+
+isin@, kE=0,1, 2.

XI.135. 0. Pemenue. 3amerum, uto 2'=1-i3=
: k
= z(cos(—gj—k zcos(—%)). Torgma w, = ‘\‘/E(cos(—% + "?)Jr

3
D, k=0, 1, 2, 3. fcHo, uTO Zwk=0, TaK
k=0

o, n Tk
+isin|—-o+ -
12 2

KaK w, ecTb He UYTO MHOEe, KaK BEpPIIWHBLI KBaJpaTa Ha KOMII-

JeKcHoU miaockoctu. CilemoBaTesIbHO, €CTh ABe IIapbl IPOTHU-
BOMOJIOYKHBIX BEKTOPOB, CyMMa KOTOPbIX paBHa 0.

X1.136. a) 3++/3i, —8—+/3i, V3+3i,-J3-3i. Peme-
aume. (2)'=B-iV3)'=z'=B+i3) ! =(z-3-i3)(z+3+

2=3+\/§i Z=3+\/§i’

LB+ (Bt B =0 = | 2= -3 By, o |7= 3~ V3i,

2= 61643 |78
z=—+/3 —3i.
XI1.137. a) Ecim u =1, 10 n; ecitm u # 1, to 0. Peme-
Hue. [[1a 9TOro JoKaKeM, UTO BCAKUI KOPEHb CTEeIeHU 1 U3
1 ABIAeTCA CTeleHbI0 MePBOTO KODHSA; 0ojiee TOUHO: u, = uh.
9TO paBeHCTBO HeMeAJeHHO cJiemyeT u3 ¢dopmynabl Myaspa:

2n .. 2nY 2nk . . 27k
uf = (cos— + Lsm—j =cos——+ isin——. Torgma u,+ u; + u, +
n n n n

n
_ 2 n-1_ u1-1 _
+..+u,_;=1+u, +uj+..+uj =10, Tak Kak
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ui =1, T. e. IOOYTHO JOKAa3a/jy, YTO CyMMa BCeX KODHe#l u3s

creneHu n u3 1 pasua 0.
n(n+1)
2

gue. IIycts s =1 + 2u + 3u® + ... + nu" " '. YmuOKUM 0Ge
yactu paBeHcTtBa Ha 1 — u. Ilomyuum (1 —u)s =1 + 2u +

+3ul+ ... +nut t-u-2u®-3u— ... —nu" (1 -uws=
=14+u+u?+..+u""'- nu". Us sagaun X1.137 a) creny-
er l+u+u?+...+u" '=0uu"=1. Torna s= L

n
6) Eciu u =1, To ,ecau u # 1, to -1 Peme-

u—-1°
XI1.138. —1 mpu n uéruom, 1 mpu n HeuéTHOM. Pemre-
n(n—1)
HUe. Uy U * oo " U, =1 u ~ud-..uf t=u 2 .Tax
2n 21 nn-1) 2n n(n-—1)
= —_— iQin — 2 = A Sh A
Kak u; =cos—-+isin—-, T™O u, cos( . 3 )+
... (2 n(n-1 . .
+ ls1n(7- %}= cos(mn— m) + isin(nmn— M) = cosn(n — 1), a
—1, ecsiz n 4éTHOE
cosm(n—1)= ’ N ’
1, eciu n HeuéTHOE.
Imz

XI1.139. % Pemenmune. Pac-

cmorpuM ypaBrenue x>" "1+ 1 =0,
KOPHAMM KOTODPOTO ABJAIOTCA UMC-

. . b
+ sin o=,

k=1,

-1 - _ Tk
na , € =COS5

— I .. T
u g =cosy o —ising
3, 5, ..., 2k — 1.

ITu Ymcia ABJSAIOTCA BEepIINHA-

MK TpaBujabHOTO 21 + 1-yroabHU-

Puc. 11.20 Ka (puc. 11.20). Torma mx cymma
paBHa HyJi0. IloaTomy
T . . b T . . 3n
—1+0052n+1+ ls1n2n+1+cos2n+1+ isin 2n+1+...+
@k-Lm .. @k-Dn . . n 3m
+ CoOS™5 1 + 1SIn 5 = — ISy +0082n+1
.. 8m k- . . (2k-1)n_
Lsm2n+1+...+cos—2n+1 isin —_——— =0,
T 3n CE-1)r 1
OTKYZla U MOJYyUUM COSo,,—— + cos k1 + ...+ COS™ 5,7 T o

X1.140. a) Pemenue. V3 paBeHCTBA KOMIIJIEKCHBIX YU-
cea (z — 1)" = (z + 1)" caegyer paBeHCTBO MX MOZYJIEH, a IIO-
QTT)My |ﬁz -1 =le+D)|e]z-1"=|z+ 1", umu |z + 1| =
=|z — 1].
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A 9TO MHOKECTBO TOUEK, PABHOYAZAJEHHBIX OT TOUeK —1 u
1, xKoropoe u ectsp mpsamasg — ochb Oy. 3HauuT, BCe KOPHU
IaHHOTO YPABHEHUS PACIIOJIOMKEHBbI HA OMHON IPAMOI.

6) Pemenue. AHajornuno pernenuio s3agauu XI1.140 a)
[OJyYUM DPaBEHCTBO MOJyJell KOMILIEKCHBIX uncen |2z — 2| =
= |z + 1|. MoskHO mOKa3aTh, YTO HA KOMILIEKCHOI ILJIOCKO-
CTH paBeHCTBOM |z — a| = k|z — b| mpu k # 1 3agaérca OKpyX-
|z + 1]
ol 2
T. €. MHOXECTBO BCEX TOUEK, IJIA KaKJOM U3 KOTOPBIX OTHO-
IIeHNEe PACCTOSHHI OO OBYX AAHHBIX TOUEK PABHO TAHHOMY
YHUCIY.

AHaIUTUUYECKN MOMKHO OOKAa3aTh 5TO CJELYIOIIHM o0pa-
30M: NycTh 2 = x + yi, x, y € R. Torga 4((x — 1)% + y2) =

2
= (x + 1)2+y2<:>3x2— 10x+3y2=—4® (x—gj +y2=%,

HOCTh — OKPY»KHOCTh Amnosutonusa: 2z —1|=|z +1| &

a 9TO W eCTb yYypaBHEHHNE OKPYHHOCTHU.

§ 70. MNpumeHeHMs KOMMNEKCHBIX YMUCEN

B maparpade u 3agauHom marepuaje K HEMY COIEPIKUTCS
MIPAKTUYECKU OCHOBHOM CIIEKTD UAEH IPUMEHEeHUS KOMILIeKC-
HBIX YHceJ. ITO U NOKa3aTeJbCTBO PABEHCTB, (DOPMYJ, U Teo-
MeTpUUYecKHre IpeodpasoBauusa (BOJIOTHL OO YIOMHUHAHUA
dyurnun JHyKOBCKOro), M OeJINMOCTh MHOTOYJIEHOB, M T'€0-
MeTpHuUYecKIe 3aJaun Ha JoKasaTeJbcTBO. OcCOObLI mHTepec
BBLIBLIBAIOT TaK Has3biBaeMble clO)KeTHble 3azaunm (XI1.148—
XI1.150, XI.156—XI1.165), B KOTOPBIX PeE3yJbTAT OTHOTO W3
IIYHKTOB 3aJaYyyl MOJKHO CMEJO HPUMEHSTh B APYIUX IIYHK-
TaxX WJIM YaCTHBIN cJydail oO6IIero pesyjabTaTa COLEPIKUTCS
B Hauaje, a caM pe3yJsbTaT (00OOIIEHHBIN) paccMaTPUBAETCS
B MOCJIeAHEM MIYHKTe.

C MeTOmUUYEeCKON TOUKMN 3PEeHUs TaKMe 3aJaYyu BechMa IIO0-
Je3Hbl. I'JTaBHBIN apryMeHT B IIOJb3Yy U3YyUYeHUS KOMILJIEKC-
HBIX YMCEJI COCTOUT B TOM, YTO C MX IIOMOIIBI0 MOYKHO pe-
IaTh 3aJa4r, KOTOPble TPYAHO PeIlaTbh WHBIMU CPEeICTBAMU,
T. € 0CTaBasiCh B paMKaxX TEOPUU MEeHCTBUTENbHBLIX UYUCEJ.

Pemrenusa m ykasaHus K 3agadyam

X1.141. a) OxpyxuocTh x2 + (y + 1)> =1. Pemenmnue.

MuoxecTBO |z — i| = 1 ecThb OKPYXHOCTH x?+ y-17%=1 na
minockoctu xOy. OrobpakeHne (¢ 3a7aéT CUMMETPUIO OTHOCHU-

teapHO ocu Ox. 6) OxpysxuOoCcTh (x — 1)% + (y — 2)% = 1.
Pemenue. OrobpaskeHue (¢ 3aaéT IapajjieJbHBIA IIEPEHOC

Ha BEKTOP ?(1; 1). B) Oxpyxuocts (x — 1) + y2 =1.
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.. T
Pemenue. Orobpakenue ¢ 3a4aér MOBOPOT Ha yroa ¢ = —7,

BOKDPYI' HaYajsia KOOpAmHAT.

r) Oxpy:xuOoCcTh (X + 1)> + (y+ 1)> = 2. Pemenue. Oro-
OpaskeHme (@ 3a4aéT KOMIIO3UIIWIO T'OMOTETHHM C KOd(hDUIVEH-

Tom |1 + i| = \/E Cc IIEHTPOM B Havaje KOOPAUWHAT U IIOBOPOTA
Ha yroa o = arg(l + i) = g BOKPYTI' Hauajia KOOPAWHAT.
XI1.142. 1. Pemenue. Ilycte z =a + bi, a, b e R.

lai —b +V2l=5 = (2 - b +a* =}

1> T- €. MHOXecCTBO M, —

OKPY’KHOCTB ¢ IleHTpoM B Touke O,(0; \/5), pazmyc KOTOPOIi

1
Imz paBeH (puc. 11.22). MHOoXKXecTBO
M, — 3TO0 OKpy'KHOCTb M, HOJY-

T
YeHHasd IIOBOPOTOM Ha YIoJ E

BOKDYT HavaJa KOoopAuHAT,
T. €. 02(—x/§; 0) — eé meurp. Oue-

BUJHO, UTO OKPYKHOCTU HE UMe-

—2 0 Rez IoT oOmmx Touek. IlosTomy OJum-
JKANIMUMU UX TOYKAMU SBJISAIOTCH
M, Touku A um B, pacnoJyioykeHHBIe
Ha jguHuu neHrpos 0,0,. Hrax,

Puc. 11.22 AB = 0,0,- (OB + 0,A) =

=2-2-0,5=1.

XI1.143. OxpyxuocTh X + y?> = 4. Pemenue. Ilycts z =
=x +yi, x, y € R. Torga orobpaskeHue ¢(z) =z — i KOMII-
JIEKCHOM IIJIOCKOCTH €eCThb IapaJlIeJbHBIN IepPeHOC Ha BeKTOP
s(0; —1), T. e. B pesyabTaTe 3TOTO OTOOPAIKEHUSA MBI IIOJIYUUM
OKPYXKHOCTb M : x? + y2 = 1. Paccmorpum mpeoOpasoBaHuie
0,(2)= %, z e M,. Tark xak %=22—§ =Z 1 (cos@ + isin@)(cosp —
— isin@) = 1, To mpeoGpasoBaHUe Q,(Z) = Z IEPEBOJUT MHOKe-
ctBo M camo B cebsa. IlosTomMy ocTajoch TOJBKO IIPOLEJIATDH
npeobpasoBaHue @4(2) = 2z2. A 3TO ToMOTeTHA C IIEHTPOM
B Touke O(0; 0) u KosppuiimeHTOM, PaBHBIM 2.

XI1.144. ITonyoxkpy:xuocTh ACB ¢ meutpom B Touke (0; 0)

pazuyca \/E (puc. 11.23). Pemenue. Cooco6 1. Tak Kak
1-3i -5-5i

+2i 5

=-1-i u z = cosp — isin@, TO

e

w=-2(1+1i)= —(cosp—isin@)(1+i)=
= ﬁ(cos(g— (p)—k isin(g— (PD= \/5(005 (%_ (PJJF isin (%_ (Pj}
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sm_ o om

s
ITo ycamoBuio —nt < —¢ < 0, OTKyZZa HAXOAUM — < o<

4 4

Taxum O6p8_30M, MOAYJIb KOMIIJIEKCHOT'O 4YMCJIa W PaBE€H \/5,
51

a o= Z —p=argw. Nuvimu CJIOBaMM, KOMIIJIEKCHO€E YHMCJIO W

JIEKUT HA IIOJYOKPYYKHOCTH KOMILIEKCHOI IIJIOCKOCTH C I[€HT-

pom B Touke (0; 0) pammyca \/E (IIONIYOKPYKHOCTh HAXOIUT-
csa Hapn OuccekTpucoir 1 m 3 KOOPAMHATHBIX YIJIOB).

Cmoco6 2. W3 ycaoBusa ciaenyer, uro M — MOOJYOKPYIK-
HOCTh ¢ 1meHTpoM B Touke (0; 0) pagmyca 1, pacmososkeHHasA
Hax ocbio abcmucc. O6osHaumM uepe3d M MHOXKECTBO TOYEK
2, =2, 1He 2 € M. Torta M — NOJXYOKPY’KHOCTb C II€EHTPOM
B Touke (0; 0) paguyca 1, pacmojio:KeHHas IOJ OCbIO abCITHCC.
darkTHUUECKHU KaKJ0oe YHCJIO W IoJydyaeTcd U3 HEeKOTOPOTO
uymcaa 2, € M ymMHOXXeHmeM Ha KoMmILIekcHoe uwmcio —(1 + i),

\/— 3n
nMemIlee MOAYJIb /2 W apryMeHT - HNuaue roesops, mau-
HA BEKTODPA, COOTBETCTBYIOIErO YUCIY 2, = 2, YBEJINYNBAETCS

3n
B \/E pa3, a caM BEKTOP IIOBOpaumBaeTCs Ha yIoJ e 1o 4a-

COBOI1 cTpeskKe. B pesayabTaTe OTBET TOT Ke.

XI1.145. YetBepTh OKpy:KHOCTU ¢ IeHTpoM B Touke (0; 0)
U pagmycoMm \/E (puc. 11.24).

XI1.146. Cm. zamauy XI1.141 r). Yrkasarnue. Pemnienue aHa-
JIOTUYHO pemieHuio 3amauu XI1.144.

XI1.147. a > 1; a < —-1. Pemeaune. MHOXeCTBO TOUEK,
VIOBJIETBOPAIINUX ypaBHeHHio |z — 1| = |z — a — (a + 1)il,
€CTh CePeIUHHBIN MIepPIeHIUKYJIAP K OTPEe3Ky C KOHI[aMU
B Toukax (1; 0) u (a; a + 1).

Torpa HepaseHcTBO |z — 1| > |z — a — (a + 1)i| s3agaér no-
JYIJOCKOCTDb, I'PAHUIE KOTOPOU SBJAETCS STOT CEePEeIUHHBIN

Imz/

1 A Imz

-1 0 1 Rez Rez

B

Puc. 11.23 Puc. 11.24
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Imz/

a+1 N

\

0 1 2 a Rez

Puc. 11.25

MePHEeHIUKYJIAP, a MMEHHO: MHOMXECTBO TOUYEK, PACCTOSIHIE
OT KOTOpPbIX A0 Touku (a; a + 1) MeHbIIe, YyeM I0 TOUY-
ku (1; 0).

MHOXECTBO TOUYEK, VIOBJIETBOPAIOIINX HEPABEHCTBY
|z— 1| > 1, ecTs BHemHsAs 06JacTh Kpyra co cBoeil rpaHuIeit
pazuyca 1 ¢ mentpoMm B Touke (1; 0). YciaoBue 3amaum O3HA-
yaeT, UTO BHEIIHASA 00JIacTh Kpyra JOJKHA CcOoAep:KaThb maH-
HYIO IOJyILIOCKOCTh (puc. 11.25). A sT0o o3Hauaer, 4TO cepe-
nuHa orpedka AB — Touxka C [OOJ)KHA YIOBJIETBOPATH YCJIO-

2 2 >
suio AC > R = 1. AC=\/(1—‘H1] +(““) >1@[“ 1,

2 2 a<-—1.

XI1.148. a) Pemeunue. He ymanasasa oOIIHOCTH, PacCMOT-
PUM IPaBUIbHBIA NATUYTOJNBHUK AjA;A,A;A,, BOIUCAHHBINA B
OKPYsKHOCTH pazumyca 1 c¢ meuTpom B Touke O(0; 0).

Pacnostoskum Touku A,, Bk € Z Tak, 4To0BI TOUKa A, IIO-

nmana Ha ock abcmucc. IlycTs 2,, B € Z — KOMILJIEKCHBIE YHC-

Jla, COOTBETCTBYIOIIHe ToukKaM A,, B € Z eJUHUYHON OKDPYIK-

HOCTH, TakuM obpasoMm, Z, =1 u z,=2% ke Z, a 20 =1.
5

1_
_—zl=0 (cm. samauy XI.137).
1

Torga 1+21+2f+2f+2‘{=1

2 4
6) 0. Pemenue. [lokasxkem, 4TO 1+2cos?n+200s?n=0
2n 4m 1 2n . . 2m
nUan cos?+cos?=—§. Ilyets 2 =cos?+ isin == s dop-

myasl MyaBpa cjaegyeT, UTO BCe KOPHU H-W CTelleHW U3 eau-
HUIBI SABJAIOTCA CTEIeHAMHU 4Yucia 2,. Torga yTBep:KJeHUe O

TOM, UTO CyMMa BCeX KOpPHeIl 5-i cTelleHU M3 eSUHUILI PaB-
Ha 0 (cMm. paccyxxkaeHue B §69 yueOHUKA), 3amuchIBaeTCsd

B Buge 1+ 2, + 27 + 25 + 2] = 0. Hanee, 22 =25 u z, = 2],
oTKyma ciaemyer, uto 1 + z, + 2, + 27 + z£ = 0. Ocramocs 3a-

— 21 2 —2 4n
METHUTb, UTO 2, + 2; = 2003? u 2y +2z;=2cos 5 JloxkasanHOe
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B 3amaue XI1.148 a) ToKIecTBO MMeeT CJeAYyIOIIyI0 TPUTOHO-

2 4
MeTpuuecKkymo ¢opmy: 1+ 2cos—1t + ,‘2cos?7E =0 (puc. 11.26).
2n 2n . . 2n
Torma ecam z, = cos— 5 + Lsm 5 , cos( = j+ isin (— 5 j, TO

2n 4n
2, +2,=2cos— . AHAIOTUYHO HOXYIUM 2, + 23 = 2cos 5 a1mo

IoxaszaHHOMY B 3amaue XI1.148 a)
1 + 2z, + 2, + 253+ 2z, =20.

Imz
3ameuanue. 3pech OBILIO OBI A,
YMECTHO BCIOMHUTBH «TPUTOHO- A,
MeTpHUUYecKoe IOKa3aTeIbCTBO» An
(cm. mpumep 31 us § 35 yueOHUKA e A,
nas 10 kaacca). \
B) Pemenmue. Us sajasu AnlC- 2E Rez
<2\ 5
XI1.148 a) caexyer, UTO ecau 21 = 5
=1,z #1, 701 +2 +22+28+ A,
+ z‘f = 0, cienmosarteabHO, 1 + 2;1 + ‘A
8 12 16 4 3 2 4
+zi+tz"+z=1+2z;+27+2z27 +

+ 2z, = 0. Takum oOpa3om, BCAKUIA  Puc. 11.26
KOPEHb BTOPOT0 MHOTOUJIEHA SABJIA-
eTcsd KOPHEM IIepBOrO, a 3HAYWUT,
o+ x2+ a3+t + 1)+ + 2+ + 1)
XI1.150. a) Pemenue. O6ozmauum uepe3 M(z) TOUKY

IIJIOCKOCTHY, COOTBETCTBYIOIIYI0 KOMILIEKCHOMY YHCJIy 2. Pac-
cmorpuM Touku A,(z;), rae i =1, 2, 3. [lokaskeM, UTO TOUKH

1
1,1
B 1 o o o 1 _ 21 22
{(2;7) nexxar Ha ofgHOIl mpAMoi. [elicTBUTEJBHO, 2—3——2 ,
IIO9TOMY TOUKa B; — cepeguHa oTpeska B,B,.
0) Pemenue. Ilycte 2, = a + bi. Torga 2z, =a — bi (1o
a® +v?

ycaoBuio a # 0, b # 0), z,= Paccmorpum BeKTO-

— — 2 — —
prr OA,(a; b); A1A3(%; —b}. Torga OA, -A,A; =0, T.e.

OA, L A A,, saaunur, LOAA; = 90°, uyTo U TPeGOBAIOCH [O-
KasaTh.

1
B) E Pemenue. Ilycts z; = a + bi. TpeyroibHUK

+ 2
|al

OAA; npamoyronbublii. IlosaTomy S(AOA,A;) = 1|b|a
Tak Kak 2, = z;, TO TpeyroibHuk OA A; paBHOGEADPEHHBIN U
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S(A04A: 49 1

2
(1 + (%) ) Taxum oOpasom,

OTHOIIIeHUE ILJIoINazell OyaeT HamOOJLIIMM TOrJZa, KOorga
a
|z, — 2| < 1 ects Kpyr c menrpom B Touke (2; 0) paguyca 1,
TO HauboJIbIlIee 3HAUEHUE BhIpaskeHus |tg(argz,)| mocruraercs,
eciau 2z, JIEXKHUT Ha KacaTeJbHON, NpoBedéHHON u3 Touku O
K OKDY’XHOCTHM, 3aJaBaeMoii ypaBHeHHM [z, — 2| =1
1

-5

r) Pemenue. Ilycts mamHble TOUKM He JeXKaT HA OJHOU
npamoii. Torma ecau Toukm O, A, A,, A; nexar Ha OZHOU
OKDPYKHOCTHU, TO UYeTBIPEXYTOAbHUK OA;A;A, BOUCAHHBINA. 3a-
metum, uro LAOA, = /1 + £2; LAA;A, = 180" — (L1 +
+ £2), 1. e. LA,OA, + LAA;A, = 180°. 3Hauur, ecau yzacr-
cd JOKasaTh, UTO OTPe3okK A,A; BujgeH ua touek O m A, mof
PaBHBIMH yIJlaMHU, & oTpe3ok A;A; u3 Touexk O m A, moj pas-
HBIMHU yTJIaMH, TO 5TO O3HAYAET, YTO UYETHIPEXYTOJbLHUK
OA A;A, — Buucaneselil (puc. 11.28).

ITokasxem mepBoe (BTOpoe aHAJIOTUYHO).

HOasa »TOro NOCTAaTOUYHO [OOKas3aTh, UYTO argzs — argz, =
3%

OymeT HaAUOOJBIINM OTHOIIEHUE =|tg(arg21)|. Tax Kakx

(puc. 11.27). I3 reoMeTpUUECKUX COOOpPaKEeHUIA ‘%

z2.
= arg(z; — 2;) — arg(z, — 2;), T.e. UYTO arg-2=arg
22 272
fcHo, uTO ecau z, = 0 uam z, = z;, TO BCe JaHHBIe TOUKH JIe-
JKaT Ha omHoil mpamoii. Ho

22125
23—21_3222(23—21): zz A1t3 1: 22(2122—212) _1
29—21 2y 23(zp—2)) 29— 2 22124 2zy— 22129 2°
21t 29
Imz Imz
A
1
2 1 2 Ag
, AN 9 Rez
0 ]\y Rez
A,
Puc. 11.27 Puc. 11.28
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HOJIytII/IJII/I, 4YTO OTHOIIEeHUWEe ABYX KOMIIJIEKCHBIX YHCeJI

— = =. J9To o3Ha4aeT, 4To BeKTOpsl OW, u OW, KomauHeap-
Wy
HBI, Toe W,, W, — TOYKN KOMIIJIEKCHOU IIJIOCKOCTH, 1300pa-

JKaoIlie UmucJa w,; U W, (37ech MBI YU4JIHU CIydall, 9TO TOYKH
MOTYT JexKaThb Ha OZHOI IpAMOI). 3HAYUT, argw,; = argw, u
7% 23
arg 21 =arg=2, uTo U TPebOBAJIOCH AOKAa3aTh.
272 22

n+1

XI1.150. a) Pemenue. pn(x)=xx—7l_1:O, ecim x" T =1,

x # 1. 9TO BO3MOYKHO, TOJbBKO ecju n + 1 — uUéTHoe UHuCJo
+1 .
u x=""Y1#1. Torna n — meudrHo.

6) Pemenue. Eciu z,, 25, ..., 2, KODHI MHOIOUJeHa p,,
TO p,(x) = (x —2)(x —23)* ... " (x — 2,). 35auur, (1 — z;) X
X(1-29)...1-2)=p,1), BHO P,(1) =n + 1, cienosa-
TesqbHO, (1 —29)(1 —25) ... (1 —2,)=n+ 1.

XI1.151. VrkaszaHnue. Cm. 3agauy XI1.149 r).

XI1.152. a=0, b€ R. Pemmenue. Bo BTOpOM usganuu
yueOHUKa TPeyroJIbHUK JaH paBHocTopoHHmi. IlycTe 2, 2,,
23 — KODHU MHOrO4YJIeHa, Torja 2; + 2, + 23 = 0. Tak rax mo
YCJIOBUIO KOPHU MHOTOUWJIEHA JIeXKAT B BepIIMHAX PaBHOCTO-
POHHETO TPEYTOJbHUKA, TO YHUCHIA 2,, 29, Z3 ABJIAIOTCA KOPHIA-
Mu ypaBHeHuA 2° = b,. CleoBaTeIbHO, OHU TaKKe M KODHHU
ypaBHeHHsa az + b + b; = 0, KoTrOopoe, TeM cambIM, OyneT
UMeTh 10 KpaliHell Mepe TPU Pa3JIUUYHBIX KOPHSA, UTO BO3MOIK-
HO ToJbKO TIpu a = 0.

XI1.153. Vrkasanue. B npumepe 43 u3 § 70 yue6HUKA yKa-
3aH OOIUiI MyTh K PeIIeHMI0 TaKuX 3amad.

Pemenue. [lokaxkeM cHauaja TOXKJIECTBO

2nH4 1 1 g 1Y T (2 2nk
x 1= (x l)kE[l(x 2xcos 2n+1+1).

Kopusamu muorouwrena x2" 1 — 1 amisiorca xopHHU creme-
2nk

Hu1 2n +1 w3 1, T.e. un 1 = ——+isint.——

n 3 1, e cma 1, g, =cosy ——+ising ——

u uywucia ¢, rae k=1, 2, ..., n. CuaemoBareibHO,

2n
2 —1=(x—-1) [ ((x— g,)(x— E,)). Vckomoe paBeHCTBO cie-
k=1

—_ 21k
JyeT U3 TOro, 4To (x —g,)(x — g,)= x*— 2xcos oni1t 1.
Teneps moacTaBUM B 3TO PaBEHCTBO X = —1 m, BOCIIOJIB30O-

BaBIINCh TeM, 4UTO 2 + 2coso = 40032%, a 3areM H3BJeKasda

KBaJpaTHBII KOpeHb M3 00ermxX uacTeii, IOJIyuuM Tpedyemoe.
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XI1.154. Pemenue. J[lokaskeM cHauajga cJeayioIiee
yrBep:kaenue. IlycTs u, v U w — pasaudYHbIe KOMIIJIEKCHBIE
ypesaa, € # 1 — KyOuueckuin KopeHb m3 1. TpeyroabHUK
C BepIIMHAMHK B TOYKAaX U, UV U W ABJAETCS PAaBHOCTOPOHHUM
TOrJla U TOJIBKO TOorma, Korma u + €v + 2w = 0.

TokxasareascrBo. Tak Kax u + ev + e2w = u + ev — (1 + €) X
Xw=¢(v—-w)— (w-1u), 70 u+ev+ 2w =0 Torza u TOIBKO
Torga, Korma €(v — w) = w — u, T. e. KOrJga OJHA M3 CTOPOH

o 21
TpeyroJbHHUKAa IIoJydYaeTCd M3 APYIorM IIOBOPOTOM Ha yIoJ ?,

YTO MMEeT MECTO TOT[a M TOJBKO TOTJa, KOTa TPEYTOJbHUK
ABJISIETCS PABHOCTOPOHHUM.

IlepefiméM K mOoKasaTeJIbCTBY YTBEP:KIEHUS 3amaul.

O6GosHauuM uepes a, b U ¢ KOMIJIEKCHBIE YHCJa, B KOTO-
PBIX PACIIOJNIOMKEHBI BEePIIWHBLI JAHHOTO TPeyrojJbHukKa. B cu-
JIy BBIIIIENIPUBEAEHHOTO YTBEPIKIEHUSI TPEThbU BEPIIUHBI PaB-
HOCTOPOHHMX TPEYyTroJbHUWKOB, IIOCTPOEHHBIE Ha CTOPOHAaX
ITAaHHOTO, PAaCIIOJIOMKEHBI COOTBETCTBEHHO B TOUYKax (—€a —
—€?b), (—eb — €%c) u (—ec — €%a), rme € # 1 — Kyb6uUecKuit Ko-
peub u3 1. CiremoBaTesbHO, IIEHTPAMHU STUX TPEYTrOJIbHUKOB

1 1
ABJIAIOTCS TOUKK U = z(a +b—ea - e’b), v = s(b+c—eb- e’c)

1 2
uw= §(c +a —¢ec —¢c). Ilpamoe BBIUHMCIIEHUE IIOKA3bIBAET,

yTo U + €v + €2w = 0. U Torga COrJacHO yTBEPIKAEHHUIO TOU-
KM U, V U W SBJIAIOTCS BepPINUHAMHN PaBHOCTOPOHHETO Tpe-
YTOJIbHUKA.

XI1.155. Pemenue. Crmoco6 1. [lokaskem cHauajga, UTO €C-

1 1 1
an Z—+Z—+ o= 0, TO TPeyroJbHUK C BEePIIMHAMH B TOUKAX
1 2 3

2{> 29, 25 COIEPIKUT HAYAJIO KOOPAWHAT.

1 1 1 1 1 1 z 2
Ectu —+—+4+—==0,T0 =—+=+==0, T.e. — 5+ 2+
21 %2 3 21 2 33 |21| |22|
2.
+ ﬁ = (0. 9TO paBEHCTBO MOJKHO 3aIlKCcaTh B Buje 02; + Pz, +
23
+7v2;=0, e o, B, y>0u o+ P +y=1. Taxum obpasom,
HaYaJI0 KOOPAMHAT NPUHALIEHKUT TPEYroJbHUKY C BepIIHHA-
MU B TOYKaX 2;, 23, Z3.
1 1

1
Ecau z, — KOpeHBb ypaBHeHHUdA + + =0,
z2—2zy z—2zg z—2z

1 1 1 .
a,= 24— 2, To0 —+—+—=0. B cuay BBIIIeIPUBEAEHHOTO
¢ ¢ a; a; as

YTBEPIKAeHUS HAUaJI0 KOOPAUWHAT JIEXKUT BHYTPU TPEYTOJbHU-
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Ka C BepHIMHAMU a,, A, U A3, CJIEJOBaTEJbHO, 2, HAXOJUTCSA
BHYTPU TPeyTrOJIbHUKA C BEePIIUMHAMU 2, 25, 23.
Cnoco6 2. [okaskeMm cHauasa yTBep:xjenue. Ilycts 2, 2,
25 — OTJHYHBIE OT HYJA KOMILIEKCHBIe 4YHCJa, JeXKalue B
1 1 1
OOJIYILJIOCKOCTH O < argz < o+ m. Torzma = + ~ + o #0. 9ro
1 2 3
CTAHOBUTCS SCHO IIOCJI€ BBISICHEHUSI TOT'O, UTO BCE UMCJIa 2{1

JeKaT B IOJIYIJOCKOCTU T — ¢ < argz < 2m — o. Ecam Tou-
Ka 2 JIeXKUT BHE TPeyrOoJNbHUKA 2,2,25, TO BEKTOPBI 2 — 24,
2 — 245, 2 — 25 PACIIOJIO’KEHBI B OJHOH IIOJIYIIJIOCKOCTH OTHOCH-
TEeJbHO HEKOTOPOU IIPAMOI, IIPOBEIEHHOI uepes 2, a 3HAYUT,
cyMMa 5TUX BEKTOPOB HeHyJieBasd.

XI1.156. a) 1. Yka3aHue. UckoMoe paccTOsHIE PAaBHO IJIH-
He orpedka AK (puc. 11.29).

6) Pemenne. Tak Kak |z,| = |z3] = 1, To
|2 — 24| = |2z, — 2125] m |2 — 2| = [223 — 2,2],
II09TOMY MCKOMOE MHOXKECTBO — CEPEeIUWHHBIN IePIeHIUKYJIAD
K oTpe3ky AB, T. e. npamasa CD (cm. puc. 11.29).
B) Orpesok B,C; (puc. 11.30), rae B,(z525), Cl(zg).
Pemenue. ITockonbKy 2, = —25 —

TOUKU EIMHUYHON OKPYKHOCTH C

LeHTPOM B Hadaje KOOPJAUHAT, TO  B(z,) D
reoMeTpUYeCKN yMHOKeHUe Ha 2, U

A(zy)
23 — 9TO IIOBOPOTHI Ha YyTIJIbI arg22 %) -I{\
argz; = argz, + n. Tak Kak OTPe3oK

0
BC cumMmeTpryYeH OTHOCUTEJIBHO HY- l Rez
Jas, 1o obpasel U u V mpm atux mo- C(z)
BOPOTaxX COBIALAIOT. 3

Imz

Puc. 11.29

Imz Imz

0 Rez ' 0

[ou]
e/

_3 Rez
C 2
c, ]
Puc. 11.30 Puc. 11.31
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3 1 o
r) [Iyra mapaboasr x = 2 3Y MexIy TOYKaMu C KOOpZH-
1. B 3 33
HaTaMu (2, 2)1/1( 35 o j

3

Pemenue. Ecau z — Tourka orpeska AC, To z =it + o

2
. 3 3 .
rie te[ ; 2} OTKYyZa w=(lt+§)=z—t2+lt 3. Cieno-
BaTeJbHO, o0Opas3 orpeska AC — MHOYKECTBO TOUYEK W =

3 1
— 2, y = t/3. 3Hauwur, x=__§y2, pu-

—x+yl,rp;ex—3 1

4
4éM ye[—— —} T. €. UCKOMBIII 00pa3d — nayra mapa6o-

3
JIbI X = Z - MeXay TOUYKaMMn C KoopamHaTaMu

(%; —@) " (—% 3fj (puc. 11.31).

XI1.157. a) Pemenue. Haiiném OA% = (2z + 1)(2z + 1) =
=4zP+2z+2)+1=2z+2)+5u0B*=(z+ 2)(z+ 2) =
=22 +2(z+2)+4=2(z+2)+ 5. Torna OA = OB.

0) Pemenmne. CrenaB mapaJjjejbHBINA IIepPeHOC, IIePeBOIsI-
Uil BepIIMHY A TpeyroabHuKa B TOUYKy O, HOOJIydYUM
AOB,C,, toe Toukam B; u C; COOTBETCTBYIOT KOMILIEKCHBIE
ypena 2 +2 - 22+ 1)=1-zu22+22-2z2+1)=22-1=
= —(1 — 2)(1 + 2) coorBercTBeHHO. CiemoBaTe/IbHO, yMHOMKe-
Hue Ha 1 — 2 TepeBONUT TPEYrOJbHUK C BePIINHAMU B TOU-
kax (0; 0), (1; 0) u —(2 + 1) B nmomo6uBIL emy AOB,C, =
= AABC. Kosdpdunuent nomobus A=z — 1.

B) (1; 3). Pemenue. Eciu 2| =

Imz 1, o OC = OB, 3Hauut (cM. 3amavy
c, XI.157 a), Touka O — IIeHTP OIU-
CaHHOI OKOJIO JaHHOTO TPEYTrOoJbHU-

D Ka OKpPYsKHOCTH paguyca R = |z + 2|.

Ilpu z = =1 TpeyroJabHUK BBIPOKIA-
eTCs, IIPU OCTAJbHBIX 3HAUEHUAX 2,
3 Rz |zl = 1 monyuaem, uro R € (1; 3).

—1+,f3i
Cz r) 2

TPEYTroJbHUKA C BEepPIIMHAMU B TOY-
Puc. 11.31 kax (0; 0), (1; 0) u —(z + 1) paBHa

. Pemenue. Ilnomane
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%|Imz|, mosToMy AJis ILroiranu S momoomHoro emy AABC (cm.

sagauy XI.157 6)) monyuaem Gopmyay
= Zftmzllz — 12 = lsinel((1 ~ cos )+ sin’¢) = kin ol(1 - cos ¢)

rage z = cos@ + ising, ¢ € [0; 2rn]. [JocTaTouHO paccMOTpPeTH
cayuaii, korma ¢ € [0; 2r]. Torma

S(o) =sing — %sinZ(p, S'(p)=cos@ —cos2¢ = 2sin 37(psin 2

4
=73

2

u S=0=|¢= gn, Suauenue S (%] ABJIAETCA HAaXOOJIBIIIIM.
¢=0.

XI1.158. B) E(1; 0), TpeyroJbHUK IIPOU3BOJIbHLIN. Pemre -

Hue. Eciu z,, 2,, 23 — BepIINHBI JIEXKAIET0 Ha OKPYIKHOC-
T S PaBHOCTOPOHHETO TPEYroJbHHUKA, TO 2, + 2, + 23 = 0,

3

noaromy Y |z — zl.|2 = 3|z|2 + 8 (cm. samauy XI.158 a)), u max |2|
i=1

opu z € D peanusyerca B Touke z = 1.

r) lla. Pemenue. MHOXXeCTBO TOUEK, YKa3aHHOTO B 3a-
Iaue BHUIa, KaK cJemyeT U3 paccyskiaeHuii B 3amaue XI1.158 0),
ABJsAETCS KPyroM ¢ auamerpom [z,; 2;]. Tpu xpyra, mocrpo-
eHHbIe Ha oTpe3kax AB, BC u AC, kak Ha gumaMeTpax, Ha-
KPBIBAIOT 9TOT TPEYrOJbLHUK XOTsS OBbI IIOTOMY, UTO OH TYIIO-
YTOJIBHBIN.

XL159. a) LB A
w = a + bi, a, b € R. Torga |AB| = |BC| = |AC|, no |AB| = 2,

. Pemenue. Crmoco6 1. Ilycrs

a=1+\/§,
ZJ—
1-43
a’+b* =2, a+b=2, b=——
IO9TOMY 5 9 SN2 2 it
(@-1¢+@-12=2 |a*+b'=2 | _1-48
2 2
b=1+\/§.
B 2

Cmoco6 2. Mo:kHO OBLIO paccykiaaTh u Tak. I[as Toro
YTOOBI IMOJYUYUTH TPETHIO BEPIIUHY PABHOCTOPOHHETO Tpe-
yroapHuKa ABC, MOYXHO TMOBEepPHYTH Bepinuuy B (puc. 11.31)

T
Ha yroJ 3 BOKDPYr Hadaja KOOpAWHAT (IIePBOX BePIIMHBI

AABC). Ucxons m3 TeOMETPUYECKOTO0 CMbLICJa YMHOMKEHUS

179



KOMIIJIEKCHBIX YHCeJI OJIA 3TOI'O AJOCTATOYHO YMHOMHWTH U Ha

1 3
YUCJIO I_T\/gl

6) Pemenue. 4i — 3 = (1 + 2i)%. Torma 2% = (1 + 2i)z +

_z
1+2i

- B
+1=0@z=(1+2i)1*7@=u-1*2ﬁ.

2
. 2z
+3‘4“:’[m]

B cuny zamaum XI1.159 a) tpeyronbauk ABC — paBHOCTOPOH-
HUMN.

B) Pemenue. Ilpegnonosxkum, uro moryr. Ho Torma pac-
cmorpum AA,B,C,, nna xoroporo v — u ¢ BepmmuHamu A,(0),
B,(v —u), Cy(w —u). OH, oUYeBHAHO, PaBHOCTOPOHHUMH,
IelicTBUTENbHbIe W MHUMbI€ YAaCTH YKCEJ UV — U U W — U pa-
muoHaJbHBI. Ho ambo Touka C ma3 Touxku B, jgubo Touka B

T
u3 Tourku C IIOJIYy4Y€eHBI IIOBOPOTOM Ha -, OTHOCHTEJIBHO TOY-

3
1+\/§i w—u 1+\/§i
w-u=@v-w—y a2
ku O(C4,), T.e. RN v 1- B
- i w—-—u - L
w—u=(v—u)T w2
u=ux+yi (r3 = %)+ (s~ ypi _ 1+3i
T. € =x, + » (g = x9) + (Y2 — yi 2
PO GO LT R Tl MO (s —w)i _ 1B
w = X3+ Ysi, (g = 29) + (Y3 — yy)i 2 -

Ho mocKoJIBKY BCe umcJia B CKOOKax paljioHaJLHBIE, OUe-
BHUIHO, IOJIy4aeM MPOTHUBOPeUNe, TaK KaK J3¢ Q.

r) Pemenune. u?+ v+ w?=uv+ovw+wu & 2u®+
+ 202 + 2w? = 2uv + 2vw + 2wu & (u - w)® + (v — u)?®+

u—-v=a,

+ (w - u)®=0. Iycrs {v—w=>b, Torza {a;—bjc 220’
w—u=c. a’+b" +c"=0.
CiiegoBaTeJsbLHO,
2(ab +bc+ac)=(@+b+c)—(a>+b>+c%)=0.
Nrax, {Zb++bbt' j—ch?,: 0. ITo Tteopeme Bmera nnsa mHOTrO-

yjleHa TpeTbeil CTeleHu MoJydaeM, uTo d, b, ¢ — KODHHU ypaB-
HeHUA BUAA 2° = k, u moaromy |a| = |b| =lc|, T.e. [u—v|=
= |v - w| = |w — u|. Crenosarensno, A ABC — paBHOCTOPOHHMIA.
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-1+ i
XI1.160. a) PaBmocroponuuii. Pemenmne. £=1—\/§l;

e-1=(—-1)(e?+e+1)=0. Taxk Kax € # 1, 1O
1+e+e*=0. (*)

2
arg£=i?n, mak Kak e=31#1. Ecotmu a =0 u u=0, T0

be + ce? = 0. Torma b = c(—¢). CremoBaTenbHO, TOUKa B mouy-

T
yeHa u3 TouKu C TOBOPOTOM Ha yTroOJ 3 BOKDYT HadYajna Ko-

ODPAWHAT, COBIIAJAIOIIETO C BEPIIMHON A 5TOro TPeyroJbHUKA.
ITosTOoOMy OH PaBHOCTOPOHHWUIA.

0) Pemenmue. IlycTh mpousBenén mapaJijieIbHBIN IIepPeHOC
Ha BEKTOp, OmpeAeissieMbl KOMILIEKCHBIM uucjaoMm 2. Torma

W=a+z+b+2e+t(c+2l=u+1+e+ed)z=u,
rak Kak 1 + &+¢e? = 0. IIocTOSHCTBO UMCiIa U IIPOBEPAETCS
aHAaJIOTUYHO.

B) Pemenue. B cuny sagauu XI1.160 6) mMbI BIrpaBe cuu-

TaTh, YTO TOUKA A COBHAZaeT C HAYaAJIOM KOOPAWHAT.
Ecau A ABC paBHOCTOPOHHUM, TO TOYKa B moayuaercsa us

T
Tourku C IIOBOPOTOM Ha yTIoJ § B OMJHOM M3 JABYX HaIlIpaBJie-

HUii, 3HAYUT, OJHO M3 YNCEJ b WJIN ¢ IIOJydaeTcs M3 APYyro-
ro yMHOXKeHMEeM Ha —€, moatomy Jubo b = c(—¢€), aubo
c=0b(-¢), T.e. b+ec=0 = be+ce?=0 u a =0, ciaegopa-
TeJibHO, U = 0, a 3HaumT, uv = 0. AHaAJIOTMYHO paccMaTpUBa-
eTcs APYTOoH cJaydaii.

Tenmeps nycth uv = 0. He ymansa oONIIHOCTU, IIYCTb

{Z : g’ Torga us 3amaun XI1.160 a) moxyuum b = c(—¢€), a 3Ha-
ynut, A ABC paBHOCTOPOHHIIA.

r) Kpyr paazuycom 3 c IeHTpoM B Hauajie KOOPIUHAT.
Pemenue. B cuny sagaun XI1.160 6) MbI BOpaBe IPeAIIoJio-
JKUTDH, UTO eIUHUYHBLIN KPYr MMeeT HavaJo KOOPAUHAT CBOUM
nearpom. CiemosarenbHo, |a| < 1, |b| < 1, |¢|] < 1. Torma
lu] < 1.

O6paTHO, ecau MOJOKUTH b = e%a, ¢ = €a, tae |a| < 1, To
a + be + ce? = 3a, mosromy sn060e KOMILJIEKCHOE YHCIO U,
lu| < 8 aBnserca smauenuem cymmbl (a = 1, |[u| = 1) a + be +
+ ce® pna HeKoTopOil Tpoiiku umcen |al, |b|, |c|, Moxynp KaMx-
IOro M3 KOTOPBIX He IIpeBocxoauT 1.

XI.161. a) —-1; —i; 1 +i. 6) b=0, a — ma0b60e. Pemre -
Hue. Ilo ycaoBuro z; + 2z, = 2z;. B cuny dopmys Buera
z; + 24 + 23 = 0, moatomy 2z = 0, 3mauur, b=0.
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B)a=0,b# 0. Pemenue. Cnoco6 1. Tak xKak z; + 2z, +
+ 23 = 0, TO IeHTP TpPeyroJbHMUKA COBIajaeT C HadyaloM KO-

2mi . .
OPAMHAT, IIO9TOMY Z, =c(cos?+ isin—

) . IIpamasa npoBepka

IIOKAa3bIBAET, UTO 4 = 2,25 + 2525 + 27253 = 0.

Cmoco6 2. Tak kak 2; + 2, + 23 = 0, TO U3 ycaoBUA, UTO

9T YHCJA JIeKaT B BEPIIMHAX PaABHOCTOPOHHEIO0 TPEyIroJb-

HHKa, cjaeayeT, 4TO OHM ABJAITCA KOPHAMNM YPaBHEHUdA

23 = b,. CremoBaTeslbHO, OHU TaK)e U KODHU ypaBHEHUA

az + b+ b; =0, KoTOpOE, TeM caMBIM, MMeeT II0 Kpa#lHeH
Mepe TPY Pa3JIWUYHBIX KOpHA. 3HauuT, a = 0.

r) Pemenue. Ilycts z = cosp + ising. Torga |p(z)® =1 +
+ |al® + |b]* + (a,cos2¢ + a,sin2¢) + (b;cos3¢ + b,sin3¢) +
+ (abz + abz) > 1 + (a,c082¢ + a,sin2¢) + (b,cos39 + b,sin3).
Ocrasock TOKasaTh, UTO ecau a: + a: + b? + b3 # 0, To Haii-

a,cos2¢+ a,sin2¢ >0,

€Tcs pellleHre CHCTeMbl HepaBeHCTB .
A P P b,cos3¢ + b,sin3¢ >0,

IJIs1 KOTOPOTO XOTsA ObI OOHO M3 JTUX HEPABEHCTB SABJIAETCSA
crporum (torza |[p(z)] > 1!). HeiicTBurensHo, eciu a,cos2@, +

+ ay,sin2¢, > 0, To M a;cos2(m + @,) + a,sin2(n + @,) > 0.
C npyroii CTOpoHBI, IIPU IIOJCTAHOBKE (O, U @, + T BO BTOPOE
BBIpaKeHUe II0JIydyaeM 3HAUeHUS IIPOTHBOIOJIOMKHBIX 3HAKOB.

XI1.162. B cuexpymomiux pajgee (POPMYJIUPOBKAX MbI s
KpaTKOCTU OyIeM OTOKIECTBJIATHL KOMILJIEKCHBIE UHCJa C UX
n300paKeHreM KaK TOUYEK ILJIOCKOCTH.

a) Pemenwue. Ilo ycrosuio p(z) =2>+az + 1, |a| < 2,
acR.

Eciu a = 2, torma z, = -1, z,=1 u |z, = |z, = 1, T. e.
KODHHU JIeXKaT Ha €JUHUYHON OKPY KHOCTH.

Ecau |a| < 2 (o6osHauum a = 2cosx), TO

p(z) = 2% + 2cosxz + 1, p(z)=0 < {2 =cosx + isinx,

Z=cosx — isinx,
|z4| = |z4) = |cosx + isinx| = 1,
U CHOBA KODHM JIE)KAT HA eJUHUYHON OKPYXKHOCTH.

6) V3. Pemenmue. Ilo ycioBuio p(z) =22+ az + 1,
la| < 1, a € C. Hyers p(2) = 0. Torza |z, — 2,/ =|/a® — 4l. 3ua-
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Imz Imz ) 2

1w 2
Q _/1 4 4

0 Rez

Puc. 11.32 Puc. 11.33

quT, |2, — 25| = Vaz —4|= \/|a2 —4]. Tak xax |a| < 1, 10 |0 =

=|af® < 1 u cpenu Touex BuAa a’ — NPOMBBOJLHBIX TOUEK
eIWHUYHOTO Kpyra — OJmKaiiieii K Touke 4 sABJISeTCA TOU-
ka 1. Torza min =.1-4]= \/§ (puc. 11.32).

|al <l,aeC

B) Pemenmue. [lokaskemM, UTO PaBEHCTBO Z p(z) =4p(u)
k=1

MHBApPUAHTHO OTHOCUTEJHHO IapaJJIEJJbHOTO IIEpeHOca Ha BEeK-
—
Top CO(m; n).

4
Y p(z,+m+ni)=2z'+z; + 25+ 22 + 4(m? — n®) + 2(m + ni) X
k=1
X(z1+ 25+ 253+ 2,) + 8mni+ a(z,+ 2, + 253+ 2,)+ 4a(m +ni) +
4
+4b =Y p(z) + 4(m® — n®) + 2(m + ni)(z, + 2, + 23 + 2,) +
k=1

+ 8mni + 4a(m + ni).

Ucnonssyem ycioBue: 4p(u + m + ni) = 4w? + m? — n? +
+ 2um + 2uni+ 2mni + au + a(m + ni) + b) = 4w+ au + b) +
+ 4(m? — n?) + 2(m + ni)u + 8mni + 4a(m + ni) = 4p(u) +
+4(m? — n? + 2(m + ni)u + 8mni + 4a(m + ni). Ho z, + z, +
+zgtz,= 4u, ecam z, 2, 23, 2,4 — BEPIIMHBI KBaJapara cC
IEeHTPOM U. OTO BBITEKAET M3 I'eOMETPUUECKOTo IIpeacTaBJie-

1—>
HUSA CJIOXKEeHUsA KOMIJEeKCHBIX uwmcea (pumc. 11.33). EOu =

— P —— 1— —> —
=0z, t+ Oz,, ,0u = 0z + Oz;. Torga 4u = z; + 2, + 23 + 2,

1 MBI BIIpaBe cuuTaTh, 4yro u =0, T.e. 2, + 2, + 253+ 2, =0

(He ymassaa OOIIHOCTH, CUMTAEM, UTO BEPINIWHBLI KBagpaTa 3a-
HYMepOBaHBI TaK, YTO 00XOJ KBaJapaTa COBepIIIaeTCS IIPOTUB
YaCOBOUW CTPEJIKM).
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Tak xak z, = i2y, 24, = i23, TO Zf + 23 + 2§+ Zi =0,

4

S pi)=z2+zi+zi+zita(z, 2, +z3+2)+4b=
k=1

— 4b = 4p(0) = 4p(w).

r) Pemenmune. Ilycth TOuKa u#, B KOTOPOU IOCTUTAETCH
Hanbosbillee 3HaueHHne |p(z)|, B Kpyre |z| < 1 He mexur Ha
eIMHUYHON OKPYXHOCTH, B YaCTHOCTHU (u)| > m.

PaccMOTpPUM KBajpaT, IIeHTPOM KOTOPOTO SBJISETCH TOU-
Ka U, a OflHA W3 BEePIINH KOTOPOTO (Z,) JeKUT HA eTUHUIHON
oKpyskHOCTH. B cmay BwIOOpa Toukm u BepHO |p(z,)| < |p(u)|.
W3 sagaun XI1.162 B) caemyer, 4TO

Ip() = ‘iélp(zk)

4

<13 Ip@)l<lp@).
k

=1

i p(z,)
E—1

1
4

Torna [p(z,) = [p(w)|, T. e. [p(z;)] = [p(w)l. Ho m < |p(w)| =
= |p(z,)| < m. Honyunnau mpoTuBOpeure, W TEM CAMBIM HaIlle

yTBepKIeHNe NOKa3aHo.

3ameuanue. B mIpuBegEHHOM pacCCy:KIEeHUU WUCIIOJIb30Ba-
Jachk BTopad TeopeMa Belepinrpacca mjisi GyHKIIUH OT ABYX
mepeMeHHBIX (HempepbiBHAA (QPYHKIIUSA OBYX IIEPEMEHHBIX O-
CTUTAeT CBOUX HAWOOJIBIIEr0 W HAWMEHBIIIETO 3HAUEHUN Ha
3aMKHYTBIX OTPAHUYEHHBIX MHOMKECTBAxX IIJIOCKOCTU, YaCT-
HBIM CJIy4aeM KOTOPBIX ABJIAETCA KPYT).

XI.163. a) 1; -1 + i. Pemenmne. 2° +22=2 = 23 -1 +
+22-1=0 e (-DEE+z+1+2z+1)=0 &

z=1, z=1,
f=— =
Z+22+2=0 |z=-1%i.
6) 1. Pemenue. Ilo ycaosuio 23 + z? — 2008 = 0. Ilo

zZtzt+tz=-1,
dopmynam Buera {2z, + 2,2, + 2,2, =0, a Torga z; + 25 + 25 =
22,2, = 2008,

= (2, + 25+ 25)° — 22,2, — 22,2, — 22,2, = 1 — 2(2,2, + 2,25 +
+ 2525) = 1.

B) [O; _IZ*B}. Pemenue. Cuocob 1. p(z)=c= 22+ 22 = c.

1) VpaBHeHUe HMeeT TPHU BeIIeCTBEeHHBIX KOPHs. Paccmor-
puM dyEKIuo f(x) = x° + x% — ¢, f'(x) = 3x% + 2x = x(38x + 2).
U3 cxematuuHoro rpadpura (puc. 11.34) BUAHO, UTO BCe
KopHU OyayT mnOpuHamiexatb orpe3ry [—1; 1], ecam
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f(1)=0
c>0, c>0,

4
f( 2)>0,<:> c<2, ‘:’0<C<E

3
c <55
f-1)<0 2t
2) VYpaBHeHMe HMeeT [ABa BeIIeCTBEHHBIX KOPHA. OTO
npousoigér, ecau (puc. 11.34) v
c=0 mpu f(-1) <0,

H -
c—— mpu f(1) > 0. o Teo

[}
S

peMe BeiliepiTpacca BTOpoi Ko- -1
PeHb CYIIecTByeT, TaK Kak
GYyHKIIUA MeHseT 3HaK u oba
KOPHS, UYTO XapaKTepHO, IO MO- —c
ayiao wmeHbinme 1. MHEMBIX
KOpPHEH B 9TOM cJydae HeT.

Eciu z =a € R — xopeup Puc. 11.34
ypaBHeHusa z° + 22 —c¢ =20, TO
IBa OCTaBIIUXCSA KOPHA SABJISAITCA KOPHAMU YypaBHEHUSA
22+ (@ + 1)z + (a® + a) = 0. (910 pesyIbTAT HEIEHUS UCXOLI-
HOro MHOTOUJEeHAa Ha Z —a C yd4éToM Toro, 4ro c¢ =a’ + a®.)

(S

1
ITU KOPHU {ABJSAIOTCS KOMILJIEKCHBIMU IIPU a4 < -1 unu g > = 3

NpuyéM IIepBBIN ciyuailli Hac He HUHTepecyeT (IIOCKOJIBKY
IEeNCTBUTENbHBIN KopeHb a < —1). Tak KaK KOPHU 9TOrO ypaB-

HEHNMS KOMILIEKCHO CONPSMKEHBI, TO |2,2,| = |2,/ < 1, ecam

a®+a<li, o'rfcy/:;a—<a\\/7_

ﬁ

c=a®+ a® opu §<a , IOJIydyaeM C YYETOM cJydas

<—1+\/5.
2

Hartinsg MHOKeCcTBO 3HaAUEHUN

BeIlleCTBEHHBIX KOpHe# (0 < ¢ <

r) Pemenue. Crnoco6 1. lokaxem, uro ecau |a| = |b| =
=le| =1, 1o |a+b+c|=|ab+bc+ ac|. HeitcrBurensHo, |ab+
+be + acl’ = (ab + be + ac)(@b + be + ac) = abab + abbe + abac +
+ bcab + bebe + beac + caab + cabe + caca =3 + ac +bc+ca+
+ba+cb+ab=la+b+cl.

IIyets X, y U 2z — KOPHHU WMCXOJHOTO YPABHEHUS C MOAY-
agem 1. Torga coryiacHO MOKa3aHHOMY YTBEPIKIEHUIO |x +y+
+z| = |xy + yz + zx|. Ho mo Teopeme Bumera x +y+2z =—

a xyt+yz+zx=0. Takum ob6pazomM, MOAYJIU BCEX ROpHeI/I
ypaBHEHUsI He MOTYT OBITH PaBHBI 1.

185



Cmoco6 2. [loxakeM 35TO Ke YTBepIKIeHUe II0-APYyroMy.
ITomoskum a = cosx + isinx, b = cosy + isiny u ¢ = cosz +
+ isinz. Torma |ab + bc + cal® = (cos(x + y) + cos(y + z) +
+ cos(z + x))® + (sin(x + y) + sin(y + 2) + sin(z + x))? =
=3 + 2(cos(x + y)cos(y + 2) + sin(x + y)sin(y + z) +
+ cos(y + z)cos(z + x) + sin(y + 2)sin(z + x) + cos(z + x) X
X cos(x + y) + sin(z + x)sin(x + y)) = 3 + 2(cos(x — 2) +
+ cos(y — z) + cos(z — y)) = 3 + 2cosxcosy + 2cosycosz +
+ 2coszcosx + 2sinxsiny + 2sinysinz + 2sinzsinx =|a + b + cf*.

3amMeTuM, UTO IEPBBIA ctocob perreHus mpoire. [IpuBegém
eml€ oxHO OoJiee MBSAIIHOE PACCYKIEHUE.

Cnoco6 1. ITockoawky |a| =|b] =l|c| =1, To |ab+ bc+

+ac| =

%+%+%‘ =la+b+c|=latb+c|=la+b+c|

XI1.164. B) Iyra okpyxuoctu x> + y> =4 mpu x < 1.

6) Cm. pucyuok 11.35. Pemenue. Taxk Kak f(2) = u(z —
—a) + a, To orobpakenue z — f(z2) mpexcraBisieT coboi
IIOBOPOT HA YroJI argi OTHOCUTEJIBHO TOUYKH @ C IOCJIEeNYIO-
meit romoTerneii ¢ kKoaddunmuenTom |u|. Torma orobpaxe-
Hue [ IepeBOAUT TOUYKHW BePXHEH IOJYIJIOCKOCTA B TOUKU
IpaBoil MOJYIIJIOCKOCTH TOTJa M TOJLKO TOTnaa, Korja u = —ti,
rnete Rut > 0.

Eciu Touka, mso0paskamoIlias KOMILJIEKCHOe 4YMCJIOo da,
JeXKUT BO BTOPOM UYETBEPTH, TO, TaK KaK OHa OCTAaeTcs Ha
MecTe, HUKaKoro u HahiTtu He yrmacrca. IlomoxuB
u=v+uwi, a=b+ci, v, w, b, c € R, moKaxeM, 4TO NCKOMOe
MHOJKECTBO eCTh O0bequHEeHNe BCeX IIOJYILIOCKOCTer b > tc
nopu Bcex t = 0.

XI.165. a) Pemenmne. Ilycts 2z = (x +yi)(1 + 2i) = x —
-2y +i(y + 2x). Taxk rak argz = %, TO X —2y=y +2x = x =
=-3yuz=-8-i)(1+2)y, ye Z.

6) He cymiectByer. Pemenue. Ilycts u, v € K: arg% =§

. u
cymiectByor. Tak Kak z=a+0bi, a, be Z n z=_, The u,
ve K, 1m0 a, be Q. Cuemosarenpno, [z]°e Q. Ecau

T . . T 2 2 b1 . .. T T
z=|z||coss tisin< |, TOo 2°=|2|°|cos—+isin—|. Ho cos—¢ Q.
| ‘( 8 8]’ 12l 4 4 12 Q
ITonryuniam mpoTruBoOpeunre TOMy, UTO a, b € Q. 3HAUUT, TAKUX

u s
u, ve K: arg =g He CyIIeCTBYer.

B) Pemenue. Ilycts we K. Torma w = (x + yi)(1 +
+2i)=x(1+ 2i) + y@i@ — 2), x, y € Z. CnexoBaTeabHO, COBO-
KYIIHOCTb BCEX YMCEJ W — HTO MHOKECTBO Y3JIOB DPEeINéTKU,
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ImzA Imz
B(
A
2
C 1
0 Rez
-2 -1 /o Rez
Puc. 11.35 Puc. 11.36

IMOJIYUYEeHHOM HPH I'OMOTETHH C IeHTPOM B Touke O um Koad-
PpUIEEeHTOM \/g U TIOBOPOTE BOKPYT Hauajsia KoopamuHatr O Ha

yroa arctg 2 roopaumHaTHOU pemieéTkmu (puc. 11.36).
JI[to60e TayccoBO UHMCJIO 2 OKal3bIBaeTCA TAKUM 0O0pasoMm
BHYTPM WUJM Ha CTOPOHAX KaKOT0-TO KBajpaTa CO CTOpPO-

HOI /9, BepPIIMHBI KOTOpOTo mpumHamiae:xar K.

He ymansas oOmiHocTu, paccMOTPHUM TayCCOBBI 4YMCJIA,
Jekallye BHYTPU WJIM Ha cTopoHax KBagpata OABC, rae A,
B, C — Touku, coorBercTBymomiue uwmciaam 1 + 2i, —1 + 3i,
—2 + i cooTBeTcTBEeHHO (OCTaJbHBIE CJAYyYaW MOIKHO CBECTH
K 9TOMY ITapaJlieJbHBIM ImmepeHocoM). Ho mis stux uwmcesa (9To
0,i, 2i, 1 +2i, -1 +i, -1+ 2i, -1 + 3i, —2 + i) oueBUIHO,
YTO PacCTOsIHHE OT HUX [0 OJMsKaiiinell M3 BepIIMH KBaapa-
ta OABC me mpeBocxomut 1.
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MABA XIl. DnemeHTbl TeOpUM BEpOSATHOCTEM

9ra ryIaBa HOCUT B OOJIBIIIEIl CTEIeHU MHPOBO33PEHUECKUH
XapakTep M IIpU3BaHa AATh ydalllUMCsS IIPeACTaBJIEHUE O CIy-
YaHHBIX COOBITHUAX W MX BEPOSITHOCTAX.

ITpu mayuyeHuu mMaTepumaja II0JEe3HO BCE BpeMsdA o0palarb-
csd K JKM3HEHHOMY OIBITYy ydalnuxcsa. Hampumep, cipaimiu-
BaTh MX: MOJKHO JU HAAesATbCSI Ha HaCTyIJeHue COOBLITHSd,
BeposaTHOCTL KoToporo paBHa 0,01? MoskHO Ju cuMTaTh Ha-
IEKHBIM MeXaHUW3M, paboTarolnuii B TedeHUe TapaHTUNHOTO
cpoka ¢ BepoaTHOCThI0O 0,97 OOcy:KIeHMe 5THUX BOIIPOCOB IIO-
MOJKET ydYaIllluMCSA OCO3HaTh, HAIYIATh T'PAHUIIbI BEePOATHO-
CTU, HAaUMHAA C KOTOPOIi, COOBITHE MOIKHO CUHUTATh JOCTOBEP-
HBIM C KUTENCKON TOUYKU 3PEHUd.

BaXKHBIM sgBJseTCA BOIPOC O TOM, OTKyZa MbI Y3HaéM 3Ha-
YeHUSA BePOATHOCTel coObITuii. SIcHO, UuTO IIpu OpocaHUU Ky-
OMKa MM MOHETKM COOTBETCTBYIOII[E BEPOSATHOCTH II0oJIyda-
IoTcA M3 coobOpaskeHuii cuMmmerpuu. OZHAKO KaK y3HAIOTCS
BEPOSATHOCTH TOIANaHUSA CTPEJKOM B MUINEHb, HAJIUUYUA WU
OTCYTCTBUSA yposKasd W T. I.?7

3Iech eCcTb IIOBOJ HOTOBOPUTH C YYAIIMMMUCS O COILMOJIO-
TUu, CTAaTHUCTUKE, a caMoe TJaBHOe — O TOM, UTO COOTBET-
CTBYIOIIIVIE BEPOATHOCTU HUKOTAA He y3HaroTca TouHo. Coor-
BETCTBEHHO M BBLIYMCJEHUS WX Ha NPaAKTHUKe BEIyTCSI C TOU
WU WHOUW CTEIEeHBI0 TOUYHOCTH. TaKKe yMeCTHO YIOMSHYTH O
3aKOHEe OOJIBININX YHCeJI, YTBEPIKIAoIleM, UTO IIPU OIpeje-
JEHHBIX YCJIOBUSAX YACTOTA BBHINANEHUS COOBITHS CTPEMUTCS C
YBEJIMUYEHUEM UYUCJa ONBITOB K BEPOATHOCTH 3TOTO COOBITHUA.
I9TO TO3BOJIAET BBIUMCJATH BEPOATHOCTH OMNBITHBIM ITYTEM,
TIOCJIeIOBATEJbHO ITPOU3BOASA MHOTO OMHOTHUIITHBIX OIIBITOB U
HCCJIeAYys YaCTOThl BBINMAEHUSA COOTBETCTBYIOITUX COOBITUM.
TakuMm cmocoboM, HampumMep, CAyUYalHO Opocas TOUKM U Ha-
XOZIsI YaCTOThI MX IIOMAJaHUA B KaKyIO-JTU00 (PUIYPY, MOIKHO
OpUOIMKEHHO HAWTU IIJIOIAAb 3TOM (urypsl (metonm MomTe-
Kapio).

K cosxaneHuio, 95TUM BoIIpocaM B yUYeOHHKe yOeJeHO He-
JTOCTATOYHO BHUMAHUS, PABHO KaK W He 3aTPOHYTHI BOMIPOCHI,
CBA3AaHHBIE CO CAyYaWHbIMU BeamumHamu. OpgHako, Oymydu
OIPAKTUKYOIIUMA YUYUTEJIAMU, aBTOPHI IMOHWMAIOT, UTO HAa
M3yUYeHNe TeOPUU BEPOSATHOCTEN B MIKOJBHOM Kypce He yIacT-
cs BBIKPOUTH CTOJBKO BPEMEHU, CKOJHBKO HYIKHO, UYTOOBI
OCBETUTH yKa3aHHBbIE TeMbI. [109TOMYy OHU OTPAHUUUIUCH
JUINDb CAYyYaWHBIMU COOBITUSAMU, Ha MaTepuajie KOTOPBIX II0-
TOBITAJINCH IIepeaTh COOTBETCTBYIOINME TPEACTABJIEHUA O Teo-
puM BEPOSTHOCTEM.

IInan msyueHus marepuajsa raaBbl XII mpuBeméH B Taob-
JUIE:
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T'nmaBa XII. d1eMeHTHI TEOPUU BEPOSATHOCTEN 14 18

Cayuaiiable coObITuA. Kiaaccuueckoe ompepeeHe 4 4
BEPOATHOCTH
YcenoBHas BepoATHOCTh. PopMyJia TOJHONE BEpPOAT- 4 8

Hoctu. Popmyaa Batieca

TeomeTpruecKkasi BePOSITHOCTH 4 4

KourposnbHas padora Ne9

8§ 71. CnyuanHbie cobbiTus.
Knaccuueckoe onpepeneHue BeposTHOCTH

OCHOBHOH IIeJIBbI0 M3YyUYeHUsA AaHHOro maparpada sBJIseTCs
MOHMMAaHWE COOBITMA KaK MHOYKECTBa, COCTOSIINEro mu3 aJie-
MEeHTapHbIX COOBITHIA.

B cayuae eciu ssmemMeHTapHBIX COOBITHUIH (OHU K€ — BO3-
MOJKHBI€ HMCXOJbI ONbITA) KOHEUHOE KOJHUUYECTBO, KAXKIOMYy U3
HUX IIPUONCHIBAETCS OIpEIeJéHHasd BEePOSATHOCTb, W BEPOAT-
HOCTBh COOBITUSI €CTh CYMMa BEPOSITHOCTEH COCTABJIAIOIIUX €ro
3JIeMEHTapPHBIX COOBITHIA.

B cnayuae ecoim MHOMKECTBO 3JIeMEHTAPHBIX COOBITHII He-
CUéTHO, CPeaN BCEX ero IMOJMHOIKECTB BBIJEJIAITCA Te, KOTO-
phle pa3yMHO HAa3bIBaTh COOBITMAMMN U IIPUIKCHIBATH UM pa-
3YMHBIM 00pPas3oM BEPOSATHOCTh. MOIKHO IIOKasaTh, UYTO MJIs
HECUETHBIX MHOMECTB O0OBABUTL COOBITHEM JII000€e IIOAMHOMKEe-
CTBO, IPUIIUCAB €My PasyMHBIM 00pa3oM BepPOATHOCTh, HEBO3-
MO2KHO.

Ilosie3HO aKIEeHTHWPOBATHL BHMMAaHHNE ydYaIlUXCA Ha TOM,
YTO KJacCcUuecKoe OIIpeaelieHre BePOSTHOCTU JIelicTBYyeT B
ciaydae, €CJIU BePOATHOCTH dSJeMeHTapHbIX COOBITHI pPAaBHBI.
OxHaKO COOOpaskeHUs 0 TOM, OTKyZa GepéTcs 3HaAUeHUe Bepo-
ATHOCTH, HE OTHOCATCSI K BEAeHUI0 TEOPUU BEPOSATHOCTEI.
Ouu 1100 OrOBOPEHBI B YCJIOBHHU 3agadu, JuOO CIEAYIOT U3
Kakoi-aubo cumMeTpuu (Kak, HaIpUMep, B cilIydyae MOHETKH
UIu KyOouKa).

Ilpu pemrenun 3amauy Ha KJacCHUUYeCKOe OIIpeleseHNe II0-
JIeBHO TIOBTOPSATH COOTBETCTBYIOINE KOMOMHATOPHBIE PACCYK-
IEeHUuA.

Kaxkx um mpu mayueHWuM KOMOWHATOPUKMN, PEKOMEHIyeM
OCTaBJIATH OTBETHI, COJlEepPsKAaIllie BBIPDAKEHUA, UMEoIe KOM-
OMHATOPHBIN CMBICJI (YHMCJIa COUeTAaHWII, pasMeIlleHuil, Iiepe-
CTAaHOBOK U T.II.). ITO IIOMOJKET II0 OTBEeTy YBUIAETh XOJH pac-
CYJKIEHUN yUYeHHKA.

Ha sagauu kK ganHomy maparpady IpuUXOmuTcsa 0ojiee Tpe-
TH BCeX 3a7au IJIaBbl, UTO CBSABAHO ¢ TpeOOBAHUAMU CTAHIAP-
Ta, B KOTOPOM BJIafleHNE KJIACCUYECKUM OIpeaeIeHreM Tpe-
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OyeTcsa Ha ypoBHe HaBbIKa. KpoMe 3agau K JaHHOMY Ilapar-
pady, IO KJAaCCHUYECKOMY OIIPeAeeHHI0 MOYKHO pellaTh TaK-
ske sagmaum XII.31, XII.32, XII.39 B).

Pemrenuss m ykazaHuA K 3agadam

XII.2. a) Her. 6) a.

XII.3. a) Her. 6) a.

XII.6. a) Ta. 6) Her. B) Het. r) Her.

XII1.7. B) Ilockonbry A<= B, To A\ B=A. Chopmyaupo-
BaTh ciaoBaMu cobbiTe B\ A — 5To, cKOopee, 3ajaya IO pyc-
cKomMy A3bIKy. Hampumep, (GopMyJampoBKa MOMKeT OBITH Ta-
Koli: «PabGoraioT omguH, ABa WJIM YeTHIPE CTAHKAa».

XII.8. CobObiTHEe «HapTHsd 3aKOHUMUJIACH BHUUYBIO».

XII.9. a) BepoarHocTb anaaeﬂna Bcex rpaneii, Kkpome 6,
%, rpauu 6 paBHA T 6) %.

XII.10. a) VkasaHue. Ho yc.JIOBI/IIO BEPOSITHOCTL BbIIaje-

paBHa

1
%@ rae a— KO2(PUIIUEHT IIPOIOPIINO-

HaJIbBHOCTH. HOCKOJIbe cyMMa BepOHTHOCTefI 9JIEMEeHTapHBIX

Hua uucia k paBHa

coOpITH paBHa 1, TO a-[1+%+§+i+%+%j=1, OTKyzIa

_ 20

49 OTCIO,ZIa COOTBETCTBYIOIIIMIE€ BEPOATHOCTH BOCCTaHaBJIM-

BalOTCSA OOHO3HAYHO. 0) — - 147 B) 75 147

XII.11. a) %. Pemenue. Yuciao conoco6oB pas3dbutrs 18

KoMaHa Ha 2 T'PYIIbl PaBHO Ci’g (Hy:XHO BBIOpaTh 9 KoOMamH

IO OOHOUM TPYIIIBI, ocTaBiimecd 9 oOpasyioT BTOPYIO T'PYII-
my). BosbMéM ABe maHHBIE KOMAHAbI U OIPEIESIUM WX B OOHY
rpyniy (8To MOKHO chesaTh 2 cmocobamu). Temepp B aTy

rpynmny pobepém emé 7 KomaHn (3T0 MOKHO caenath Clg CIIo-
cobamu). Takum obOpasom, UmcJIO pa3OueHuii, rae aBe TaHHbBIE
KOMAaHIbI HaXOAATCS B OAHOI rpyimne, paBHo 2 ° Ciﬁ. Hcko-
7
2016 _ i
5 .
cly 17

Masg BEPOATHOCTB paBHAa

27 o . .
0) 34 Pemenue. Haiiném KoamuecTBO pasOueHuii, rae

TPU 3aJaHHBIE KOMAHABI IIOHIAAyT B OOHY TPyHIy. AHAJIOrmd-
HO 3amaue XII.11 a) aTo KOJIMUYECTBO PaBHO 2C‘f5. 3HauuT, KO-
JIUYECTBO pas0bMeHUil, MPU KOTOPHIX KOMAHABI He IIOHNagyT B
OIHY TPYIIITY, PaBHO C?B - 20?5. HNckomass BepOATHOCTL paBHA
Cls=2CTs _ 4 _2C% 4 7 _27

cs c)s = 34 34’
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XII.12. Pemenue. Ilo serenne, JaHACKHEXT PacCysKIaj
Tak: uncygo 11 MOKHO moayuuTh Kak 3 +4 + 4, nau 3 + 3 +
+ 5, um 2+4+5, uim 2+3+6, unu 1 +5+ 5, uin
1 + 4 + 6 (cmaraemMble pPacmoJIOKeHbI B MMOPSAAKe BO3pacTaHUA,
YTOOBI OBITh YBEPEHHBIM B IOJIHOTE IIepedopa M He IMOBTOPUTH
BapMAHTHI), T. €. IIIEeCTHI0 CIIOCO0AMMU.

Yucmo 12 MoKHO TONydyuTh Kak 4 +4 + 4, wiau 3 + 4 +
+5, uim 83+3+6, unm 2+4+6, unu 2+ 5+ 5, uinm
1+ 5+ 6, T. e. TOXKe IIeCThbIO CIIOCODAMMU.

Taxum o06pas3oM, BEPOATHOCTH HOJIKHBI OBITh PABHBI.

Opuako Tanuieil mokasaji, YTO CyMMBI, B KOTOPBIX BcCe

3
ciaraeMble PasJIMYHBbI, BCTPEUYAIOTCA C BEPOATHOCTHIO & cyM-
MBI, TZle ABa cJjaraeMbIX OJWHAKOBBI, BCTPEUAIOTCS C BEPOST-

HOCTBIO CyMMa M3 OAMHAKOBBIX CJjlaraeéMbIX BCTPETHUTCHA

g;

1
C BEPOATHOCTBIO 5. TakuMm 00pasoM, BEPOSATHOCTH IIOJYUYUTH

11 27 12 25

PaBHA "5, & BEPOATHOCTH HOJYIHUTH paBHA 3.

3nech 6% — KOJIMYECTBO BOBMOJKHBIX BBINANEHUH TPOEK
KyOuKOB (C y4€TOM IOpPAIKAa), 3! — KOJIUUECTBO CIIOCOOOB IIO-

JYYUTH MaHHYIO KOMOMHAIIMIO TPEX Pa3IUYHBIX CJaraeMbIX
(paBHO KOJMYECTBY HEPECTAHOBOK OTHX CJIATraeMbIX) C YUETOM
UX MOPAAKA W T. 1.

XII.13. BeposaTHOCTL IEPBOro COOBITHS 0OoJbIlle. Perme-
Hue. PaccMOoTpUM BEpOATHOCTH TOTO, UTO HU HA OJHOM U3 Ue-
TBIPEX KYOMKOB He BBIIazeT 6 ouxoB. OOIee KOJIUUYECTBO

KOMOMHALIMI Ha YeTHIPEX KyOMKax paBHO 6%, a KosmuecTBO

KoMOuHanuii Ge3 IecTépok paBHo 5%, Taxum o6pasom, Bepo-

ATHOCTh TOTO, UTO IIPW OAHOM Opocamuu 4 KyOMKOB He BbIIAa-
4

.. 5 .
7ieT IIeCTEpPKa, PaBHA 7. ITo cBotictBy 3 m3 m. 4 §71 yueoO-

HUKA BEPOSATHOCTH IIPOTHBOIIOJIOMKHOTO cOObITHUA (T. €. TOTO,
4
.. 5
YTO BBINAZET XOTs ObI OMHAa IMeCTEPKA) paBHA 1_¥°
KosnmnuecTBo ncxomos npu 24 6pocaHuUsaX ABYX KOCTEH paB-
Ho 36%%. IIpm KaskmOM OGpPOCAHHYM KOJIMYECTBO HCXOIOB, IIE

HeT ABYX IIIEeCTEPOK, paBHO 35. IloaTomMy BepoOsSTHOCTHL TOTO,
24

. 35
MTO HU pasy He BBINAfeT ABe IIECTEPKH, PaBHA _ . Coor-

BETCTBEHHO BE€POATHOCTH IIPOTHUBOIIOJIOMKHOI'O COOBITUSA paBHa

3524
1-—;.
36
54 35%4
Ocraéresa cpaBHUTH ymeaa 1 — P 1- 367 T+ € CDABHUTE
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524 54
3624 7 gt
358 5

M — .
KaK MeXAY o5 U

qucJa , COOTHOIIIEHME MEXAYy KOTOPBIMM TaKoOe Ke,

6
CorusiacHo HepaBeHCTBY Beprysiu! (%} = (1

1

36) 1=6x

X

5
366 ITockonbKy cpaBHHMBaeMble UYWCJIa, OUEBUIHO, HeE

6

35 5
PaBHBI, IIOJyYaeM, UTO W> o a 3HAUUT, BEPOSITHOCTDL IIOJIY-

YUTH ONHY IIECTEPKY Ha UYETBHIPEX KyOMKax OO0JIbIlle, YeM II0-
JIYUYUTH ONVWH pas JIBe IIecTépPKU mpu 24 OpocaHUAX OBYX K-
OMKOB.

XII.14.

XII.15. a) Pemenue. Yucno croco6oB BBHIHYTH U3

1785°
KOJIOZIBI TPU KapThl (0e3 yuéra MX IMOpPAAKA) PaBHO C?gﬁ. Yro-
ObI cpenu STHUX TPEX KapT ObLI POBHO OAUH TY3, HYKHO B3ATbH
OJHOIO M3 YETBHIPEX TY30B (9TO MOIKHO caeJsaTh 4 crmmocobamir)
1 BRIOpaTh M3 32 KapT, He ABJIAIOIIUXCA Ty3aMH, OCTABIIIHE-
cd 2 KapThl (9TO MOMKHO CHeJIaTh ng crrocobamm). Takum 06-
pasoM, BEepOSITHOCTH TOr0, UTO CPeAU TPEX KapT POBHO OIUH
%=ﬁ 6) =—Ci-C§2 B) _Ci
C3,  1785° p C3s p C3e’
3amewanue. OTMETHM, UTO, €CJU CUUTATH KOMOMHAIIUUN C
yuEéTOM MOPSAKAa BBIHYTBIX KapT, BEPOATHOCTU He M3MEHSATCH.
B) VkasaHue. B ciyuae ecau BhIHyTas KapTa BO3Bpalllaer-
cs, 00IIee KOJIMUYEeCTBO MCXOM0B (C YUETOM IIOPSAKa BbITAIleH-
HBIX KapT) OymerT paBHO 36°, KOJIMYECTBO MCXOLOB C OXHUM
Ty3oM Oyzer paBHO 3 - 4 - 322, KOJINYECTBO MCXOIOB C ABYMS
rysamu Oyzer paBHO 3 - 42 - 32, KOJIMYECTBO MCXOLOB C Tpe-
M#A Tysamu 6yzer paBHO 43, Orciosa HECIOMKHO HOJIYUUTH HC-
KOMBIe BepOHTHOCTI/I.

Ty3, paBHa p =

XII.16. a) ﬁ Vrkasanue. Ha Kaxmoi u3 ImiecTu rpameii

0oJIBIIIOro Kyba paciioyioskeHbl 64 oKpallleHHble TPAaHU MAaJIbIX
RyGI/IROB, Y KOTODBIX 9Ta OKpallleHHas I'paHb eJUHCTBEHHAadA.
0) w Vrkaszanue. Ha xamaom us 12 pébep GoJbIIoro Kyba

pacmojoKeHbl M0 8 KyOMKOB C ABYMSA OKpAIlIEeHHBIMU T'DaH:A-
8

MHU. B) — .

1000

'@+ x)">1+ nx upu x > -1, n € N.
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4C2

XII.17. o2 (ecnu kojsoma coctouT m3 36 Kapr).
36
1.43 3 3
XIL18. a) 255 - 4 6) 2.
Azz  Ciy Ajg

CQ 2

XIL.19. ¢ 1188) . Bameuwanue. Eciu cpegu 18 Kapr mmeercs
C36

pPoBHO 9 KapT U€pHOII MacTH, TO OCTaJbHbIe OYAYT KpPacHOI

MacCTH.

C3g’ ) 28°°

XII.21. a) 0,3. Pemenue. Tpoek OTPEe3KOB, M3 KOTOPBIX
MOJKHO COCTAaBUTh TPEYyroJIbHUK, Bcero tpu: 2, 3, 4; 2, 4, 5;
3, 4, 5. Bcero Tpoex OTpe3KOB Cg = 10, oTKyza mckKomMas Be-
poarHocTh paBHa 0,3.

6) 1. Pemenue. Bribpars ueThIipe OTpe3Ka M3 HATU —
BCE pPaBHO YTO BBLIOpPATh OAMH OCTABIIUMCA. 3aMETHUM, UTO CY-
II[eCTBYEeT TPEyroJbHUK 0e3 JII00OTro 13 OTPEe3KOB. SHAUUT, U3
JIIOOBIX UYEeTHIPEX BBIOPAHHBIX BCerJa HAWAETCA TPU, U3 KOTO-
PBIX MOIKHO CJIOKHUTH TPEYTOJbLHUK, T. €. BEPOSATHOCTL STOTO
cobvITHA paBHa 1.

XII.20. a) 1-

XII.22. a) %. Pemenue. Cramocodb 1. Ha Kouie uwmcaa

JIOJI3KHA CTOATH OJHA U3 UeThIPEX ueTHBIX nudp. IlosTomy uc-
X0JI0B, OJIATONMPUATCTBYIOIIUX COOBITHUIO, Oyzer 4 + 8+ 7 - 6.
Bcero ucxomo 9 - 8 -+ 7+ 6. CiremoBaTelbHO, MCKOMAs BEPOAT-
4

HOCTh PaBHA .
Crooco6 2. PesayabTaThl IOABJEHUA KaKION IUPPHI Ha
KOHIIe PAaBHOBEPOATHBI. I109TOMY IIPOCTPAHCTBOM dJeMeHTap-
HBIX COOBITHH MOKHO CUMTATH COOBITUSA BHIA «HA KOHIE UIC-
ga nudpa 1», «Ha KoHIle umncjaa nudpa 2» u T. 1. Takux co-
ObITUM 9, 06JATONMIPUATCTBYIOIINX KCCJIEAYEeMOMY COOBITHUIO 4.

4
0) 9 Yrkazanue. Bocmoab3oBaTbcA ciocoboM 2 pelleHus
damaun XII.22 a).
4
B) 9 Yrkazanue. Bocmoab3oBaThbCs CIOCOOOM 2 perreHus

damaun XII.22 a).
XII.23. a) 8. Pemenue. Ilyctb B Habope x KapToyek C
nudpoii 9. BepoATHOCTh MOJYYUTh UYETHOE UYHCJIO pPaBHA
4-(x+T7)-(x+6)-(x+5) 4
x+8) (x+7) - (x+6)-(x+5) _x+8 (MOXHO OBLIO HCIOJBL30BATH

TaKoe JKe paccyJKIeHue, KaKk um B peineHun s3agaum XII.22 a).

4
Pemus ypaBHeHUe P 0,25, monyuum x = 8.
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6) Her. Pemeunue. BepoATHOCTL HOJYYUTHL HEUYETHOE

Pemtus ypaBHeHue = 0,4, TOJIyYUM OT-

x+ x+4
x+8° x+8
punmaTeJgbHO€E HeEIleJIOe YMCJIO. BTO MOMXHO 6BIJIO 3aMEeTUTh Cpa-
3y, TaK KaK IIpHu ,ZIO6aBJIeHI/II/I K YNWCJJINUTEJII0O 1 3HaMeHaTeJIlo
HpaBI/IJIbHOfI ,leOﬁI/I OOHOI'O M TOTI'O e IIOJJOMXUTEJIBHOI'O YlMC-
Ja apo0b yBeauuuBaeTcs. 1103TOMYy OpU IOJOKUTEIBHBIX X
L2504
BBIIIOJIHEHO x+8 > — 3 >
90-89-88-87 86 -85 -84 -83 -82 -81
XIL.24. 100-99-98-97-96 -95-94 -93-92 -91
Nckomas BEPOATHOCTHb PaBHa
Ch  90-89-88-87-86 8584 -83-82 81
cl9  100-99-98-97-96-95-94-93-92-91
IIpeoOpasyem BBIpaKeHue
90-89-88-87-86-85-84 838281 9 89 81

100-99-98-97-96-95-94-93-92-91 10 99 " 91"

4YuCJIO paBHA _ o

<0,5. Pemenue.

o 9
W 3aMeTuM, UTO Kakaas M3 Apobeil MeHbIlle, UYeM 10" ITosTo-

10
9
My HCKOMAas BePOATHOCTH MeHBbIIIe (E] . 3amMeTuM, UYTO

10
Taxum obOpasoM, MOJyueHHas BEPOSTHOCTL MeHbIme 0,5.

XII.26. a) VrkasaHnue. IIpocTpaHCTBO 3JIeMEHTAPHBIX COOBI-
THUH COCTOUT M3 YIOPSIJOUEHHBIX IIap 3JieMeHTOB. Takux map
oymer 9, m3 KOTOpPBIX 3 OyAyT COOTBETCTBOBATH HUYEHHOMY

10
10° = (9 + 1)1°> 991 10-9° > 2+ 9'° nosromy [i] <L

2 1
ucxony. 0) 3 B) 3 Yrkaszanue. Kpome HemmocpeacTBEHHOTO BbI-

YHCJIeHUs, 3JeCh BO3MOJKHO pacCCy’KJIeHue O TOM, YTO IIO
YCJIOBUAM HIPhI 00a MI'POKA PABHOIIPABHbBI, 3HAUUT, BEPOAT-
HOCTU WX BBIUI'PBIIIIAa PaBHBI. A cyMMa BepPOSATHOCTEI BBIUTI-
pBIllia 060X HUTPOKOB COCTABJISIET BEPOATHOCTH TOTO, UTO WT-
Pa He 3aKOHUYMJIACh HUYLEN.

C3 c%-cl cl.-c? cé c?.-cl
XIL.27. a) ;5 6) 16 5. ) 65 ) 2. o) B4
CZl C21 C
PR @+& o 1-Cle 5 €, Chech
cs cy  Ch chy CcH c3y

XII.28. a) 15. Pemenue. IIycts yueHUK BbIyumsa a < 16

BOIIPOCOB. BepOHTHOCTB YCIIEIITHOT'O OTBETa Ha oba mmocTaBJIeH-
2

Ca a(a—l)

Heix Bompoca paBHa —& =222  Pemus mepaseHcTBO
Cis 15-16

a(a—1 7 .

_1(5.16) >§ ¢ yuéroMm TOro, uro a@ < 16, momyuum a = 15.
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0) 6 miu 10. Pemenue. Yucio cmocobOB myisA yueHUKa
BBIOpATh ITapy BOIIPOCOB, OMWH M3 KOTOPBIX OH 3HAET, a APY-
roi He 3Haer, paBHO a(l6 — a). IlosTomy pelieHue 3ama-

a(16 —a) 1
UM CBOJUTCA K DEIIeHUIO YPABHEHUA — 5 —, OTKy.a
16
a=6 umu a=10.
B)ac{l, 2, 3,4, 5, 6, 7}. Pemmeunue. BepoaTHOCTL OT-

o o a
BEeTHUTh HAa OLUH CJAYyYalHO BBIOPAHHBIN BOIIPOC paBHA 16

Bri6paTs Tpu Bompoca, KOTOPbIE €My UM3BECTHBI, YUEHUK MO-

JKeT Ci criocobamMu. BrIOpaTh TpuU BOIIpoca, M3 KOTOPBIX €My

M3BECTHBI OTBETHI TONLKO HAa JABa, yueHWK MoskeT C- - Cis_,

crmocobamu. Takum 00pasoM, BEpPOSITHOCTL TOT'O, UTO YUEHUK
OTBETUT XOTA ObI Ha [ABa M3 TPEX CIYYANHBLIX BOIIPOCOB,

Ci+Ch-Clg, ala—1)(23-a)
c3 - 7'15-16

a(a—1)(23—-a) <

7°15-16 16

paBHa PemuB HepaBeHCTBO

, moayuaem a € {1, 2, 3, 4, 5, 6, 7}.

32
) 143" Pemenue. KoauuecTBo cmoco6oB pasdobuth 16 Bo-

pocoB Ha 8 6uieroB 1o 2 Bompoca paBHO Cig* C2, - ...+ C% =
=8-:3:-5:-7-9-11-13"-15.

CocuuraemM 4YmCJIO CIIoco60B pasouTs 16 BompocoB Ha 8 Ou-
JIETOB TaK, YTOOBI B KasKJIOM OuJieTe OKasaJjcs BOIIPOC, KOTO-
pBIil yueHUK 3HaeT. Pas3jo)KuM BHauajge 8 BOIIPOCOB M3 UUC-
Ja TexX, KOTOPhbIe YUEeHHK 3HaeT, II0 8 OumjaeraM. ITO MOIKHO
caeaaThb Affo crmocobamMu. 3aTeM 8 BOMPOCOB (Ccpeau KOTOPBIX
eCTh 2, M3BECTHBIX YUYEHUKY) Pas3JoKUM II0 OmjgeTraM, UTO
MOJKHO caenaTh 8! cmocobammu. Ilpum sToM KamKABIA H3 TexX
IBYX OMJIETOB, B KOTOPBHIX YUEHUKY M3BECTHBHI OTBETHI Ha 06a
BOIIPOCA, IIOCUMTAH ABAKIABI. IlosTOMY IIOJyUeHHBIA PE3YJIb-
TaT Hamo pasgenuTh Ha 4. MTak, MCKOMOE UYHCJIO0 CIO0COOOB

A%, - 8!
paBHO — ,—, & UCKOMas BEPOATHOCTH PaBHA
Ay - 8! 32
(] -3.5.7.0. . . =
4 -@-3:-5-7-9-11-13-15)={3.
XII.29. a) ﬁ. Pemenue. O0Omee KOJIUUECTBO HCXO-

IOB — 3TO KOJUUYECTBO YIIOPSAJAOUYEHHBIX UETBEPOK Umces oT 1
mo n, . e. n(n—1)(n—2)(n - 3).

KoauuecTBO MCX0M0B, 6J1arONPUATCTBYIOIIUX COOBITUIO, —
9TO KOJIMUECTBO YIOPAJOUYEHHBIX UYETBEPOK, B KOTOPHIX HAa
IIepBOM WJIU TPETHEM MeCTe CTOUT YMcJa0o 1, a Ha BTOPOM WU
YeTBEPTOM MECTEe CTOUT UUCTO 2.
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PaccMoTpuM BCEBO3MOKHBIE HEYIMOPAJOUYEHHBbIE UETBEPKU
yuces oT 1 10 n, comep:kainue 1 u 2. Takux ueTBEPOK OyaeTr
C,Zl,z (mas TOro, UTOOBI IMOJYYHUTH UETBEPKY, HAZO M00ABUTH
B He€ JBa YucJja U3 ocTaBIImxcA n — 2). B Kammoi Takoil uer-
BEPKe cOocCUHTaeM KOJUYECTBO TAKUX €€ IIepPecTaHOBOK, IIpU
KOTOPBIX UMCcJIO 1 CTOUT HA HEUETHOW MOBUIIUU, a UUCIIO 2 —
Ha uérHoi. Iasa 1 MOKHO BBIOpATh OMHY M3 ABYX ITO3UITUIA,
OJas 2 — TOKe ONHY M3 ABYX MHO3UI[MI, M OCTaBIIIMECS Ba
ypcJia ABYMs CIIOCO0AMHI PasMECTHUTh HA OCTABIIMNXCHA IIO3MU-
nuax. Takum oOpasoM, OZHON HEYHOPALOUEHHON uYeTBEPKe
COOTBETCTBYET BOCEMb YHOPAMAOUYEHHBIX IIOAXOAANIAX HaM
yeTBEPOK. MTaK, KOJMUYECTBO MCXOH0OB, O0JATOIPUATCTBYIO-

mux cobbrTuio, paBHo 8C2 _,. VIcKOMas BepPOATHOCTb DaBHA

803—2 o 4
nn-1)(n—-2)(n-3) n(n-1)"

1 .
0) e Pemenue. PaccMoTpuM HeymopAgOUEeHHYIO UETBEDP-

Ky pasiauuHbIX umces oT 1 mo n. Eé MOXHO yIOPALOUYUTDH
HYXHBIM 00pa3oM, IIOCTAaBUB ABa MEHBIINX UYMCJIA HA HEYET-
Hble MO3UIUU (ABYyMs cIocobaMu), a ABa OOJBIIMUX UYMCIa Ha
yéTHBIe TMO3UIUM (ToKe AByMs cmocobamu). Takum oOpasom,
cpeiu BceX YIOPAMOUYEHHBIX UETBEPOK, IMOJYUYEHHBIX M3 JaH-
HOM mepecraHoBKamu (a ux Oymer 4! = 24), TOJIbKO uYeThIpe
OyayT yIOPALOYEHbI HYKHBIM 00pasoM. IIoCKOJIIBKY 5TO BEpPHO
IJIs JII000 HEeYIOPSAOOUYeHHOM UYeTBEPKU, TO MOJA «IIOAXOMI-

.. 1
IuX» YIIOPAAJOYEHHBIX YETBEPOK COCTaBJIAET E BCeX yImopsano-

YEeHHBIX UYEeTBEPOK. 3HAUUT, MCKOMAaA BEPOATHOCTH PaBHA 5
B) 796. PemeHue. OueBUAHO, UTO YHOPAAOUEHHBIX UETBE-
POK, B KOTOPBIX CyMMa YHCeJ, BHIOPAHHBIX IIEPBBIM UT'POKOM,
MEHBIIIe CYMMBI UHNCeJ, BBIOPAHHBIX BTOPBIM, OyIeT CTOJIBKO
JKe, CKOJBbKO TaKMX, B KOTOPBIX CyMMa 4YHCEJI, BHIOPAHHBIX
IepBBIM, OOJIbIIIE CYMMBI UMCEJ, BLIOPAHHBIX BTOPBIM (IIepe-
CTAHOBKA Iap YMCEJ MEXKIy YETHBIMU M HEUYETHBIMU MeCTaMU
yCTaHABJIMBAaeT B3aMMHO OJHO3HAYHOE COOTBETCTBUE).

Kpome yIIOMAHYTBIX 4eTBEPOK, OCTAIOTCS €Ié Te, B KOTO-
PBIX CyMMBI YHCeJI, BBIODAHHBIX UTPOKaMM, paBHBI. IX KoJu-
YeCcTBO MOYKHO IOCUUTATH HemocpeAcTBeHHO. I[Jsa aToro HYXK-
HO B3dATH BO3MOMKHBLIE UNCJA, IIPEeICTaBUMBbIe B BUIE CYMMBI
OBYX Pas3JIMYHBIX cJlaraeMbIX AOBYMs cIiocobamMu (Hampumep,
5=1+ 4= 2+ 3). ITonyuennywo uerBépkry {1, 2, 3, 4} Mox«-
HO YIIOPANOYUTH HYMKHBIM 00pasoM YeThIPbMS cHocobammu:
1, 2, 4, 3); (1, 3, 4, 2); 4, 2, 1, 3); (4, 3, 1, 2). Tarum
o0paszomM, 3HaA KOJUUECTBO IIap IIPeICTaBJIeHUN JaHHOTO YMC-
Ja B BHUAe CYMMBbI Pa3jIMYHBIX CJaraeMbIX, Mbl YMHOMKEHUEM
Ha 4 y3HaeM KOJHWYECTBO COOTBETCTBYIOIIUX UYETBEPOK.
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3amosHuM Ta0JIUILY:

3HaueHUe Pasfmtmme IpeacTaBIeHUS Yucao map
CYMMBI 3TOI CyMMBI

5 1+4=2+3 1

6 1+5=2+4 1

7 1+6=2+5=3+4 3

8 1+7=2+6=3+5 3

9 1+8=2+7=3+6=4+5 |6=0C2
10 2+8=3+7=4+6 3

11 3+8=4+7=5+6 3

12 4+8=5+7 1

13 5+8=6+7 1

Nrak, Bcero map mpencTaBJeHUU UYNCEJ B BHUOE CYMMBI
IBYX PAas3JUYHBIX cjaraemMbix 22, 3HAUHUT, COOTBETCTBYIOIIMX
YIIOPSALOUYEHHBIX YeTBEPOK Oymer 88.

Bcero ynopamoueHHBIX ueTBEPOK 8 + 7+ 6 + 5 = 1680. 3Ha-
YUT, YeTBEPOK, B KOTOPBIX CyMMBbI UMCEJ, HAOPAHHBIX IEPBBIM
U BTOPBIM UI'poOKaMu, He paBHBI, Oyzer 1680 — 88 = 1592.
Torma 4eTBEPOK, B KOTOPBIX CyMMAa UHCEJI IIEPBOr0 UI'DOKA
OyzeT MeHbIIIe CYMMBI YKCeJI BTOporo, oyzer 1592 : 2 = 796.

T
) 1 Pemenue. Pakruuecku TpedyeTcd onpeneanThb, Ka-

KOBa Cpeau YIOPALOYEHHBIX IIap PAa3JUYHBIX HATypPaJIbHBIX
yuceJi, MEHbIIINUX n, O0JId TeX, CyMMa KBaJApaTOB KOTOPBIX
MEHBbIIIe nz.

ITocraBUM B  COOTBETCTBUE A
KaKIOM YIOPSOOUYeHHOI Ilape Ha-

TypaJbHBIX 4YMCEJI TOYKY C cooT- 't iy
BEeTCTBYIOIIUMU KOoOopAuUHaATaAMU. N
Torpa Tor (pakT, YTO cymMMa KBaj- \\\
paToB umcesl B IIape MEHBIIIe n2, \\

O3HaYaeT, YTO COOTBETCTBYIOII[UE
TOYKU JIeXXaT BHYTPU YeTBepTH
Kpyra pazuyca n.

Ob6patumcsa K pucyuky 12.1.
ITocTaBUM B COOTBETCTBUE KaKIOM
M3 TAKUX I[eJOUMCIEHHBIX TOUEK 0 n
eINHUYHBIA KBajapaT, IIPaBbIM
BEPXHHUM YIJIOM KOTOPOTO OHAa  Pyc. 12.1

—

Y
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saBasgeTcAa. Torga KoJMYecTBO TOYEK BHYTPU KpPyra UMUCIEHHO
PaBHO MJIOIIAAY CTYMEeHUYATON (UTyphl C BEPIINHON B Hadaje
KoopamHaT. SICHO, YTO IJIOIAAL 9TOW (PUIYyPHI MEHbIIe ILIO-
Iagu YeTBEePTU Kpyra.

ITocTaBUM Temepb B COOTBETCTBHE KaKJIOW M3 TOUEK, Je-
JKaIquxX BHYTPU Kpyra, eIMHUYHBIN KBaApaT, JeBOW HUIKHEN
BEPIIMHOU KOTOPOTro oHa fABasgerTca. O0bequHeHUEe 3TUX KBal-
paToB maér crymeHuUaTyo (GpUTypy, PaBHYIO IIEPBOI, HO CIBU-
HyTyio Ha 1 BieBo u Ha 1 BBepx. Ecaum Temepb K aTOo#l Qury-
pe moGaBuTh 2n — 1 KBazapaT (II0 77 OPUMBIKAIOIMUX K KaiK-
IOl ocu, HAUMHAA C KBaApara, MMEIOI[ero BepIInHy B Hadaje
KOOpPAMHAT), TO IIOJyYeHHas (Qurypa OymeT coaep:KaTb dYeT-
BEePTH Kpyra pagumyca n.

Ecau o603HauuTh 3a @(11) KOJIUUECTBO TOUEK C HATypaJb-
HBIMU KOOpAMHATAMM, JeXKalllnX BHYTPHU Kpyra paauyca 7,
MIpUBENEHHBbIE TEOMETPUUYECKUE PACCYKICHUS TAIOT BO3MOIK-
HOCTH HAIIMCATH HEPaBEHCTBO:

2 2 2
q(n) < % <gq(n)+2n—1, orkyna % -2n+1<gq(n)< %(*).

HOCKOJII)Hy HaC MHTEPEeCYIT TOJIBKO TOYKMW, KOOPAMHATBI
KOTOPHBIX Pa3JIMYHBbI, HYXHO BBIUECTH KOJIMNYECTBO TOUYEK, Jie-

JKaIUX Ha IPSAMOM Y = X, KOTOPBIX BHYTPU Kpyra Oyner [%}

B cooTBeTcTBHMU C H3J0KEHHBIM HNCKOMAas BEPOATHOCTH

q(n) —| =
J2
P=—5 - HUcnonesyem HepaBeHCTBO (*):
n2_
nn® n mn® _[n
o—2n+1-|-% - | 7=
« " [\/5 } _ 4 [ﬁ }
n®-n Pn n’-n °

IIpu cTpemyienuu n K OECKOHEUHOCTH KpaliHuWe YacTu He-

T . T
paBeHCTBa CTpeMATCA K R IIO9TOMY H llmpn = Z
n—oo

8 72. YcnosHas BeposTHocTb. Hesaeucnmbie cobbitns

Ocoboe BHUMaHWe IIpU HU3yUeHUHU maparpada caemyer
YAeJINUTh MOTHUBY IOABJEHUS OIPeAeJeHUs YCJIOBHON BepOAT-
HOCTU KaK OOBIUHOII BEPOSTHOCTH, HO HA CYKEHHOM ITPOCTPAaH-
CTBe 2JIeMEeHTapHBIX coObITui. IIpm Takoil TpaKTOBKe (POPMY-
Jla yCJOBHOUW BEPOSATHOCTU CTAHOBUTCSA €CTECTBEHHOI.

ObOpaTuM BHHMaHINE, YTO dYallle HCIIOJbL3yeTCs He ompeme-
JeHme yCJOBHOUM BepodATHocTH (Qopmysa (1), a caemcrBue m3a
Hero Gopmyia (2).

HenTpanpHBIM IOHATHEM Iaparpada ABJAAeTCA IOHATHE
HEe3aBUCHUMBIX COOBLITHH. BaKHO IIOHMMATL, YTO HE3aBUCH-
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MOCTBH COOBITHII He 03HAYAaeT OTCYTCTBUS B3aMMOCBSA3U MEKIY
Humu. OOpaTuM BHHMAaHMNE Ha TO, 4TO (POPMYJHUPOBKA OIpe-
IeJIeHUsS «COoObITHe A He 3aBHCUT OT coObITHA B», HeoOXomm-
MOCTH B KOTOPOM BO3HWKAET M3-3a TOTO, UTO (popMyJa yCJIOB-
HOlt BepoaTHocTu P(A|B) He coxpaHseTcs NpU IepPecTaHOBKe
mMectaMu A um B, IUKTyeT HeOOXOAMMOCTH JOKA3aTeJIbCTBa
KOppPeKTHOCTHu (yTBep:kAeHUe Ha c. 287 yuyeOHUKA), ITO3BOJISA-
IOI[Eero 3aMEeHUTh 9Ty (POPMYJIUPOBKY «PABHOIIPABHOM» OTHO-
CUTEJbHO CcOObITUN A m B (T. e. He MeHdAlOIelica mpu mepe-
CTAaHOBKE COOBLITUI MecTaMu).

ITpu m3yueHUUM HE3aBUCUMBIX COOBITHII 00s3aTeJIbHO CJie-
anyer paccmorperh 3amauy XII.41, nmbo 3amaB e€ ydaliumMcs
Ha I0oM, JubO pelinB B KJjacce. Pe3yiabTaT 3amaum MOKa3biBa-
€T, UTO IIOIIapHO He3aBUCUMbI€ COOBITHUS MOTYT He SABJIATHCSA
HEe3aBUCUMbBIMU B COBOKYIIHOCTH.

BaxHo moHMMATH, UTO OOBIYHO B MHPAKTHUUYECKON KU3HU
CBeJIeHUA O HEe3aBHMCUMOCTHU COOBITUI OepyTcA M3 KaKUX-JIU0O0
JKUTEHCKUX IIpeJicCTaBJIeHui, a He ABJIAIOTCA CJEACTBUEM Ka-
KHX-JIU00 BBIUYMCJIEHUN YCJIOBHBIX BEPOSATHOCTEN.

BakHelimuMm mprMeHeHNEeM IIOHATHUS HE3aBUCHUMBIX COOBI-
TU# aABJsgeTca cxeMma bBepryaam. OHa sABJIdAeTcs IIpeaTedeii
KaK HOPMAJBLHOI'O pacOpeleeHNsi, TaK U paclpeneeHus
Ilyaccona.

BecbMma TpyaHO OTHENIUTH «YHCTOE» HCIOJb30BaHNE YCJIOB-
HOM BEPOSTHOCTH OT IIPOCTEHUINUX cayuaeB (hOpPMYJbl IIOJHOI
BepoATHOCTU. IlosTOMY YacTh 3ajiau HECET IIPOIIEeIEeBTUUECKYIO
Harpysky (@ampumep, 3amaum XII.31, XII.32, XII.36,
XI1.42 B), X11.44 6) u T. #.).

Pemenus u YEasaHudA K 3agadaM

XII1.31. 6) % IIycTh coObiTue A — «IIepBBIM BBIHYT Oe-

JBITI MIaPUK», COOBITHE B — «BTOPBIM BBLIHYT O€JbIH MIAPUK».

Torga mHTepecyiolllee HAC COOBITHE «BBIHYTHI PA3HOI[BET-
Hble IIapuKMW» 3amnmucbiBaercad Kak (A N B) U (A N B).
ITockonbky oOOBenuHAEMBIE COOBITHA HECOBMECTHBI, TO
p((AN B) U(A N B)) =p(A N B) + p(A N B) =p(B|A)pA) +
+ p(B [A)p(A).

Jlerko Bugern, uTto p(A)= % = 15—1, p(E |A)= ;—? = %,
p(ﬁ) = 1—61, p(B | f_l) = %. OTcroma moay4vaeM, UTO MCKOMAasl Be-

40
7

Ecam pemars sTm 3amaum, TOJAB3YsCh KJIACCUUYECKUM
ompeseleHNEM BEPOATHOCTH, CTAHET MOHATHO, UTO OTBETHI
B damauax XII.31 a) u 6) ogmHAKOBLI (YHCIUTEJb U 3HAMEHA-

POATHOCTh PaBHAa
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TeJIb IPOOM W3 IEepBOM 3aJauu B OBa pasa OOJIbIIE UYKCJINATE-
JA W 3HaAMeHaTeJsd Opo0u M3 BTOPOU 3amaum).

XII.32. Pemenue. IlycTs coObiTHIE A — «II€PBBIN BBIHY-
TBIH IIap — YEPHBIN», COObITHE B — «BTOPOI BBIHYTHIHA IIAp —
uyépHbIii» . Hac uaTepecyer p(A N B) = p(B| A) p(4). Ocranoch

12 12
3aMeTHUTh, YTO p(B|A)—— u p(A) =35, OTKyla UCKOMAs Be-

2
POATHOCTH PaBHA 157

3amewanue. CooblTugd B 1 A B yCcIOBUAX NAHHOI 3amadu
OKas3aJnch HEe3aBUCUMBIMI, UTO OUYEBUIHO U 0e3 BCAKOTO BBI-
YHCJEeHUA BepOosSTHOCTer. B camom mesie, BEpPOSATHOCTH BBITA-
IATh YEPHBIN IIIap He 3aBUCHUT OT TOrO, UTO HAa KAKOM-TO M3
IIapOB W3 AIUKA IIepes 3TUM KTO-TO IIOCMOTPEJI.

XII1.33. 0,3. Vrasarnue. BocnosbzoBaThcsa (opmysioii (2)
co c. 286 yueOGHHKA.

XI1.35. Vkraszanue. Ilepenucatrs dopmyay (4) TeopeMbI cO
c. 282 yuebnuxa B Buze p(A N B) = p(A) + p(B) — p(A U B) >
> p(A) + p(B) — 1. [HanbHeiiliee OYEeBUIHO.

XII.36. % Ykasanue. PellleHue aHaJoTMYHO TpUMeEpPy 7

u3 §72 yueOHUKA.

1

XII1.37. a) 3
0) 128 Pemrenue. ITycts coObiTme B — «B UeTBEPTHIHA pas
U3BJIEYEH YEPHBIN map». Ilycts cobbiTme A, — «B k-# pas ms-

BJIeUuéH Oeiblii map» (k=1; 2; 3). HymHaﬂ HaM BepPOATHOCTH
II0 YCJIOBUIO 3aJaud — 3TO p(B N A;) = p(B|Ay) p(A;) (mmoc-
KOJBKY coObiTue B 0e3 A; HacTynmuTh He CMOXKeT, TO
p(B) = p(B N Ay)). fcHO, 4TO ecau UeTBEPTHIN pa3 BBIHYT YED-

HBIHA I1ap, TO TPU IIPEABIAYIINE pasa BLIHMMAJIUCH Oejble Ia-
bI. IToaTOMy B AlMKe Mmocje TPEX pas mmeerca 7 Oeabix u 1

.. o 1
uyépHbIii mrap. Ilosaromy p(B|Aj) = 3

Hatiném p(A;). Tak kKax TpeThbe M3BJIeUYeHUE MOIJIO COCTO-

ATHCA TOJIBKO IIPU YCJIOBUM, YTO IIEPBBLIE ABa pas3a U3BJIEKJIU
Genble maphl, moxydaem: p(Ag) = p(A; N A,) = p(A;| A,)p(A,).

Slcro, uro p(A;| A,) = %
AHaJIOTUYHO p(Az) =pA, N Al) = p(A,| A)p(A,). Tlpm

aToM p(A,|A,) = 4, a p(A,) = 5. OKoOHUATEJHHO IIOJydaeM
5
P(B) = 138-
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3ameuanue. O0paTuM BHUMAHWE, YTO 3Ty 3agady TPYIHO
perraTh ¢ IIOMOIIBIO KJIACCUYECKOTO ompenejeHus. Vmeromniu-
ecsi MCXOAbl He PABHOBEPOATHHI (He TOBOPsS yiKe O TOM, UTO
X OeCKOHeUYHOe KOJMUYeCTBO, TaK KaK II0CJeJ0BaTeJbHOCTD
BBITAIIIEHHBIX IEPBLIMH OeJIbIX IIapoB MOKET OBITh CKOJb
YrOAHO IOJWHHOM).

15
XII.38. 29 Pemenue. uarepecyroliee Hac coObITHE sB-

JseTcsa 00beIMHEeHUEeM CJeLYIOI[NX HEeCOBMECTHBIX COOBLITHIA:

a, — TepBBII CTpPeJIOK momaJ cpasy, p(a;) = 0,3;

a, — TepBBIA CTPeJIOK IIPOMaxHYJICA, BTOPOIl MPOMaxHYJI-
Ccsi, 3aTeM IIePBBII CTPEJOK MOoIIajl. OTHU COOBITHS HEe3aBUCHU-
MBI, osTomy p(a,) = 0,7 - 0,6 - 0,3;

a; — TIEPBBIH CTPeJIOK MPOMAaxXHYJICA, BTOPOH IIpOMaxHyJcH,
IEePBBLIA HTPOMAXHYJICA, BTOPOW IIPOMAXHYJICSA, 3aTeM MIepPBBLIN
nonaJi, p(ag) =0,7-0,6-0,7-0,6 0,3 =(0,7" 0,6)? - 0,3;

a, — CTpeJIKU IIPOMAaxXMBAJIUCh A0 TeX IIOP, NOKa IIepPBBIN
CBOUM k-M BBICTpeJIOM He momnaJ, p(a,) = (0,7 - 0,6)""1'-0,3;

ITosTomy mcxkomas BepoaTHocts p=0,3 + 0,7 0,6 - 0,3 +
+(0,7-0,6)2-0,3 + ..+ (0,7-0,6)""1-0,3+ ..=
__ 03 _15

1-0,7-06 29°

1
XII1.39. a) 3 Vrkasanue. 3To BepoOATHOCTh TOr0, 4TO A BBI-

o 1
Urpaj BO BTOPOM mapTuu. 0) 3 Yraszanue. BHOBb 5TO Bepo-
ATHOCTh BBIUTPBIIIIA UTPOKOM A BTOPOM IapTUM.

1
B) 3 Pemenue. O6a urpoka Moryt Jiu00 He BBIUTPATH

o 1 1 1
HU OJHOIl MapTHUH, BEPOATHOCTH UEro paBHA 5 o =g (pesyJib-

TaThl Pa3HbIX HAPTUN HE3aBUCUMBI), JuOO UIPoK A BBIUTPA-
eT IIepBYI0 IapTuio, a UIrpok B — BTOpyio, Jubo B BIUTIPA-
eT IepByH mOapTuio, a A — BTOopyl. B aByX mociegHUX

1
CIyuadX BEPOATHOCTHM OAMHAKOBBI M PaBHBI 5 HOBTOMy uc-

KoMas BEePOATHOCTH DPaBHA 5.

3ameuwanue. MoKXHO OBLIO PEIIUTH 9Ty 3ajaadvy HEMIOoCpe.-
CTBEHHBIM HOACUYETOM II0 KJIACCUYECKOMY OIpeleIeHUIO0 BepOo-
ATHOCTH B IIPOCTPAHCTBE 3JeMEHTAapHBIX HCXOAOB ABYX IIap-
TUH, T. €. MHOYKECTBA II1ap, KAXKABLIN BJIEMEHT KOTOPBIX TOXKE

mapa.
XIL41. a) p(A) = p(B) = p(C) = 5.
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6) Ha. Pemeunue. Hanpumep, eciu IIPOU3OIIIO COOBI-
Te B, T. €. BBIHYT IIIap C YEPHBIM I[BETOM, TO BEPOSATHOCTH
1
5» TOCKOJIBKY M3 IIIa-
pOB Cc UEpHBIM IIBETOM, KOTOPBIX MMeeTCd 2, TOJHbKO Ha OJ-
HOM ecThb Oenblii. 3Hauut, p(A| B) = p(A).

B) Her. Pemenue. p(A| B N C) = 1. r) Her. a) Her.
XII1.42. Ykasanue. B ycioBusx 3amauu JiroOble JBa BCTpe-
YEeHHBIX aBTOMOOMJILHBIX HOMeEpa OYAYT HEe3aBHCUMBIMMU.

1
a) 2—7

BBIHYTH IIIAP C KPAaCHBIM I[BETOM paBHAa

e

0
) 27"
TBhIPEX HECOBMECTHBIX coObiTuii A, B, C u D: cobbiTue A —
«BCe TPU HOMepa KpPaTHBI TPEM (BEpPOATHOCTH ITOT'O COOBITHUS

Pemenmnue. CoObiTue sBJsAETCA O0OBeIUHEHUEM Ue-

paBua ; coObITe B — «IIepBBIMI HOMED He KpaTeH TPEM,

1
7”5
ocTaJbHBIE IBa RpaTHBI TpéM (BEPOATHOCTH STOTO COOBITUS
2 1 1 o ..
paBHA oo = 27)»; cobbiTusa C u D — «He KpaTHBII TPEM
HOMEP BCTPETUJICA BTOPHBIM» U «HEe KpPaTHBIN TpPEM HOMepP

BCTPETUJICA TPETHBUM». BepOﬂTHOCTL KaXagoro m3 Takmux COOBI-

TN TaKKe paBHa Takum O6p3.30M, HNCKOMAasad BEPOATHOCTHb

2
27°
N
paBHA .
3ameyanue. ATy 3amady MOYKHO CUHTATH IIPOIEIeBTHUE-
CKOU 1y m3ydeHHA cxemMbl Bepuysu. iHemsareabHO, 4TOOBI
IeTH PeIlnjJn eé caMu.

1 1 270 3 3 720
- . — X
B) 8- [1000 1000 (1 1000 ) + 1000 1000 (1 1000 ) +1000
6 6
X — —-——]. . .
1000 (1 1000)] Pemenue. Paccmorpum pgBa HOMepa

BepoATHOCTL TOTO, YTO OHU COCTOAT W3 OAUHAKOBBIX HUMP,
3aBUCUT OT TOTO, €CTh JIM B WX COCTaBe OMMHAKOBBIE ITU(PHI,
W He 3aBUCUT OT MOJIOMKeHUA Iudp B HOMEpEe.

Ecau mepBbIii HOMep (TaKUX HOMEPOB MOsKeT OBITHL 10)
COCTOUT U3 OAHOW IU(PHI, IMOBTOPEHHOW TPUMKABI (HAIPU-
mep, 111), To BepOﬂTHOCTL TOTO, YTO BTOPOM HOMEP C HUM

coBOazméT, paBHa ——— (cpeau 1000 HOMEPOB eCTh TOJBKO OAMH

1000
u3 Tex sKe I1mu@p).
Ecau nmepBbIii HOMED COCTOUT U3 ABAXKABI IIOBTOPEHHOM OJ-
HOUl mudpbl U APyrou nmudpsl (Takux HomMepoB Oyaxetr 270), To
BEPOATHOCTH TOTO, UTO BTOPOII HOMEDP OyAeT COCTOATHL U3 TeX

Ke nudp, OymeT paBHaA 3
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Eciu mepBbIfi HOMEDP COCTOUT M3 TPEX PA3JIUUYHBIX UMD
(traxux wHOMepoB Oyzer 720), TO BEpPOATHOCTHL TOTO, UYTO
BTOpPOII HOMep OyaeT COCTOATH U3 TeX Ke Iudp, Oymer

6
paBHa m .

TakuMm 00pasoM, BEpPOSATHOCTH BCTPETUTHh JBa HOMEpa C
1 270 3
1000 1000 1000 1000

OOHUMU U TeMHU »Ke IImppaMu paBHA

720 6 _ 514
1000 1000 100000 °

Byagem cumTarTh, WTO BOOpPOC 3ajauyu ITOAPasyMeBaeT, UTO
TpeTUil HOMEpP [OJIKEH COCTOATH u3 Apyrux nudp. Torma wmc-

+

KOMasd BEPOATHOCTH CUMTaeTCd Kak 3' 10 * 1 * 1_ 1 +
p 1000 1000 1000

270 3 3 720 6 6
+ 7000 "1000 (1 1000)+1000 1000 (1 1000 )J (mBEOKHTEND 3

HOSBUJICA 34 CUET TOTO, UTO OTJHUYAIOIUMNCA HOMEP MOMKET
OBITH Ha OJHOM 13 TPEX ITO3UITHIL).
XI1.43. 21. YkaszaHue. 3agaua CBOSUTCS K HaAXOMKIEHUIO

HAMMEHBIIIETr0 IIeJIOr0 pelreHus: Hepaseuctsa 1— (0,8)° > 0,99,
oTkyna x = log, 30,01. HauMeHBIIUM IeIbIM pellleHueM TaKo-

ro HepaBeHCTBa ABJsgeTcAa umcio 21.

XII1.44. VrkaszaHnue. IIo orBeTaM sicHa cxema pPeIlleHusd.

a) 0,7°-0,9% 6) 3:0,72-0,3-0,9°+2-0,7%-0,9 - 0,1.
B) 3:0,32-0,7-0,9%+ 0,73 - 0,1%. 1) Yrasanue. OrBer moay-
JaeTcd BbIUWMTaHUEM U3 1 CYMMBI OTBE€TOB IIPEeABbIAYIIINX
MIyHKTOB.

XII.45. a) BepoATHOCTh BBIUTPHIINIA IIEPBOTO HUTPOKA PaB-

2 1
Ha g, a BEPOATHOCTH BBIMI'DBIIIIA BTOPOTO MI'POKa PaBHAa g

Pemenue. Pemenne amajormuno perrennio 3azaun XII.38

. 1
CO 3HAYEHUAMHN BE€POATHOCTEMN E

Kpome moacuéra cyMM reoMeTPHUUYECKHX IIPOrpeccuii, Mo-
JKeT ObITh IIPMMEHEHO cJjeaylolee paccysxkaenue. IlycTts Bepo-
ATHOCTHh BBIMTPHIIIA IIEPBOTO UTPOKA PaBHA P, a BEPOATHOCTH
BBIUTPHIIIIA BTOPOTO MUTI'POKAa paBHA (.

o 1
IlepBBIiT UTPOK C BEPOATHOCTHIO 5 BBIMIDBEIBAET CPasy,

1 ..
ecJu BBITIAAeT repd, a ¢ BepPOATHOCTHIO 5 OH Iepelaer Xof
BTOPOMY, KOTODBINI CTAaHOBUTCA HEePBBLIM B OCTaBIIelcA urpe,
T. €. BTOPOW BBIUT'PBHIBAET C BEPOATHOCTHIO p IIPU YCJIOBUH,

. 1
YTO IIePBBII He BBIUTPAJ cpasy. Torza qg=3p (*).
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Ecnu e BTOpO#l He BbIMIpPaJ cpasdy sKe (a 9TO TPOM30Mi-
IET ¢ BEPOATHOCTBHIO i), TO B OCTaBIIIe¥csA UTpe BEPOATHOCTb
BBIUTDHINIA IIEPBOTO CHOBa paBHA p. Takum oOpasoM, mMeeM
ypaBHeHUEe p = % + i P, OTKyZa HaXOOUM p, a 3aTeM 13 PaBeH-

crBa (*) HaxomAUM (.

3ameuarHue. IHTEpECHO, YTO CyMMa IIOJYUYEeHHBIX BEPOAT-
HocTell paBHa 1, T. e. C BEPOATHOCTHIO 1 mMIpa paHO WU 03[~
HO 3aKoHUYHUTCA. [[eHCTBUTEJIBHO, BEPOATHOCTH OECKOHEUHOM
IIOCJIE[OBATEIBHOCTU DPeIleK paBHA HYJIIO (9TO MHTYUTUBHO
OYeBUHO, HO MOJKeT OBITH JOKa3aHO HEIIOCPEJCTBEHHO).

4 2 1
0) T T T Yrkaszanue. Bocriosib3oBaThesA pereHueM 3aja-
yn XII.45 a).

XI1.46. 2,88. Pemenue. Ilycts coObITE A — «yUYEHUK
He cman EI'D mo maremaTuke», coObiTue B — «yY4eHUK He
cnaa EI'QO mo pycckomMy A3BIKY». UTOOBI cobblTuss A u B ObI-
JW He3aBUCUMBLIMU, HEOOXOAWMO U JOCTATOYHO BBITTOJTHEHUS
paseuctBa p(A N B) = p(A) * p(B). B mamem caydae, oueBuUpi-
HO, BEPOATHOCTU PABHBI COOTBETCTBYIOIIUM [OJISIM, IIO9TOMY
coOBITHA OyAYyT HE3aBUCUMBIMHU, TOJBKO €CJIU ﬁ=%'%,
oTKyza a = 2,88.

XII1.48. 3.

XII1.49. a) 0,36332.

6) 0,21476. Ecau mepBbIii momay 1 pas, TO BTOPOI JOJI-
skeH momacTh 0 pas, BEpPOATHOCTHL COBMECTHOTO HACTYILIEHUSA
9TUX OBYX COOBITHII paBHa 3 ° 0,32-0,7-0,2%

Ecau mepsBwIii momaa 2 pasa, TO BTOPOi MoskeT momacTh 0
nau 1 pas3. BepoATHOCTH COBMECTHOTO HACTYILJIEHUS JdTUX CO-
6erTHit paBHa 3 - 0,72 0,3 - (0,2°+ 3 - 0,22 - 0,8).

Eciu mepBbIfi momas 3 pasa, TO BTOPOW MOOJIKEH He IOo-
macTh 3 pasa. BepoATHOCTh COBMECTHOTO HACTYILJIEHUS 39TUX
coberTuit pasua 0,7% - (1 — 0,8%).

HWckomasa BepoATHOCTHL pPaBHA CyMMe HaWJeHHBIX BePOAT-
HOCTeH.

XII.50. a) 0,992. Pemeunue. CTpesok mOJKEeH He IIO-
IIacTb BCe TPU pas3a B OEBATKY, T. €. MCKOMasa BePOSITHOCTh
paBua 1 — 0,22 =0,992.

6) 11. Pemenue. BeposaTHOCT, HmpU 7 BBICTPEJIaX MOMa-
IaTh BCEé BpeMsa B mecATKY paBHa 0,8". BeposaTHOCTH IIOmacThb
B JeBATKY XOTsa Obl oguH pas pasua 1 — 0,8". HyskHo HaiiTu

HaVMeHbIllee pellleHue HepaseHcTBa 1 — 0,8" > 0,9, orKyza
n > log,¢0,1. Cnemosarenvro, n =11. Vrkazanue. MoxHO

BOCHOJIbB30BAThCA peadyJsbrarom 3amauu XI1.43, momenusB ero
IOIIOJIAM.
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§ 73. ®opmyna nonHOM BepoOATHOCTH

OCHOBHBIM cofiep:;KaHueM maparpada ABIAITCA TPUMEPbI
mpuMeHeHUus1 (POPMYJbI IOJHOM BEPOSTHOCTU, a TaKKe (op-
myJsbel Baiieca.

CrenyeT MOOUEPKHYTH, YTO (DOpMYyJia IIOJHON BEPOATHOCTHU
OIleHMBaeT BEPOSTHOCTL COOBITHUH OO TOTO, KaK OHU IITPOU30-
MW, €CJAW OHU MOTYT ITPOMBOMTU II0 HECKOJBbKHM IIPpUUYMHAM,
a (popmysia Baiieca maét BepoOsSTHOCTHL TOT'O, UTO COOBITHE IIPO-
M30IIIJI0O B CUJIy ompenesieHHON mnpumumHbl. [Ipm stom (Qopmy-
Jia TIOJIHOM BEPOATHOCTHU SABJIAETCS €CTEeCTBeHHOI, OHA WHTYU-
THUBHO OIlyIllaeTcs ydyeHuKaMu. W3 ombITa paboThl aBTOPOB
M3BECTHO, UTO YUEHUKU COBEPIIIEHHO CIOKOWHO PEIIaiT 3ajaa-
Yy U3 OpejbIayInero maparpada, cBogsamniueca (GaKTUUYeCKU K
IPUMEeHEeHNI0 (POPMYJIbI IIOJTHOU BEPOATHOCTH C HEOOJBIIUM
KoJsimuecTBOM IpuumH (Hampumep, XII.31, XII.32, XII.36,
XII1.42 B), XI1.44 6). HoBbIM ABJAETCSA JUIIHb IIPUMEHEeHUEe
MeTOZla COCTaBJIEHUA PEKYPPEHTHBIX COOTHOIIEHWH (mpumep
15 us § 73 yueOHUMKA), KOTOPBINT MOKeT ObITH OOOOIIEH HaA CO-
craByieHue cucteM nud@epeHNaIbHBIX YPaBHEHUN.

OrMeTuM, YTO MaTepHuasl JaHHOTrO maparpada He BXOOUT B
cofep:KaHMe cTaHgapTa MPo(MUILHOTO YPOBHS, OJHAKO CyIIe-
CTBEHHO pAacCIIupPseT KPYr MeTOI0B, CTAHOBSIIMUXCSA MTOCTYII-
HBIMUM IIPU DPEIeHUU 3a7au 0 TEeOPUU BEPOSTHOCTEH.

Kpome Toro, obpaiijaeMm BHUMaHWE Ha IIOABJEHUE HOBOTO
cmocoba pellleHUsl 3aJad ¢ IOMOIIBIO JepeBa MCXOAO0B (3amauu
XII.51, XII.56 a), XII.57 a), 0)).

Pemrenuss m ykasaHusA K 3agadyam

XIL.51. 5 : 11. Pemenue. Coocod6 1. Byzem mcxomuTnb
U3 IIPEIIIOJIOMKEeHUA, UTO CTaBKa MEJUTCS HIPOIOPIIMOHAJIBLHO
BEePOSATHOCTH BBIUTPHINIIA B TOM IIOJIOMKEHWU, KOrJa urpa OblI-
Ja mpepBaHa. IlycTh p — BepPOATHOCTH BBIUTPATH MAJIA BTOPO-
ro Urpoka (ojad JaHHOU CHUTyalluu B UTPe).

Ecniu BTOpPO# UIPOK HMPOUTPaAJI, TO B IMOJYUEHHON ITO3UIIUU
M TOMY W APYIOMY OCTaJIOCh A0 BBIMI'DPBIINA ABe mapTuu. Ur-
POKM DPaBHOCUJIbHBI, II0O9TOMY BE€POSATHOCTHh BBIUTPHIIIIA B ITOU

1
IIosvnuu y KaXJ0ro M3 HHUX PaBHa E

Ecsu xe BTOpPO#l UIpOK BBIUTPAJ, TO OH BBIUTPAET BO BCEX
ciaydadax, KpoOMe TOT0, KaK HepPBBIN BBIUI'DAET TPU pasa IOA-

1
<. Takum oOpasom, BepOAT-

pAJ, BEPOATHOCTH Uer0 paBHA g

HOCTH BBIUTDBIIIIA BTOPOTO UTPOKA B BTOI ITO3UIIUW PaBHA 3
. 1 1

ITo dopmysie TONHOV BEPOATHOCTHU IIOJyUYaAEM p=5-5t

1 7 11

33 16 Torma BepOATHOCTHL BBHIUTPHIIIA AJA II€PBOTO
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(0:1) (1:0) (0:1)  (1:0) (0:1) (1:0)

Puc. 12.2

5
UI'POKA PAaBHA . Taxum o6pasoM, CTaBKY CJedyeT PasfejinTh

B oTHoIteHuu 5 : 11.

Cmoco6 2. Tor ke caMblii pe3yJbTaT MOKHO IIOJIYUYUTh,
TIOCTPOUB JepeBo mcxomoB (puc. 12.2). Ha HéM TOUKH m300-
paaroT mO3UIINU B UI'pe, a pédpa — IepexoAbl OT OJHOM II0-
sunuu K apyroii. Ilosumnusa o6o3HauaeTcs KOJMUYeCTBAMU IIap-
TUH, KOTOPble HYXHO BBIUT'DPATH KAaXKIOMy W3 WUIPOKOB IJISA
BBIUTDHBINIA Bceit urpbl. CTpenku, UAYIIHE BJIEBO, 03HAUAIOT
BBIUTPBIIII TIEPBOTO UI'POKA, a HUAYIIHE BIPAaBO — BBIUTPHIII
BTOpOro urpoxa. Ha JaHHOM PHUCYHKE BC€ BEPOSTHOCTU IIepe-

1 ..
XO0/I0B DaBHBI - (ux MOKHO 3amMChIBaTh Ha pEOpax aepeBa,

MBI 9TOrO HOejiaTh He OyaeM, UTOObI He 3arpy’KaTh PUCYHOK).
YTo06BI y3HATH BEPOSATHOCTL TOTO WJIW HHOTO IYyTH, HAIO
YMHOKHUTHh BE€POSATHOCTU PEOEP, COCTABIAMIIIIUX BTOT HYTh.

1
Hanpumep, BeposaTHOCTs nyTu 3 A B B paBHa 16

ITosuiuu, B KOTOPBIX BBIUTDAJ MEPBBLI UTI'PDOK, — 3TO HO-
BUIUU, ¥ KOTOPBHIX Ha nmepBoM MecTe ctouTr 0. Cpenu HUX ecThb

1
omgHa mosunuda I,, focTuraemMas ¢ BEPOATHOCTBHIO g» U TpHU TIO-

1
sunuu I,, I;, I,, mocturaemMmele ¢ BEPOATHOCTBHIO 16 Kammad.
CknanpiBasd yKasaHHbIE BePOATHOCTU, IIOJIydaeM BepPOATHOCTH

5
JOCTUMKEHHNA BBIUTI'DBIIIA II€EPBBIM HNI'DOKOM, PaBHYIO E

3amewarnue. MeTon IOCTPOEHUsA JepeBa MCXOAOB MOIKHO
IPUMEHUTDh TaK:Ke B pelrennu 3agau XII1.56 a) u XII.57 a), 6).

7
XII.52. 18

cjaemoBaTeIbHO. BO3MOMKHBI [ABe CUTYAIlMM JJS BBITAIIEHHOM

Pemenue. IlycTh KOCTU M3BJIEKAIOTCA IIO-
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IepPBOM KOCTU — BBITAIlleH Ay0Jib (TaKUX KocTeir B Habope 7),
K KOTOPOMY MOKHO IIPHMCTAaBUTL 6 KocTeli TOMWHO, WJIU BBI-
TamieH He Ay0Jib, K KOTOPOMY MOJKHO IIPUCTaBUTH 12 KocTei
momuHO. Ilo (hopmysie TOTHON BEPOATHOCTH MMEEM
_ .6 ,21 12 7
P=%g8 27728 27 " 18"
79
XII.53. 190"
XII.54. 0,5.
21
XII1.55. - Pemenue. IIlycte A— coOniTHEe, coOCTOSIIEe
B TOM, YTO W3 IIPABOT0 KapMaHa M3BJEKJU MOHETY IIePBOTO
BHUIA.
BosmosxkHBI 6 rumores.
T'unmoresa B; — BBIT%H_IGHLI 5 momeT mepBoro Buiga. Bepo-
8
ATHOCTH 9TOT0 PaBHA C_56’ Torga p = (A | B)) = 12
11

T'unoresa B, — BbITallleHbl 4 MOHETHI II€PBOTO BUJA U
4 1
Cs-Cs
5
Cll

1 moHera BTOPOTO BHIOA. BepOﬂTHOCTb 9TOIr'o0 paBHAa

7
Tora p = (A | By) = 15-

I'mnoresa B — BBITAllleHBI 3 MOHETHI IIePBOTO BHUJA U

C3'Cz
2 MOHETBI BTOPOT'O BHJa. BeposTHOCTL STOrO paBHA 25 =
11

Torga p = (A | By) = %

T'unoresa B, — BbITallleHbl 2 MOHETHI II€PBOTO BUJA U

ci-c
Ch

3 MOHETBI BTOpPOIro BHUIOA. BepOHTHOCTB 9TOro paBHa

5
Torga p = (A | B,) = -

l'unoresa By — BbITalleHbl 1 MOHeTa IepBOrO BHUAA U

CI'C4
4 MOHETHI BTOPOTO BHIA. BeposATHOCTH STOrO pPaBHA 605 =
11

4
Torga p = (A | By) = L
T'unoresa By — BBITallleHBI 5 MOHeT BTOporo Bupa. Bepo-

5

1 3
ATHOCTBL 3TOI'0 PABHA P torga p = (A | Bg) = T3
11

Ilo ¢opmysie IOTHOM BEPOATHOCTHU IIOJyUYaAEM

8C3 + TC4Cs + 6CACE + 5CACE +4CiC +3 21
12¢}, 44’

pA) =
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XII.56. a) %. Pemenune. OGozHa-

|

| D YUM HNCKOMYIO BEPOSATHOCTL UYepe3 p
: (puc. 12.3). Ilycts ¢ — BEPOATHOCTH IIO-
I opiBaTh B BeprmuHe C He 0oJjiee ueM 3a
! 3 xona, BBINAA 13 BEePIIMHBI, COCemHei
- ¢ BepinuHOiT A (U3 cooOpakKeHuil II0BO-
Aq D, POTHOI cuMMeTpuu Kyba OTHOCHUTEILHO
puaroHanu AC, siCHO, 4TO IJIA BCeX Bep-

Puc. 12.3 IIUH, COCeJHUX C A, 3Ta BepOATHOCTH
OymeT omHA W Ta Ke).

. 1 1 1
ITo ¢popmysie TIOTHONM BEPOATHOCTU P = 39t39+39=4q.

o 2
SaMeTI/IM, UTO 3a cjaeaAymiuum Xoa C BEPOATHOCTBIO g

Myxa IIONaAET B BEPIINHY, COCeAHIOIO ¢ BepmmHOi C,, a ¢ Be-

1 ..
POATHOCTBIO 5 BEPHETCH obpatHo B Bepuiuay A. Takum obOpa-

30M, 3a JABa xXojha u3 BepmuHBI A B BepmuHy C; mobparbca
HEBO3MOKHO.

Ilycts r — BepOATHOCTL 3a He 0oJjiee UeM ABa XO4a IIOOBI-
BaTh B BepmmuHe C,, BBIIAA U3 cocefHell BepmuHBI. 3 ymo-

MAHYTBHIX COOOpPasKeHWII CUMMETPUU 3Ta BEPOATHOCTH OAMHA-

2
KOBa AJIA Bcex BepmuH, cocegHux ¢ C,. Ilosromy ¢ =37

1 .
SaMETI/IM, YTO C BEPOATHOCTBIO g n3 cocegHeum C Cl Bep-

.. 2
IMIUHBI MyxXa nomagér B BepmuHy C,;, a C BEepPOATHOCTBHIO 3

VUOET B APYryI0 BepIIMHY, OTKyZa 3a 1 XOnm ysKe He CMOKEeT
1 2
nonacts B C,. Takum obpasowm, r=3, OTKy1a ¢ =p=g.

3amevanue. Tor ke pes3yabTaT MOKHO OBIJIO IOJYYUTD,
IIOCTPOUB [€PEeBO HMCXOJOB M YUYUTHIBAS TO, UTO OO BEPIIU-
HBI C; MOXXHO J0oOpaThcsA 3a HEUETHOE UMUCIIO XOJO0B, HE MEHBb-
miee 3. [leficTBUTENBHO, €CJIU B3ATh CUCTEMY KOOPAMHAT C
HayaJOM B TOYKe A, ocl KOTOPOH HIAYT II0 peédpamM KybOa, TO
koopguHaTel Touku C, oyayt (1; 1; 1). 3a onmH Xox ogHaA U3
KOOpAMHAT MeHseTcsa Ha 1, MoATOMY KOJHUUYECTBO XOJOB OymeT
He4eéTHO M He MeHbIne 3. TpéxsBemHbIXx nyTelt B C; us A

1
cylecTByeT 6, BEPOATHOCTL KaKIOr0 IIYTH pPaBHA o7
2401 o
0) 6561° Pemenue. Bymem geiicrBoBaTh TaKuUM Ke oOpa-

30M, KaK W B OpeIbIAyIlleM OYHKTe. BymeM mcKaTbh BepOAT-
HOCTBH TOTO, UTO MyxXa OpuJuitHeT 3a mepBble 10 xomos. Ilo-
CKOJIBKY 13 BepIIHHBI A 10 BepmuHBI C,; MOMKHO JoOparbcsa
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3a HEUYETHOE YMCJIO XOJ0B, TO, €CJAM Myxa He MNPUJIUILIA 3a
9 xomoB, ona me mpuiaunHer m 3a 10. ITosTomy mocTaTouHOo
HaANTU BEPOSITHOCTL TOrO, UTO MyXa NPUJIUIIHET 3a IIepBbie He
6osee ueM 9 XOmOB.

O6o3HaUUM 3a Py BEPOATHOCTH TOTO, UTO MyXa IPUJIUIHET
3a 9 xomoB, ormpaBiAachk usd Touku A. Ilycte gg — Bepodar-
HOCTh TOTO, UTO MyxXa NPUJIUIIHET He Oojee ueM 3a 8 XOIOB,
OTIPAaBJAACh U3 TOUKHU, cocenHeii ¢ A. Torma, aHaJIOrMYHO 3a-
pade XII.56 a), momyuuMm pg = qg. IlycTe r; — BepOATHOCTH
NPUINUIIHYTh 3a He 06oJiee ueM 7 XOIOB, OTIIPABIASACHL M3 TOU-
Ku, cocenHeil ¢ C.

Bymem namee o6osHayaTh p, — BePOATHOCTH IPUJINIHYTH
3a He OoJiee yeM k XOJOB, OTIIPABIAACH U3 TOUKU A, ¢, — Be-
POATHOCTH MPUJNIHYTH 3a He Oojiee ueM k XOMOB, OTIIPABJISA-
fACh W3 TOYKH, cocefHel ¢ A, HaKOHeI, I, — BePOATHOCTH

NPUINIIHYTh 3a He 06oJjiee ueM k XOIOB, OTIIPABIASACHL M3 TOU-
Ku, cocenHed ¢ C.

2
Torpa MoskeM 3amucaTbh paBeHCTBA: p, = ¢, _, (1), q, = 37 T

1 o 2
+§ P, (2) (13 BepmuHbI, cocefHell ¢ A, ¢ BEPOATHOCTHIO 3

MyXa MOomagéT B BEePUINHY, cocefHIOK ¢ C;, a ¢ BEPOATHOCTHIO

1 . 2 1
3 BEPHETCA B BEPIIHHY A), rk=§qk71+§ (3) (u3 BepINUHSI,

coceaneit ¢ Cy, ¢ BEPOATHOCTBIO 3 MyXa IIONAZET B BEPIIUHY,

1 ..
COCEJHIO € A, a ¢ BEPOATHOCTBIO 5 mpuAér B Bepmuny C,

rIe U TPUJIUITHET).
Ocrasiock TOJNBKO TpuMMeHUTH paBeHcTBa (1), (2) m (3),
YMEHBIITUB WHAEKCHI:
2 1 2 2 7 2
Pe = 1= 32T 3 P2 = 3| 3%k~ 3"’ 3% 3= 9%-3Tg
.. 7 2
OTKYyZa, C yuéToM paBeHcTBa (1), mosyuaem p, =§pk,2+§.

2
Tak xak us 3amauu XII.56 a) usBecTHO, UTO pj =7 Torza

_r.2,2_32 _7.32,2_386
Ps=9 9T 9 =gy’ OTKYHAA Dy =¢g g7 T g = 759> @ TOTAA
7.386 , 2 _ 4160
Pe=9 729 "9~ 561"

2401
HNckomasa B 3amaye BEPOATHOCTHL paBHa 1- Py = 6561 "

3ameyanue. MOXHO TOJYIUTH OOIYI0 (DOPMYIY IJIA Py, 41>
PYKOBOJICTBYSCh THOJYUYEHHBIM DPEKYPPEHTHBIM COOTHOIIIEHU-
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7 7u
eM, AOKasaB II0 MHIYKIUHN COOTHOIIeHUEe p2n+1=1—(§) . Us

9TON (POPMYJBI MOMKHO THOJYUYUTH (POPMYJBI AJA OCTATBHBIX
BEPOSITHOCTEM :

B 7 n _ 9 7 n—-1 1 B 9 (z)nfl
qzﬂ_l_(§j’ r2ﬂ1_3[1_(9) t3=l-39) -

B) Vrkasanue. IlepBbIli OyTh A0KAa3aTeJbCTBA COCTOUT B
TOM, UTOOBI B IIOJyYeHHBIX B 3amaue XII.56 0) dopmymax
YCTPEeMUTh N K OECKOHEUHOCTH W MOJYYUTL B Ipeneiae 1,

T. €. BEPOSTHOCTL TOT'0, UTO MyXa KOTIa-JIn0o IPUJINIHET, Oy-
geT paBHa 1.

PaccmorpuM npyroi cmocob mOKas3aTesbCTBA.
OGosuauum p(A) = p, p(B) = p(D) = p(4,) = ¢, p(By) =
= p(D,) = p(C) = r. AHaJIOTUYHO paCCYXJeHUAM IIpeJblayIIe-

pP=q,
2 1
TO IMYHKTA MOJNYYUM COOTHOUICHHA )q =T+ 5P, Pemasa sty
2 1
r=3q + 3"
cucrteMy, mojgydyaeMm p=qg=r=1.
1 3 3
XII.57. a 18 g Pemenue. IlocTtpoum nmepeBo mcCxo-

noB (puc. 12.4). s Hero BUAHO, UTO B HUIKHEH CTPOUYKE a
BCTpeUyaeTcsA ABa pasa, a b u ¢ — mo Tpu pasa. Tax Kax Bepo-

1 1 3
ATHOCTH KAXKJOTr0 IyTH PaBHA g, TO ps(a) = e Pps(b) = py(c) = 3

Puc. 12.4

0) Her. Pemeunune. MbICIEHHO HOCTPOUM JIEPEBO HCXO-
moB. Ha ypoBHe, COOTBETCTBYIOII[EM 71 IIepeMeHaM COCTOSHUS

ycTpoiicTBa, OyneT 2" paBHOBEPOATHBIX HCXOH0B, CPeOUu KOTO-
PBIX HEKOTOpble k£ OYAYT COOTBETCTBOBATH AAHHOMY COCTOS-

k
Huio. CooTBeTCTByIOIasgi BEPOATHOCTb OyJaeT paBHA P
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1
4TO, OUYEBUAHO, He OyaeT paBHO 3 HHE IpM KaKUX 3Hade-
HUAX N.

B) Pemenune. O6osnauum a, = p,(a). B cocroaauu a Ha

n-M Iepexojie YCTPONCTBO MOMKET OKAasaTbCs, €CJIM Ha ITpeabl-
IyIllleM Iare OHO OyJZeT B APYI'OM COCTOSIHHM, UTO IIPOMCXO-
OUT Cc BepoAaTHocTbi0 1 — a,_,. IIpum sTOM BepoATHOCTH U3

KaKJO0T0 M3 JPYTUX COCTOSHUN IIONIacTh B COCTOSHUE G DPaB-
1 1

Ha . IlosTomMy mosmydaem a, = 5(1 —a,_q1) a,=1.
AHaJIOTMYHO IIOJIydaeM

1 1
b, =351 =0, 1), bp=0muc,=5(1-¢c, ), ¢ =0.

BriBegem ABHYI0 GOpPMYINy AJA a,, JOKa3aB 3a0LHO TPely-
eMoe yTBep:KAeHUe O IIpefesie 9TOU ImocaemoBaTeabHOCTHU. a5

o 1 1
9TOTO B PEKYPPEHTHOH (QopMmyse 4, =3~ 5, ; «DPaCIIeNnM>»

1
KOHCTaHTY 5 B OTHOIIEHUU KO2(pPUIIUEHTOB IIepel] YjeHaMUu

IOCJIeJOBATEJIbHOCTH, T. €. B oTHoimeHuu 2 : 1. Hmeem:

1,1 1 1 1 1 1_

an—§+g—§an71, OTKyIa @, =~ 3=6 %1 T. €. an—g—
1/1 1 1 1

=§(§_an71), a sHAuMT, an_gz—g(an,l—g). TakuMm ob6pa-

30M, IIOCJIEAOBATEJIBbHOCTH a4, — ABJSAETCA FeOMeTqueCROﬁ

_ ol

nmporpeccueil co 3HamMeHaTeJeM —3» & BHAUWT, Ipeje 9TOM TO-

. 1
cJIefoBaTeIbHOCTH PaBeH HYJIIO, OTKyZa IojydaeM lima, =

g.
n—»eo
OpHaKO MOCKOJBKY @y = 1, TO «HyJIeBOI WeH» reoMeTpHU-

o 1 2
JecKOll Iporpeccuu a,—, PaBeH ,, OTKyJa cjleayeT, 4TO

3 3’
1 2/ 1Y
a,—-3=3|" 3| TakuMm oOpaszomM, OKOHUATEJIHLHO

_1., 2/ 1)

a, = 3 + 3 — 5 - (1)
AnajijornyHo mojsydyaemM, UTO

1 1\

@=%=§—G§y (2)

Bropouem, MOCKOJBKY sSCHO, UTO IIPU HAYAJBLHOM COCTOS-
HUU YCTPOMCTBA a4 COCTOSHUA b W ¢ paBHOIpPaBHLI, TO BepO-
ATHOCTU HaXOKJIEHUS YCTPOWCTBA B COCTOAHUAX b U ¢ OyAyT
l1-a,

5 -

PaBHBI, a IOTOMY HX MOYKHO HaliTu Kak b, =c, =
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c b a c b a

Puc. 12.5

r) Pemenue. [IpuBenéunaa B yTBep:KIAeHUU 3amaduu (op-

1 5 . .
myJa —2nZC,L 3ajlaéT Kakyro-iubo u3 BeposaTHocTeil p,(a),
k=1

p,(0), p,(c) B 3aBUCHMOCTH OT OCTaTKa, JaBaeMOI'0 YHCJIOM 7N
OT JeJieHUs Ha 3.

HeificTBUTEIbHO, B BOOOpakaeMOM JepeBe IIePeXOl0B U3
KasKJ0M BepIINWHBI YXOAAT ABE CTPEJKU BHU3 — OJHAa BIIpa-
BO, Ipyrasd BJeBo. Byaem mucath b Ha KOHIIE CTPEJIKU, UAY-
el U3 @ BIPaBO, UM C Ha KOHIIE CTPEJKU, UAYIIEH U3 a BJe-
BO. AHaJyioruyHO OyJeM HucaTh ¢ Ha KOHIIE CTPeJKH, UAYIIeH
u3 b BOpaBo, U a Ha KOHIIE CTPeJKU, UAYINel u3 b BIIEBO;
OyZeM mucaTh @ Ha KOHIE CTPeJKM, HUAYINell M3 ¢ BIPaBO, U
b Ha KOHIIe CTpeJKu, uayineid ms ¢ BiaeBo (puc. 12.5). Byagem
KOOMPOBATh CTPEJKY BIPaBo Kak 1, a CTpeJIKy BJIeBO Kak —1.
Torga, HampuMmep, UTOOBI YCTPOMCTBO BEPHYJOCH B COCTOS-
HUE a, HYXXHO, 4TOOBbI KoamuectBa 1 um —1 pasiuuanamch Ha
YMCJIO, KpaTHoe 3.

Eciu cpenu n mepexonoB OymeT k IO cTpejKaM BIIPaBO, TO
ocTaJIbHBIE 1 — k OYyAyT IO CTpejiKaM BJeBO. UTOOBI IIOIIACTh U3
COCTOSHUSA @ B COCTOSHWE @, HY3KHO, uTo0bl (K—(n—k)): 3,
uyto ObIBaer, ecau k= 2n(mod3). A BeIOpaTh kE CTPEJIOK BIpa-

BO Cpedr 7 BO3MOJKHBIX MOJYKHO Cf; crmocobamu. Takum obpa-
1
30M, HaIpUMep, IPU 1, KPaTHBIX 3, HMeeM pn(a)=2—nZij.
k=0

Temepb yTBep:KIeHUHe 3amauu cienayer u3 3azaunu XII.57 B).
3amevarHue. BLIUNCINUTL 5Ty CYMMY MOYKHO UM HEIOCPEe.-

- 1 5
ctBeHHo. Haiimém, Hampumep, 2—nZCn. 3aMeTHM, YTO 3Ta
k=0

1 A+)"+(1+9"+(1+8)"
2" 3 ?
peHb TpeTbeil cremeHu um3 1. B camom mese, ecam pacKpbITh
Bce n-e creneHu no ¢gopmyiae 6muHoma HrioToHa, TO AIA Bcex
cremeneit k, He KpaTHBIX 3, cymma C" + CFe* + Ckg* papma
Hymio. IIpeo6pasoBaB umciao 1 + € B TPUTOHOMETPHUUECKYIO

cymMMa OymeT paBHa rge € — Ko-

Gopmy 1+¢e= cos% + isin g, 1+ €=cos (— gj + isin (— g), oJy-
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n nn
1+ A+ _ 1 2 A

" 3 2n 3
2"+ 2cos™T
BUOHO, YTO lim—+— 9 =

n—eo 2 3

YUM, UYTO Tenepb

. Kpome Toro, mu3 stoit ¢op-

o=

MYJIBI IIOHSATHO, YTO B 3aBHUCUMOCTH OT OCTATKa OT [EJIeHUS
n #Ha 3 Oyayr moayudarbca Gopmyasl (1) u (2) us XII.56 B).

XII.58. a) % Pemenue. Cooco6 1. MOXHO peIiuTh 9Ty

3amauy mo ¢popmyse cxembl Bepuynnu. B camom ngeiie, Bepo-

ATHOCTB IIOABJIEHUA OOHOI'O r‘ep6a Iopu n 6pocaHI/IﬂX MOHETBI
1 3

.. C
pasHa Z—Z, BEPOATHOCTDH IOABJICHUA TPEX repOOB paBHA 2—2, Be-

C5
POATHOCTDh IIOABJIEHUA IIATHU l"ep6OB paBHa 2_,7 nu T. O. Takum

00pasoM, BEpPOSTHOCTL BBINANAEHUS HEUETHOro uumcjia repoosB
ct+c3+cd+..

2TL
KO09(D(PUIIMEHTOB ¢ HEUETHLIMY BEPXHUMU WHAEKcaMu paBHa 2",
cM. 3amauy 1.151).

Cmoco6 2. BoamoskeH m APYroi IIOAXOL K PEIIeHNI0 dTOI
dagauu. Ilyctes p,— mckomas BepoATHOCTb. llociie mepsoro
OpocaHUsA MOHETKM BO3MOKHBI JBa MCXOJa: IEPBBIA — BbIHAJ
rep0, M OOJI;KHO BBIIIACTEL €Ié YETHOE YHCJIO repbOB C Bepo-
ATHOCTBIO 1— p, _;; BTOPOI — BBIIIAJIa PEIKa, U JOJIKHO BBI-
IIacTh eIfé HeUETHOe UMCJO IepOOB C BEPOATHOCTBIO D, _ ;.

Takum obpaszom, mo (GopmyJie IMOJHON BEPOATHOCTU IIOJIY-

1 1 1
JaeMm p, = 5(1 - p,)+ SPia=75-

paBHa =3 (IOCKOJBKY cyMMa OMHOMUAJIBLHBIX

n—-1
0) % + % . (—é) . Pemenue. BepoarHocTs BhIIafeHUA

2
repba paBHa 3 AHaJIOTUYHO BTOPOMY CIIOCOOY peIIeHus 3a-

pauu XII.58 a) momyuaem p, = %(1 — Pyt %an- Takum 006-

2 1
PasoM, p, =35~ 3Pt

AnajiornuHo pemnenuio 3azaum XII.57 B) «pacmiemmm»
2 1
KOHCTAHTY 3 B OTHOIIEHHUH 1:5, T. e. 3: 1. Ilonyuum
1,1 1 1 1(1
P.=gt3 3P, OTKYAA p, — 3=3|3 ~ Pa1), TARUM obpa-

1 .
30M, IIOCJIEeJOBaATEJIBHOCTDH {pn—g} ABJIAETCA I'eOMeTPpHUYEeCKOUu
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. 1 2
Iporpeccueii co sHaMeHaTeIeM —. Ipu sTom p; = 3, 1OITO-

. . . 1
My MepBEIM UJI€H HTOil reOMeTPUYecKOoll IIPOrpecCHu PaBeH .
11 1\"!
CiemoBaTesnbHO, p, = ) + 6 [— 3j .
3amewanue. Ananorudyuo perieHuro 3azaum XII.58 a)
2 1 1 n-1 2 3 1 n—3
MOYXHO IIOJIYYUTH p, = Cl(—) . (—) + CS(—) . (—) + ...
n "3 3 m3 3
Tax MBI HOKa3ajly PaBEeHCTBO

1 n-1 3 n-3 n—1
1(2), (1 3(2) (1 _1 l.(_l)
C"(3) (3) +C”(3) (3) TeT3"% 3)
XII.59. a) Bomregmuii yueHUK — OTJIMYHUK. PemeHmue.

SaMeTI/IM, 4YTO BEPOATHOCTHh OTJIMYHHNKA OTBETUTH Ha 2 BOIIPO-

ca u3 Omyera paBHa 1, BEepOSATHOCTh TPOEUHHKA OTBETUTH HAa
2

C 9
2 Bompoca 13 OmWiIeTa paBHA —CIO 3g» BEDOATHOCTD [IBOETHN-
20
c; 1
Ka OTBETUTH HAa 2 BOIIPOCA PABHA —z = BeposaTaocTs BO-

c3, 19°

HIeIIero cJaydJaifHO 4YeJloBeKa OTBETUTH Ha 2 BOIpPOca paBHA
5. 1+ 3.9 + 2.1 _ ﬁ. Torma mo ¢opmysie Baiieca 3Ha-
10 10 38 10 19 380

MeHaTeJUu BBIPa’KeHUN BEPOATHOCTEH TOTO0, UTO BOIIEAININHA
YVUYEeHUK — OTJUYHUK, TPOGUHUK UMW IBOCUHUK, OJMHAKOBHI,
a HaumOOJIBIINI YHCIUTEJbh OyAeT B TOM CJIyuae, eCJU BOIIen-
MIUA YYeHUK — OTJIMUYHUK.

3
0) - PemeHnue. BepoaATHOCTb OTIMYHUKY OTBETUTH TOJb-

Ko Ha 1 BoOIIpoc paBHA HYJIO, BEPOATHOCTH TPOEUHUKY OTBE-
10-(20-10) 10

TUTH TOJBKO Ha 1 BOIIpoc paBHaA T2 19’ BEPOATHOCTE
20
5-(20 - 5)
JIBOEUHUKY OTBETUTH TOJBKO Ha 1 Bompoc paBHA — 5 =
C20
15 .
=§. BepOHTHOCTB TOI'0, 4YTO BOIIeAIINN YYE€HHK — [JBO€Y-
15
. 38 _ 3
HUK, mo popmyJse Baiieca paBHa 15 10 7
3819

27 4 190 3

B) 9217 % 221 7

BBIII BOIPOC: KaKOBa BEPOSATHOCTH TOTO, UTO OHU obOa Tpoeu-

Huku? PemeHnue. BepoATHOCTh, TOro, UTO OTBETUBINHII Ha
27 221 27

380 ° 380 221

3ameuanue. Bo BTopoM u3maHUU Imep-

IBa BOIIPOCAa — TPOEYHUK, PaBHA (cm. samauy
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XI1.59 a)). U3 samaum XII.59 06) moaydymm, UTO BEPOATHOCTH
TOTO, UTO OTBETUBIIUHA Ha 1 BOIIPOC YEJIIOBEK — TPOEUHUK,
10 35 4

PaBHA g igg = Taxum o0pasoM, MCKOMAas BEPOSTHOCTL TO-
'O, 4YTO BOIIIeJIIIMNMMIM 6bIJII/I ABO€ TPOEUYHMNKOB, DaBHa %'%
BeposaTHOCTL TOr0, UTO BOMIEAINUMU OBLIIA OTJIUYHUK U JBO-
eUHMK, DAaBHA 5o %

XII.60. a) %. Pemenue. Bepoaruocts Kabany OBITH you-

TBIM AByMsA nyasamwm pasua 0,5-0,4-0,4+0,5-0,6-0,6 +
+0,5:-0,4-0,6 =0,38. CiremoBaTresibHO, HCKOMAas BEPOSAT-
05:04:04 _ 4

0.38 19

625 188 418

) 1881° 855° 1045°
Ha MeXKIy IapaMM OXOTHHKOB B COOTHOIIEHUU BEPOATHOCTEI
TOr'0, 4YTO KabaH yOMT MMEHHO COOTBETCTBYIOIIEH IIapoii. OTu
BEPOATHOCTHU AJA IIap «OepPBBIM—BTOPOI», «IIepBBIA—Tpe-
THUH», «BTOPOU—TPETUMN» COOTBETCTBEHHO PAaBHBI %; %; %.
BuyTpu kaykgoii mapbl AeJHM YacTh KabaHa IIPOIIOPIIMOHAJIb-
HO BEPOSTHOCTAM MONamaHNs OXOTHUKOB 5TOM mapnl. Hampu-

HOCTbL paBHA

Pemenue. Pasgenum BHauasge kaba-

. 5 4
Mep, MePBBI# OXOTHUK MOJIYYHUT ¢ ° g kKabaHa, Oynydu ydacrt-

. o . 5 9
HUKOM TepPBOil Maphl «IePBBIA—BTOPOW», U 17 71g KabaHa,
OyAyuYM yJYacTHUKOM IIapbl «IepBBI—TpeTuii». TakuMm obpa-

30M, IIe BI)II';I IIOJIVUUT é‘i i‘i=&
» 1€p y 919 " 11 19 1881

4 4 .4 6 188
IIOJIYUYUT 5‘5 E'E—%
6 9 6 6 418
HE—FEEZE KabaHa.
XII.61. 5. Pemenue. Ilycts cpenu 5 msmenuii poBuo 1
OpakoBaHHOe. BepoATHOCTHL TOI'O, YTO OHO IIOHALETCs, PaB-

KabaHa, BTOPOU

kabaHa, TpPeTHUN IOJYUYUT

1 o
Ha . Ecnu cpemu 5 umspenuii poBHOo 2 OpaKOBaHHBIX, TO Be-

POATHOCTL TOTO, UTO NIPW BBLIOOPE OJHOTO OHO OymeT GpakKo-

BaHHBIM, paBHa nu T. 0.

5
Torga mo gopmyse Baiieca BeposTHOCTHL TOr0, 4TO OpakKo-
1

5
BaHHOe u3nesire OyaeT O4HO, paBHA = —. Jlanb-
’ 1,2.3,.4.5 15
5 5 5 5 b
. 3 4 5
HeWIITe BEPOATHOCTY PABHEI 1, =5 157 15° Takum o6pasom,
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HauboJiee BEPOSATHBLIM SABJSETCS TO, UTO CpPeau 5 m3geuil Bce
ObLTM OpaKOBAHHBIMU (B pEIIeHWHW MBI MpeaIojaraiu, 4To Ha-
Jauure J000ro KoJimdecTBa OpaKOBaHHBIX M3IEJUN cpequm S
MMEIINXCS PAaBHOBEPOSATHO).

10°
XII1.62. T o5 S TRPeR
clo+C3-22+C3,-3°+...+Cl9-10

8§ 74. TeoMeTpuueckas BepOSTHOCTb

Oco0eHHOCTBI0O TEOMETPUUYECKUX BEPOSTHOCTEH IO CpaBHE-
HUIO C paHee M3YYEHHON BEPOSATHOCTBIO SIBJIAETCS TO, UTO
IPOCTPAHCTBO 3JIEeMEHTAPHBIX COOBITHII MMeeT OEeCKOHeUHOoe
(HeCUETHOE) YMCJIO DJIEMEHTOB.

O60paTuM BHUMAaHHE, UYTO TreOMeTPUUYEeCKas BEPOSTHOCTH
IpUMEHAeTCA JHUIIb B TOM CJIy4ae, KOTJa €CTb OCHOBAHUSA
[10JIaraTh, YTO BEPOATHOCTH IIOMAJaHUA B 00JIACTDH IIPOMOPILHO-
HaJbHA Mepe 3TOoH objgactu. BooOlile roBops, Takoe IIpeiIio-
JIO)KeHHe cIejlaThb BecbMa Hejlerko. Tak, B mpumepe 19 wus
§ 74 yueOHUMKA 5TO MPEAIIOJNOMKEHNEe CUNUTAJIOCHh WHTYUTHUBHO
SICHBIM, XOTS HUKAKUX TOKA3aTeJIbHBIX COOOpasKeHUI He IIpu-
BoAMJIOCh. IIpOMOJIKEeHEeM STOTO PasroBopa KakK pas U SIBJIS-
eTcs Imapagokc BeprpaHa, IIOKas3bIBaWOINHUII, KAK BaMXHO TOY-
HO ()OPMYJIMPOBATH, HPOMOPIMOHAJILHON KaKOM MMEHHO Mepe
OyZeT BepOSATHOCTD.

Bamauu XII.71 (3amaua o BcTpeue) u XII.73 (3amaua Brogd-
¢doHA) MOTYT CJIYIKUTHh XOPOIIUM IOHOJHeHHeM K Teopum. Ilo
moBony samaun XII.73 yuaimimmMmcs MOYKHO paccKasaTb O TOM,
YTO U3 IMOJYYEHHOro pPe3yjbTaTa CJIeAyeT, YTO C IIOMOIIbIO
OpocaHMs HUrOJKKM HA PAa3JUHOBAHHYIO ILJIOCKOCTHL MOJKHO
MOICYNTLIBATh MPUOJIMIKEHHOE 3HAUEHME Uucejaa T.

ql Pemtenusa u YKa3aHuA K 3agavyaM

XI1.63. ?“F - XIL64. 7 f
N % B

\ / XIL65. 5. Pemenue. Ypasue-

HIIe MMeeT IBa BeIeCTBEHHBIX KOpP-

HA, ecau p? > 4q. V306pasuM MHO-
JKeCTBO BO3MOJKHBIX BBIOOPOB KO-
-1 GUIIMEeHTOB TOUYKaAMM KBaJpaTa Ha
mwirockoctu (p; q) (puc. 12.6). Torma
Puc. 12.6 IJIONTaAb IIPOCTPAHCTBA dJeMeHTap-
HBIX co6LITI/1f/'I paBHa 4, a miaomangb

HCCJIeyeMOT'0 COOBITHS pPaBHA 2+j dp 2—. Hckomasa Be-
-1

13
POATHOCTH PaBHA o .
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XII.66. a) %. Vrasanue. B ocr- Y //*

POYroJIbHOM TpPeyroJbHHKe cymMma 1
IBYX YTIJIOB 0OJIbIIIE TPETHEro, a B A
TYIIOYTI'OJbHOM CyMMa ABYX YIJIOB
MeHbIlle TpeThero. Taxkum obpa-
30M, 3a7aua MOKeT OBbITh chopMy-
JUpOBaHAa TaK: MAJKy JUHOH T B
JomaroT Ha 3 yactu. KakoBa Bepo- y=
SATHOCTh TOTO, UTO W3 HUX HEIb3s
CIOKUTH TpeyroabHuK? OTBeT Ha (0
5TOT BOIIPOC (paKTHUUECKH OaH B
npumepe 19 yuebHUKa. Mckomas
BeposaTHOCcTL paBHa 0,75. 0) O.
4. 3 1
XII1.67. 9ln2 9
COOBITHA TOUKAMHK KOOPAMHATHOI mjaockoctu (puc. 12.7). Us
yepTeka BUAHO, UTO MCKOMOE COOBITHE COCTOMT M3 ABYX pasB-
HBIX 4dacTell, CHUMMETPUUYHBIX OTHOCUTEJIbHO IPAMOU Y = X.
Haiiném naomanb BepxHeii uactu. OHa paBHaA cymMMe
IJIOMIAaAV PABHOOEIPEHHOTO IIPAMOYTOJBHOTO TPEeYyTroJbHUKA

o

&

[y
&

Puc. 12.7

. Pemenune. 300pasum sjieMeHTapHBIE

2 .
C KareToM o U ILIOMIAAM, OIPAHMYEHHON IPAMBIME X = o,
. 2
x+y=1 m runepbosoii xy = 9 dTa nJjoiagbk paBHA

1
H 2 2, 3 13
J.(a—(l—x)jdx=§ln5— 162" Taxum oOpasom, 1mJoIangb
2
9
; 208 18 2 2.8 1
BepXHell JacTu paBHa glng — 7o+ o =glno— o

Torga maomaab Bcell 3aKpalleHHOM YacTH, a 3HAYUUT, U
MCKOMAas BEPOATHOCTh (ITOCKOJBKY ILIOINAAL BCEr0 IPOCTPaH-
CTBa dJIeMEeHTapHBIX cOOBITUH paBHa 1), paBHA %ln%—%.

XII.68. a) Hy:xHO 3aKpacurhb
urypy Takx, 4UTOOBI IIJIOMIIAAb €€
mepeceueHus C TPEYroJbHUKOM
COCTaBJsAJIa TOJOBUHY ILJIOIAAN
Tpeyroabuuka. 0) Hy:uo saxpa- 1
cUTh (QPUTYPY TOI Ke ILJIOIIALu,
yTo u TpeyroabHuk ABC, T. e. 1
IJIOIIAAh KOTOPOM paBHA IIOJIOBU- Y~ 4x
He ToIMaau KBaapara. B) Tawroit
(burypoir MoxkeT ObITh, HAPUMED, |
TpeyroabHuK ABD.

XIL69. + - 2In2 (puc. 12.8).  Puc. 12.8

y
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W
W
W

0 T x 0 Tx 0

o=

Puc. 12.9

XIL.70. a) % (puc. 12.9, a).

7
0) 1 Pemenue. IIpocTpaHcTBOM 3JjIeMEHTAPHBIX COOBI-

THil cay:xuT KBagpaT. CobbiTume y < x° + ¢ GygeT HeIyCThIM
apu ¢ > 1. C pocTom ¢ miomiaab COOBITUA OyAeT YBEeJIUUUBATD-
cd, IOKa CcOOBITHE He COBIAAET C IIPOCTPAHCTBOM dJIeMeHTap-
HBIX COOBITHI, T. €. He CTaHeT JOCTOBEPHBIM (IIO-
CKOJIbKY TOUYKMN COOBITHUS IIPU MEHBIIUX ¢ OyAyT TOUYKaAMU
AHAJOTUYHOI'0 COOBITHUA Impu 00abIIuX c¢). Ilpu ¢ = 2 miomanb

1
cOOBITHSA paBHA 3 ITosToMy mHTepecyiolllee Hac ¢ MeHbIe 2

U KoH(pUrypaiusa depTeska TaKas, KaK Ha pucyHke 12.9, 6.
Ilnomank MHTEepeCyIoIero Hac coObITUA (4 3HAUUT, U ero Be-
POATHOCTH, TAK KaK IJIOIIAAb IPOCTPAHCTBA dSJI€MEHTAPHBIX
1-4°
3

1
coObITUM paBHa 1) paBHaA J.(xz +c—-2)dx= +(c—2)A1—-a)=

a

_(1-a)
T3

HBIfI KOpeHb ypaBHeHHA x> +c= 2, T.e. a=./2—c). Beipa-

2
(a®+a+3c—95) (3mecr 3a a 0003HAUEH IIOJIOMKUTEIIb-

. 1- 1
suB c¢=2 — a?, IPUAEM K YpPaBHEHUIO ( 3a)(1 +ta- 202) =%

pelnmB KOTOpoOe, HalmeMm a=%, OTKyZa ¢ =£
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B) %Jr%ln%. Pemenue. Uckomas ¢
BEPOSATHOCTH PpaBHA IJIOMIAAW 3a- i
HITpUxoBaHHOU (Purypsl (puc. 12.9, 8),
1
4
1, fde 1 1, 3 /
T. €. paBHA g+ E—E—I-Elng. 1
1 3
6 /
5
XII.71. 9 Pemenune. N3o6pa-
3UM IIPOCTPAHCTBO JJIEMEHTAPHBIX () /1 1P
CcoOBITHII B BUE TOUEK HAa KOOPIWHAT- 3
HOM ILJIOCKOCTHU (eAWHUIIA Ha OCAX CO-
OTBETCTBYET OJHOMY UYacy, a 3a HYJb Puc. 12.10
Ha OCAX IPUHAT ToJiAeHb). Takum o006-
pasoM, IIPOCTPAHCTBO 3JI€MEHTAPHBIX COOBITUNA — €IMHUYHBINA

KBajapar.
YcioBue TOro, UYTO ABOE BCTPETATCS, MOKET ObITh 3aIluca-

1
HO Kak |x — y| < 3 N3 pucynka 12.10 cpasy sdcHO, YUTO ILJIO-

I1aab MHTEPEeCYIoIero Hac coobITus (a 3HAUUT, M MCKOMasA Be-
POATHOCTDH) PaBHA PA3HOCTU MeKAy 1 U MJIOIAAbI0 IBYX pPaB-
HOOEAPEHHBIX IPAMOYTOJbHBIX TPEYTOJBHUKOB C KaTeTaMu
IIUHBI % Takum obpasoM, MCKOMAas BEPOSITHOCTH paBHAa g.

XII.72. a) Cm. pucysok 12.11, a. Pemenue. OcHoBHasA
CJIOYKHOCTEH 9TOHM 3aJauy II0 cpaBHeHHio c¢ 3amgauein XII.65
B TOM, UTO C yBeJUUYEHUEM a MeHseTCs B3aMMHOE PacIIoJio-
JKeHmMe mapabosbl W KBaapara. Ilpm MajblXx a OHO TaKoe JKe,
Kak B sagmaue XII.65, a sarem (mipum a > 4) cTaHOBUTCA Ta-
KM, KaK Ha pucyHke 12.11, 6.

a 2
24% + jx—dx
o

1 a

IIpu a < 4 umeem p(a)=T=§+ﬂ'

a) Y 6) \ y /
a
l-/
3
—2Va| | __12Va

0 a —4 0 4 7]

Puc. 12.11
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2
e
—q_2en ") 42
IIpu a > 4 umeem p(a)=1 1 1 Y

I'padpur dpyaxmuu p(a) mpeacraBieH Ha pucyHke 12.11, a
(maa HarIATHOCTH MAcIITAad II0 ocu aOCIIMCC CiKaT IO CpaBHe-
HUIO C MAacIITaboM IO OCU OPAUHAT).

0) Vrkasanue. YcioBue HaJIUUYUA ABYX MOJIOMKUTEIbHBIX
KopHe# o3HayaeT, uTo p < 0 m ¢ > 0. Uckomasa pyHKIUA II0-
Jaydaercsa w3 QYHKNuu s3agaum XII.72 a) memeHmeM IIOIIOJIaM
(oHO cooTBeTcTBYeT B3ATHIO p < () ¢ IOCJIEAYIONIUM BBIUUTA-

1
HEeM , (BepoATHOCTH TOrO, 4To ¢ < 0).

B) Vkasarnue. YciaoBue HaJIUUYUA BeIeCTBEHHBIX KOPHEH
pasHBIX 3HAKOB pPaBHOCHJBHO Tomy, uTo ¢ < 0. ITosTomy

1
p(a,)=§ nopu Bcex a (9ToO reoMerpuyeckas BEePOATHOCTDL, pac-

CMOTpeHHasa Ha oTpe3ke [—a; a], 3 KoToporo Gepyrcsa Hayraf
3HAYEHUA Q).

XI1.73. 24
It

Ha KOTOpOM M300pa’KeHbI JBe JUHUU U3 YHCJIa ITPOBENEHHBIX
Ha IJIOCKOCTHM, a TaK’Ke WUroJiKka OJIWHBI a. IIpoBemém u3 ce-
PenuHBI UTOJIKU IEePHeHIUKYIAP A K OMumKamiineil m3 JIMHUMA.
HUronka mepeceuéT sTy JIMHHIO (1 He mepeceueT OoJIbIlle HUKAa-
KOM IPYyroii, MOCKOJBbKY €€ IOJMHA MEHbIe PACCTOAHUSI MeK-

. Pemeunue. Paccmorpum pucymox 12.12, a,

a .
Iy JUHUSAMU) B TOM U TOJBKO B TOM CJIydae, eciu h < 5 sing.

Bynem samaBaTh moJsioiKeHUE UTOJIKU

Y OTHOCUTEJIHHO u6JII/IHC8.fIH.I€fI u3 IapaJ-

m 7 JeNBHBIX JIMHUN ABYMA HapaMeTpaMu —
h u @, Te @ — YyroJ MeXJIy HUTOJKOU
¥ ONHUM U3 HampaBJeHui awmHuui. Tor-
1 Ia h MoxKeT IpUHUMATL 3HaueHUs oT 0

a)

l
o 5, a @ — or 0 mo m.

MN300pasuM IPOCTPAHCTBO 3JIEMEH-

6) TapHBIX COOBITHII B BHUge IIPAMOYTOJIb-

l
HHNKa CO CTOpOHaMM E 1 T Ha KoopAau-

HaTHOM miaockocTtu (puc. 12.12, 6). Tor-
Ia mccjenyeMoe coObITHe M300parkaeTcs
3aIITPUXOBAHHON (PUIYPOI IIOJ CHHYCO-

DR D~

o a .
ugou h = 5Sine. BeposaTHocThs 3TOTO CO-

KL
0 T X J.gsin(pd(p
0 2 2a
ObITHA paBHA p=-—"—"7—""=--—.

Puc. 12.12 %‘ In
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maea Xlll. YpaBHeHns u HepaBeHcTBa

Jdra rijiaBa IIOCBAIIeHa HanboJiee TPASUIIMOHHBIM IMKOJb-
HBIM TeMaM — peIlleHWI0 YpaBHEeHUM um HepaBeHCTB. KomeuHo,
IIPU M3YYEHUU JI000M TeMbI €CTEeCTBEHHBIM 00pa3oM BO3HUKA-
eT Oouiblllad TPYyNIIa 3a7ad, CBA3aHHAs MMEHHO C pellleHueM
cruenupUUECKUX IJis 9TON TeMbl YPaBHEHUH W HEePaBEHCTB, U
B HAIlleM yuYeOHUKe MBI He CTPEMHUJINUCh K MCKYCCTBEHHOMY
paszgesmenuio 3amau. OmgHaxko B 3aBepllieHHMEe Kypca C IIeJbIO
0000ITIeHUsA U aKTUBU3AIUU PaA3PO3HEHHBIX YMEHUM UM HaBBI-
KOB MBI PACCMOTPUM e€Il€é pa3 BCEBO3MOXKHbIE YpPaBHEHUS U
HepaBeHCTBa Kypca B OJHOII riase, 4a0Obl MMeTh BO3MOYKHOCTDH
CPaBHUTHL OOII[Me MEeTOAbl ¥ BLIAEJIUTH cIenuduiecKue, IIPU-
cylnue y3KOMY KJaccy 3amad Takoro copra. Ocoboe BHUMAaHUE
ynejnsercd JUHUM 3amad c ImapaMmerpamu. TeopermuecKuit
MaTepuaJ He COIePsKUT 3Aech TAaKOT0 KOJUUYEeCTBa OIpeese-
HUHM W TeopeM, KaK B IMPeAbIAYIINX IJIaBaxX, 3aTO M300MIIyeT
npuMepamMu U 0ojiee yeM Korja-amb0 HAIIOMUHAET «IIOBapeH-
HYI0 KHUTY» WJU Ha0OD PeIenTOB, BLICTPOEHHBIN B IOPAIKE,
KasKyIleMcsi aBTopamM HamboJiee pasyMHBIM.

ITo cBoemMy moJIO}KEHUIO B Kypce MaTepuas JaHHOM TJIaBhbI
SABJISIETCS 3aBEPIIAMOINM [epe] MTONOBLIM MHOBTOPEHUEM U
IIOATOTOBKOII K 9K3aMeHaM. Il0sToMy 0COGEHHOCTH U3YUEHUSA
JAHHOI TJIaBBI MOJIMKHBI BBIOMPATHCS HMCXONA M3 IIPeJcTaBJe-
Huii 00 sK3aMeHax, KOTOpble OyAYyT cAaBaTh ydallluecs, O TOM,
YTO ysKe IIPOiifieHo, 00 ypOBHE HOATOTOBKM KJacca M T. 1.

BapuanTsl maaHupoBaHUA u3ydeHuUA Mmarepuasa 13-i1 riaa-
BBl IIpuU 4 yacaxX B HeAeJI0 U IPU OOJIBIIEM KOJHUYecTBe da-
COB B HeJEJI0 He PasjndaroTCsd U IIPeACTABJIEHBLI B TaOJIMILE.

T'maBa XIII. YpaBHeHUSI U HEePaBEHCTBa 50

HexkoTtopsie cnoco6bl perieHusa ypaBHeuwuii. Ilesbie 4
panuoHagbHbIe W APOOHO-paAIlMOHAJbHBIE YPaBHEHUS

WppanuonanbHble YypaBHEHUSA W HEpPaBEHCTBA 6

ITokasarenbHble U JorapudMuUecKre ypaBHEHUSA 8
U HepaBeHCTBa

TpuroHomerpryecKre ypaBHEHUS W HepPaBEHCTBA 8
MeToapl pellleHUsA 3aJad C IIapaMeTpPOM 10
Pemenne 3azau 12
Kourposnbuas padora Ne 10 2
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ITocKkoabKYy (PaKTHUeCKM Iaparpadbl 5TOM TIJIaBbI IIPEJ-
CTaBJIAIOT cO0OIi yKasaHUsA K pelleHuio 3amau (0e3 KaKoii-
Jr00 3HAYMMOM TeOpuMn), KOMMEHTApUU K caMHuM maparpadam
OTCYTCTBYIOT JIn0O KPATKMH, 4 OCHOBHOE BHUMAHUE YIEJIEHO
pellleHuAM M OTBeTaM K 3aJadyaM.

§ 75. HekoTtopble cnocobbl pelueHns ypaBHEHMM

§ 76. Uenbie paunoHanbHble
M APOBHO-PALMOHANBHBIE YPOBHEHMS

B § 75 mam KpaTkuii 0630op Haubogee OOIUX TPUEMOB, HC-
MOJb3yeMbIX NPU peleHUU ypaBHeHuii. IIpm sTom ocoboe
BHUMAHUE CJeAyeT OOpaTUTh HA COIYTCTBYIOIIME 3aMedaHUusd
¥ YTOUHEHUS B OHOpelesieHUSIX BUIa «IIPOU3BeAeHNe PaBHO
HYJIO TOTZa WM TOJBKO TOTZa, KOrga XOoTd Obl OAWH W3 MHO-
JKUTeJiell paBeH HYJIO, a OCTAaJbHbIe HMMEIOT IIPH 3TOM
cvmbica». Ha ompenesnéHHOM 3Tame MMEHHO TaKWe 3aMeYaHUsa
npuobpeTaT OCOOBI BeC M CTAHOBATCS COAepPKaTelbHO
YacThIO, a IIOPOH M OCHOBOM peIleHM’d.

B § 76 mamH B OCHOBHOM MaTepuaJ [OJA TOBTOPEHU.
IIyukr maparpada «Ilenble palnmoHa/bHBIE YPaBHEHUS BBIC-
IINX CTeIeHel» eCTeCTBeHHO BOoCXOoAUT K riaase III yueOHmKa
miist 10 kaacca («MHOTOWIEHBI»), a MIYHKT «3aMeHBI B I€JIBIX
panuoHaJ bHBIX YPaBHEHUSAX» — K Mmarepuany 9 kiacca. Tem
He MeHee ydalllIMCs HEOOXOAMMO HAIIOMHUTH BCE OCHOBHBIE
OOHATHUS W NPUEMBI (HalIpuMep, BasKHOE MOHATHE OJHOPOIHO-
ro ypaBHEHUA W OCHOBHBIE BUJBLI 3aMeH), IMOCKOJIBKY OHU
aKTHUBHO HCIIOJB3YIOTCS B AAJbHEHINIEM IPU PeIleHuUn 3aaad.

B Bamauax K sTtomy maparpady He yaeaseTcs OOJBIIIOTO
BHUMAHUSA PEIIeHUI0 HEPaBEHCTB, MOCKOJbKY METOJ MHTepBa-
JIOB OBLI mOoApoOHO pasobpad u mayueH B Kypce 10 Kiacca, a
VMEHHO OH SIBJISIETCS OCHOBHBLIM CIIOCOO0OM PaboOThI C HepaBeH-
ctBaMu. IIOCKOJBLKY pellleHre MPaKTUUYeCKU JIF0OOTO HepaBeH-
CTBa CBOAUTCA K PEIIeHUI0 HEKOTOporo Habopa ypaBHEHUH C
MIOCJIENYIOIIUM IIPUMEeHEeHNEeM MeTOoJla WHTEepBajJOB, MBI Orpa-
HUYUJIKUCHL B 9TOM BBOJHOM pasfese BKJIIUEHWEM JHUIIb He-
CKOJIBKUX mpuMepoB (cMm. 3amauy XIII.4).

3amaum pasmesa «YpaBHEHUS BBICIIINX CTeleHeil» mpen-
CTaBJAIT COOOM CTaHAAPTHBIE yIIpaskHeHusA. Vgeu mx pere-
HUA TIOJHOCTBHIO WU3JIOMKEHBI B TeKCTe yueOHHKA. 3ajadu
XIII.1—XIII.4 ucmoJb3yIOT HOAOOP KOPHEH MHOTOYJeHa U
MIOHUKEHUE CTEeleHW YPaBHEHUSA C MCIOJb30BAHUEM TEOPEMbI
Besy, meton nuaTepBasioB. O0paTruTe BHUMAaHNe Ha TO, UTO IIPU
pemteHun HepaBeHCTB B 3agauve XIII.4 yacTuYHO MCHOJB3YIOT-
ca ypaBuenus us s3agaunm XIII.3. Samaua XIII.6 orpabarniBa-
eT pellleHre BO3BPATHBIX (CMMMETPUUYECKUX W KOCOCUMMETPU-
YecKUX) ypaBHeHUi, a 3amava XIII.7 — peimenme omHOPOX-
HBIX YPaBHEHUN.
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Bamaum XIII.8—XIII.12 pasgena «J/[poOHO-palioHATIbHBIE
YpPaBHEHUSA» TPAIUITMOHHBI U CTAHJAPTHBI; PEIeHUsd W KOM-
MeHTapuu K HUM MBI He OyJAeM NPUBOAUTH, 3a PEAKUMU
UCKJIIOUEHUAMU.

Pemrenusa u ykazaHusa K 3amadyaM

XIII.1. a) 1 (zBa APpyrux KOpHA MpPpaluOHAJIbHBIE). 0) —3;
2 (TpeTuii KOpeHBb %). B) 0; 2; -2. r) —-2; 1. o) —3; —2; 4.
e) —4; —2; 3.

XIIL2. a) 1. 6) —1; 2; 3. B) 33 —3. 1) —1; 2.
XIIL.3. a) {-2; -1; 3}. 6) {-7; -3; 1}. B) {1; 2++/5}.

r) {~1; -3 £/11}. m) {%} e) {l §} x) { 2 _2, ;, 14;/’}

3’ 2
XIIL.4. a) (-2; —1) U (3; +©). 6) (-%0; —=7) U (-3; 1).

B) |55 +0). D |5 5] W LU 1200 @) (o5 11U (2).
XIIL.5. a) {-1; 1}. 6) { ;—%/g}. B) {-3; 1}. ) { 553 3; %}

1) (=23 4. €) {43 0} ) {1; 145} ) (25 3). m) |53 25 33 1.
k) {(~3; 4). @) {-1; 2}. m) {~3; 1}. m) {-3; 1}. o) {3%+/5}.
) {—8; -1 9”_} p) {~2; 11}. ¢ {% 1; ”éﬁ}.

XIII.6. a) {5; 2}. 3ameuwanue. Bo BTOpOM uamaHum yueod-

HUKa yCJIOBUE OyHeT HCIPaBJIEHO: 7( ) ( +%):g_
6) { —11+4\/17} B) {%, 2. —3; } r) {1’ 1;\/_}
m {1; 2}. e) {—2 1; %} ) {HZJﬁ; —3+2J2_1}. 5) {_1; _%;
238,

XIIL.7. a) {1; 3; —3i\/ﬁ}. 3amevanue. Bo BTopomMm msna-

HUM y4ueOHUKA yciaoBme wucmpasieHo: (x2 + 2x)% — (x +
+2)(2x — x) = 6(2x — 1)%. 6) {—1; Loa; 4}. B) {~1; 2).

9 {3 {_9 izm}‘
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XIIL9. a) {-5; 1; -1++6}. 6) {-1}. B) {0; 1}.

XIIL11. a) {-4; -1}. ©) {—1; 9; 5*;‘5_1}. 5) {3 }

r) {—6; 3}. YrazaHue. YToOBI yBUAETH YAOOHYIO 3aMEHY, HYK-
HO 00e 4YacTu ypaBHEHUSA YMHOXKHUTh HA 3HAMEHATelb Apo0u
B IIPABOM YACTHW U II€PErpyIIIupPOBaTh MOJYUYUBIINECA MHOMKIMI-
TeJIM B JIEBOU YacTU ypaBHEHU.

XIII.12. Vrkasanue. IlpuMeHUTH BbIZeJeHNE IIOJHOTO

%)

KBagpara (cMm. mpumep 18 m3 § 76 yuebmHumKa). a)

6) {”J_} B) {i%; i?}

XIII.13. a) {3 +f 1+\/_}. Yraszanue. 3amMeTuTnh, UTO

X2 -bx+1= (x —4) — 5(x — 1). Torma, BBeasa OBOWHYIO 3a-
MeHY u =x>—4 u v=x— 1, IpuiTH K OJHOPOZHOMY ypaB-
HeHmIo u(u — 5v) = 6V

5—x 5—x
6) {1; 2}. Pemenmne. B ypaBrennn x-—_—7 - (x+x+1)=6

X
BpoZe ObI cpa3y BHAHA 3aMeHa U = X, U =1’ HO 9TOT IyTh

OKa3bIBaeTcA MeHee yIOOHBIM, UEM CJIEAYIONIUNA, KOTOPBIA MBI
OPUBEIEM MTOJHOCTBIO.

-x 5—
Ilyects u=x el x+T1 M3 mcxomHOro ypaBHEHUA
5— 5—-x x
uv = 6. Ho npu sTom u +v=x" —+ + =x+1(x+1)+

u=3,
v=2

uv =6,

+ x = 5. Ilonyuaem cucremy
u+v=>5,

u3 KOTOpou {
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u=2, x .
UIn 3 YpaBHeHUE X * =3 perieHuii He umeer. Eciu
v —

x+1

x(5— x)

) =2, 10 x=2 umu x =1 (ybegurecs,

e u =2, T.e.

yTo TOorZma v = 3).

B) {1}. 1) {-5; -3). Pemenue. (x + 3)* + (x + 5)* = 16.
BBeném sdameny x + 3 = t. YpaBHeHUe npeoOpasdyercad K BUIY
t*+ (t + 2)* = 16.

ITocne packpelTus cKoGok moayumm 2t* + 8t + 24t +
+ 32t = 0; t(t3 + 4t + 12t + 16) = 0; t(t + 2) (¢* + 2t + 8) = 0.
Orcioga t = 0 mau ¢ = —2. OKOHUYATEJBHO X = —3 WJIN X = —H.

§ 78. YpaBHeHMs M HepaBEHCTBA C MAPAMETPOM.
AHanuTHMyeckoe MuccnegoBaHue

ITocne paccMoTpeHMs OCHOBHBIX IIPHEMOB PabOTHI C OmIpe-
IeJEHHBIM BUIOM YpPaBHEHUN M HEPaBEHCTB €CTh IBA BO3MOIK-
HBIX BapuaHTa pPas3BUTUSA COOBLITUI: HepelTH K cucTeMam
ypaBHEHUI M HEPaABEHCTB MU OOPATUThCA K 3aJadaM C Iapa-
MeTpamMu. 3afaur ¢ IapaMeTpaMy TaioT OOJBINYIO «IIyOUHY
B3TVIALA», IO3BOJIAS YCTPOUTh MHUHHU-WCCJIEIOBAHUE 3amauu U
y4YecTb YacTHBIE CJOydYau U CJIOKHOCTU, KOTOPbIe MOTYT BO3-
HUKHYTHh IIPDM HNX pPeIIeHNnM, eCJIM YYThb-UyThb HN3MEHHUTHh OJaH-
HbIe, «IIOIIEeBeJUTh» ycjoBue. Ham mpeacrasiisgeTcs, YTO pe-
IIeHre 3a7adu ¢ IapaMeTpaMU SABJSETCA OAHUM U3 HamboJiee
IIeHHBIX HABBIKOB, KOTOPbIe MOYKHO IPHOOPECTH B IIPOIlecce pe-
mieHusA ajredpanmyecKUxX 3alad B cTaplleil ITKoJie. 31ech yda-
miecsa BBIHYMKIEHBI BCEPhE3 3aAyMbBIBATHLCS O CYIIECTBOBAHUU
peitienuii (Beob OOJIbIIIAas YACTh ITKOJBbHBIX 3aJad peIlraeTcs
NCXOLSA M3 MIPUHIIKIIA, YTO peIlleHue, IPUYEM HECJIOMKHOe, Y
STOM T'OJIOBOJIOMKM 00s3aTeJBHO AOJIMKHO OBITH!), 0O KOJIMUECTBE
pelieHnii 1 UX BUAE, O TOM, OT KaKWUX JTOIIOJHUTEJIbHBIX YyCJO-
BU MOJEeT 3aBHCETh KOJIMUYEeCTBO peH_IeHI/Iﬁ n UX BUAO.

ITosToMy MBI IpeasaraeM pas3oOpaTbCcsa C OCHOBHBIMU BU-
IaMu ypaBHeHWII W HepaBeHCTB C HapaMeTpaMu, UTOObI yua-
muecd He YAWUBJAJNCHL B OaJbHEWIIEeM TOMY, YTO KaKIbIH
paszes B TeMe «¥YpaBHEHUA WM HEpPaBeHCTBa» aBTOMATHUYECKU
BJIEUET 3a cOOOII COOTBETCTBYIOIUNA pasnes «YpaBHEHUS U He-
PaBeHCTBa ¢ mMapaMeTpaMu», W YTOObI I'JIaBHble HABBIKU, IIPU-
BbIUKa K paboTe C IapaMeTpaMM, CBA3aHHbIE C BeTBJIEHLEM
pellieHus, IIepedOpPoOM ciiydyaeB, rpapruuecKUMU HpeaCcTaBIeHU-
AMu, (GOpMUPOBAJKCHE KaK MOXKHO paHbIIEe UM eCTeCTBeHHee.
CucreMbl K€ ypaBHEHUU W HepPaBeHCTB MOXKHO pPacCMaTpH-
BaTh U Ha 3aBepIAoIleM dSTale KaK BapuaHT O0O0OIeHusS u
IOBTOPEHNS, BKJIIOUUB CIOJa U CUCTeMBbI ¢ mapamerpamu. Ilo-
PAOOK M3yUYeHUs MaTepuaJja yCTAHABJIUBAET YUUTEJb!
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MpbI HauMHaeM C AHAJUTHUUYECKUX METOMOB U CaMbIX IIPOC-
THIX ypaBHEHUU U HEPaBEHCTB — JUHEHHBIX, I'lle BCE oIpene-
Jsger KoahUIlueHT Hpu IepeMeHHOI X, mepexoAs K APOOHO-
panuoHaNIbHBIM YPaBHEHUSM W HepaBeHCTBAM W MeTOAYy WH-
TepPBAJIOB. 3JeCh HMEeT CMBICJ BBIIOJHUTL BCe B3aJaHUIA
(Hampumep, B BuUAe JOMAIIHEro 3aJaHUA C 00s3aTeIbHOH
IIPOBEPKOI U pazdbopoM B KJacce), IIOCKOJIBKY 3TO IIPUYyUYaeT K
OCTOPOKHOMY OOpAaIlleHuI0 ¢ IapaMeTpPOM M TIaTeJIbHOMY IIe-
pebopy ciydaeB, maske €CJIU HA HePBBIN BIITJIAL PeIlleHue Ka-
sKercst oueBUAHBIM. C 5TOM 11e/IbI0 IPUBEIEHBI OTBETHI KO BCEM
samauuamM XIII.14—XII1.19 u pellieHns K HEKOTOPBIM U3 HUX.

3amauu XIII.19 pemraioTcsa cTaHIZAPTHO C MCIIOJIb30BaHUEM
MeToJla MHTEePBAJIOB, IPUUYEM PACIIOJIOKeHNe KOpPHE OTHOCHU-
TeJbHO OPYT Ipyra 3aBUCUT OT Iapamerpa. Ilpu sTom B 3a-
mauax XIII.19 a) u 0) 1eBad yacTh cpasy pacKJIaabIBaeTCA Ha
MHOXKUTENN, a BOT B 3amauax XIII.19 B) m r) HeobOxommmoO
eIllé YUYUTHIBATH YCJIOBUE CYIIIECTBOBAHUA KOPHEN (3HAK AMCK-
pumuuanTa). B samauax XIII.19 B) u r) He JUIIHUM OyIeT
cxeMaTuyecKoe mu3obpaskeHHe rpa@uUKOB KBaJApPaTHBIX TPEX-
YJIEHOB, CTOSAIINX B JIEBBIX YACTSIX HEPaBEHCTB.

Pemenusa u YKEKa3aHUA K 3agadyaM

XIII.14. a) Ecau a #0; 1, 10 x= 23 ; eciu a =0,

a —a
a=1, 0 xe J. 6) Eciu a # —3; 3, TO X =_— 53 ecau a = —3,
TO x€ J; eciu a =3, To x€ R. B) Eciu a # —1; 3> TO
1-a 1
x =g —7; ecau a=-1, to x€ R; eciau a=3, TO xe€ a.

r) Ecaiu a > 0, To x =*+a; eciu a =0, To x = 0; eciz a < 0,
o x€ J. 1) Ecaiu a >0, o xe J; eciu a =0, To x = 0;

1
ecau a <0, To x=i§\/—a. e) Eciu a <0, To xe J; ecau
1
a>0, o x=12—+F.
s \/E

XIIL15. a) Ecom a # —1; 0; 1, o x = 42

secau a = 0, To

a+1’
ypaBHEHMEe He MMeeT CMBICIa; ecau a = —1, To x € J; eciau
3a+7
a=1, to xe R\{1}. 6) Eciu a #0; 2, To x= 55 €ecin
a =0, To ypaBHeHHe He HMeeT CMbICJa; ecau a = 2, TO

xe @. B) Ectu a=0, o xe R\{0}; eciu a # 0, To xe &.

11 { 5 11}
TO X = ; ecan ac<——; 1; , TO

r) Ecan ai—é' 1;

3’ 37 a-1 3773
xe J.
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XIII.16. a) Ectu a <1 wnnm a > 4, 1O x € (a—; +OO);
3(a—4)

a—-1

ecau 1 <a < 4, to xe(—m;m

); ecau a = 1, To HepaBeH-

CTBO He MMeeT cMbIcja, ecau a = 4, To x € . 6) Ecau a > 3,

2a +1 2a +1
TO xe€|2; ——|;ecan a <3, To xe|——; 2|; ecaiu a = 3,
-3 -3
TO HEpPaABEHCTBO He MMeeT CMbICJIA. B) Ecau a < -9 uaun
3a+7
-1<a<1, 10 x€ ; +o00|; ecaim -9 <a<-1, TO
a+9
3a+17
xe(—OO; a+9); ecam a =1; -9, To xe J; ecam a = —1, To

HepaBeHCTBO He mMeeT cmbicjaa. T') Ecau a < —10 wiu a > 2,

—00: 52101, 10<a<2 5a-10 400 |:
TO X € S 9q 120 |5 €M a » TO X €| 5 7507 ;
ecau a = —10, To x € R; ecaiu a = 2, TO HepaBeHCTBO He UMe-

4 4 —-3a
er cmbiciaa. n) Ecam a < —3 wuam a>§, TO X € a+3;+oo ;

4-3
ecitu —-3<a<1, 1o xe (-9;0)u (a+;,+00) ecuau
__3 —00-" O . 1< <_ 0.4_3a
a = , To x€ ( ; 0); ecanm a<yz, mo x€|0;—_——= |

TO

3 a“—12a—-2 3
e) Eciu a>-, TOo x€ T3 5,3 |3 ecam a<sg,

po| o

, TO X € O.

a?~12a-2 . _
X e %a_3 ; ecau a=

XIII.17. a < [ ;] Pemenue. zo6pasum rpadpux QpyHK-

uuu y = kx + b; Torga cpasy BUAHO, uTo npu k # 0 HepaBeH-
ctBo y < 0 BBIMONIHEHO mpu Bcex x < 0 Torga m TOJBKO

>0,

<0.
BBIIOJIHSIETCA TPU Bcex x < 0 Torga M TOJBKO TOTna, KOTIa
a’*+2a-3>0,
3a

)
TOrga, Korga {b Eciu a # -3 uw a # 1, TO HepaBeHCTBO

9 Permtenmem cucTteMbl CAYMKUT IIOJYWHTEPBAJ
—-a—-14<0.

(1 ;J 3HaueHusa a = —3 u a = 1 IPOBEePAIOTCS MOACTAHOBKOI.
XIII.18. a = 2.
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XIII.19. a) Eciu a <1, o x € (2a; 2); eciu a > 1, To

x € (2; 2a); ecniu a=1, To x€ J. 6) Eciu a < -1, ToO
1 1

xe(—‘—); ecim a = —1, TO xe(—OO,Tl

a+1’a-1 ]; ecau —1 <

1 1
<a< 1, TO xe(—w;ﬁ)U(aJrl,er), ecau a =1, TO

—— 1
a+1’a-1

—2a—1+1/1—4a. —2a—1—w/i —4a

2a ’ 2a

1
xe( +1,—koo), ecau a > 1, To xe( ) B) Ecanu

1 1
a<-7, TOxe[ J;ecnn —Z<a<0,

0 x € J; ecam a = 0, To x € (—2; +OO)' eciu a > 0, o xe R.

4
r) Ecim a <-3, 70 x€ R; ecin a——g, To x € R\{—2}; ecau
4 ca<-1 . —a+\/—3a2—4a —a—«l—3a2—4a.+ .
T3 AT L TO X[ TS T 2 ~ 2a+2 ' 0)
ecyu TO x> —1; ecau -1<a<0, TO
\/—3(1 —4a —-38a—4a
( 2a+2 ; 2a+2 ),ecnna 0, To xe J.

§ 79. MHoxecTBa HO NNOCKOCTH,
3080BAEMbIE YPOBHEHMSIMM M HEPOBEHCTBAMM

AnanuTryecKUi MOAXOM IIPU PeEIIeHHN 3akad ¢ IapaMeT-
POM pmaJjieKo He Bcerjga ABJAETCA HaAWJAYUYIIUM. daire mnpen-
HOYTHUTEJSIbHBIMU OKa3bIBAIOTCA rpaduiecKre MeToabl (UJau co-
yeraHue rpauUUecKux M aHAJIUTHUYECKUX MeToI0B). B sToM
naparpade IpPOBOAUTCA HeoOXomuMas HOATOTOBUTEIbHAS pa-
6oTa [JisA IPAaMOTHOTO 1 IIMPOKOT0 IPHUMEHEHUA IrpapuuecKmux
METOHOB: 3IeCh MBI YUMMCA CTPOUTHL rpapuuecKue o0pasbl
ypaBHeHUII 1 HepPaBEeHCTB.

Pemrenuss m ykazaHuA K 3agadam

XIII.20. Vrkaszanue. OCHOBOHM nOJs peLIeHUs ABJIAIOTCS
npumepbl 45 u 46 uz §79 yuebuura. r) Toura O(0; 0).
) Tourka O(0; 0) u nmpamvmaa y = x + 1. e) Touru: O(0; 0)
u A(1; 1). a)—s8), &), 3) Cm. puc. 13.1.

XIII.21. a)—e) Cm. puc. 13.2. x)—ima) Cm. puc. 13.3.
XIII.22. a)—e) Cm. puc. 13.4. x&x)—ma) Cm. puc. 13.5.
XIIIL.23. a)—xa) Cm. puc. 13.6.
XIII.24. a)—r) Cm. puc. 13.7.
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M
3) 4 a) 1y
4
1 y=1 @2Hx+2)
1
4 1 2
10 x
-3 1 1
2
0 9 x
y=1 (x*x-2) -1
Puc. 13.5
a) Y/ 0) 1y B) Yy /
< -9% /,*,
N\ \\ \\9 /C\]
\ 7 \\?»t- V&4
. S0 x ~ [/
/
0 X //* 0 \‘g‘\\ X
2 ,/// \\\v')
y=§x // 9 \ 2
r) ) y
Yy
1
_ 2%
y 2
0 x
-1 0 1x
y=—-2x+5 y=2x-3
2
-1 —13
Puc. 13.6
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y=x?
x=y? 2_2x-5
1 x 3 -
21k
2
x =y
B) r) Uy o 2?1 0 x
\1 . x2+_§x—5
1
_2_
ol 1 x 0 x 2
y=—x
Puc. 13.7 Puc. 13.8

§ 80, § 81. Ipadunueckne metopbl pelueHUs
YPOBHEHMIA M HEPOBEHCTB C NAPAMETPAMM

9t gBa maparpada NOpPenCTABIAITCI HCKJIIOUYUTEIbBHO
BaXXHBIMU, WM YHUTaATh HX CJJIeAyeT OY€Hb BHMMATEJIBHO. OCO‘
0eHHO aKTUBHO Ha MPOTSKEHUMN STOM IJIaBhI OyJEeT MCII0JIb30-
Batbca § 80 (mna pemieHUA MPPAIMOHAJIBHBIX, IIOKAa3aTeJb-
HBIX, JOrapuPMUUECKUX, TPUTOHOMETPUUYECKUX 3ahad C Iapa-
meTpom). B aTom HabGope 3amamuii BCé BHUMAaHNE CO3HATEIHHO
OTAAHO IIJIOCKOCTH (X; a) B CHUJIy IIPOCTOTHI MCIIOJH30BAHUA U
HATJIAOHOCTH pesyJsbraTa (3agaur, B KOTOPBIX ymoOHee wHcC-
MOJIb30BaTh IIJIOCKOCTH (X; Y), IOABATCA IIO3Ke, B pasmeJie,
MMOCBANIEHHOM HpPAaIlMOHAJbLHBIM ypPaBHEHUSM U HepaBeH-
crBam). O6paruTe ocoboe BHuMaHume Ha Homep XIII.45
(cM. KOMMeHTapui HUMKe).

Pemrenns u ykasaHMs K 3ajadyam
XIIL.25. a = —1. XIII.26. a = —1.

XIIL.27. a = -1 wm a=—5. XIL28. a < -7 wmm a > —2.

XIIL29. a > . XIIL30. a > —1. XIIL31. a € (-2; 0).

XIIL32. ac (—JE; —%]u(o; J2). XII1.33. a = -3 wm a = 1.

XIIL.34. a = 0 win a — 4. XIIL35. a e (0; %)

XIIL.36. ac (—/6;+12) \ {0;1}. XIIL.37. a < 0 wam a > 12.
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XIIL.38. a e (—00;—1] U [—%; g] U[7; +00).
XII1.39. g (2%; 3}_ Pemenue. CHauasia B IJIOCKOCTH

(x; a) moctpoum rpadur ypaBHeHuma X2 + 2lx — a| = 5. Dror
rpaduk (puc. 13.8) pasOuBaeT IIJIOCKOCTHL Ha JBe 00JIACTH.
HepaBencTBo 3aaéT BHYTPEHHIOI M3 9TUX objacTeil (comep-
skamryo Touky (0; 0)). Bce pelieHusa HepaBeHCTBA IIOJIOMKU-
TeJNbHBI, €CJU OTPE30K MPSIMOil a = const, Haxomaluiica B
9TOM 00JIaCTH, IEJHMKOM pPacIiojiaraeTcs B IIPABOM IIOJIYILIOC-
KOCTH. ITO BO3MOKHO TOJIBKO mpu 2,5 < a < 3 (cm. puc. 13.8).

13 3
XIII1.40. a=1g Wum a—154.

21 13
XIII.41. a< -, umm a>--.
YraszaHnue. YcioBue 3amadyu pas-
HOCUJIBHO TOMY, I1'1'02 BCe 3Haue- ~J o1
HUsA QYHKOuu y = x° + 2x — 1 +
+ |x — a| 6onpmre 2, T. e. AuA Beex a=XxtT7
x € R BBINIOJIHAETCA HEPaBEHCT- x—1
Bo x> +2x — 1+ |x —a| > 2 (1. e.
npamasa a = const mgo/KHaA IeJn-
KOM OKasaThCsA B MHOJKECTBe, 3a-
IaBaeMOM STHM HepaBeHcTBoM). Puc. 13.9
XII1.42. Ecau |a| > 1, To x = 1;

a+"7
ecau la| < 1, To x; = 1, x,=_—7; ecam a = 1, To x € [1; +00);

y

ecau a = —1, To x€ [-3; 1]. Cm. puc. 13.9.

17-4a 1+1/17—4a}

1_
XI11.43. Ecaum a < -2, TO xe{ B 5 B 5

~1-17+4a 1+ 17— 4a
2 ’ 2

ecnm—2<a<2,’roxe{ }; ecau a = 2,

-1-17+4a -1+ 17+4a
2 ’ 2 :

TO .QCE|:

XII1.44. a) Eciu a < -8 uau a 2 1, 1o x € J; eciu —8 <
_a+6
2

xe(-2-1-a;-2+1-a). 6) Bem a <0 mm a>7y, 10

<a<0, TO xe( ;s —2+ 1—aj; ecim 0<a<1, TO

1-,9-4a
xe J; eciu 0 <a < 2, To xe[T;l— 4—2aj; ecan
9 1-9—-4a 1+,9—-4a
2<a<z, TO xe|: \/2 ; \/2 }
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XIII.45. a) -4<a< 14 = t4. B) a € [-4; —3).
r) ae (2;4]. n) [ } [% } e)ae[3z E)

1 1
) ae[—?,g; _ﬁ]’ 3) ae[ ) ( } u) Ecanm a < —4,
TO X€ J; eciu a =—4, To x = —2; ecaiu —4 <a < -2, TO

x € [-2; 2a + 6]; ecau —2<a<—%, T0o x € [-2; 2]; ecam

-1- 1+12a:|u|:—1+1/1+12a.2

3 3 ?

1
—E<a<2, TO xe[ 2; }; ecyu

3 b

-1+J1+12
a=2, TO xe{—2}u[$'2

}; ecaim 2 <a <4, TO

xe [H— V;+12a; 2}; eciu a =4, To x = 2; ecau a > 4, TO
xe @.

3ameuwanue. 3agaua XIII.45 saBaderca B HEKOTOPOM poIe
KJIIOUEeBOII KO BCeMYy pasmesy, MOABOISIIell MTOT BCEMY CKa-
3aHHOMY B maparpade u 0000IIAIIIel pasiMyHble TUIIBI 3a-
maHuii, npexnmoskeHHsle B § 79 um 80. KoHeuHO, HAUMHATH
HYXHO C IIOCTPOEHHUsI rpaduuecKoro oopasa CHCTEMBI, a IIO-
TOM YK€ C HCIIOJIb30BAaHMEM I'OTOBOM KApPTUHKU pellaTh Ipemn-
JOKEeHHBbIe 3aJaHNs 1 COCTAaBJIATL cBou. IlogpobHOe obOCcysKae-
HUe 35TOIl 3aJaul MOJKET CTaTh MATEepPHaJOM IIeJIOT0 YpoKa
(aTO ymOOHO, IOCKOJIBKY 3/eCh HET TEeXHHUYECKUX CJIOMKHO-
cTell), a B KauecTBe JOMAIIIHETrO 3aJaHusA MOYKHO IIPEIJIOMKUTD
yJaIiuMcs COCTABUTh KaKIOMY CBOE€ OpPUTHMHAJbHOE 3aJaHue,
WCIIOJIL30BAB MJIS 3TOrO0, HAIpuMep, 3amauu K § 81.

8 77. Cucrtembl anrebpanyeckmx ypaBHEHWM
M HEPUBEHCTB

C moHATHMEM CHCTEeMbl YPaBHEHUM yualluecsa 3HaKOMBI C
7 xJjacca, a B 9 Kjacce y)Ke pacCMATPUBAJINCh HEKOTOPLIE TI-
Ibl CHCTEM HeJWHENHBbIX ypaBHEHUH (B YaCTHOCTH, OJHOPOI-
HbIe 1 CUMMETPpHUYEeCKMNe CHUCTEeMBbl B COOTBETCTBMM C IIpOrpam-
MOI JJid KJIACCOB C YIUIYOJEHHBIM M3yUYeHMeM MaTeMaTUKN),
TAK YTO MaTepuasl aToro maparpada IpeacTaBiseT co00i
o0o0111atoIiee IIOBTOPEHUE.

Samaun XII1.46—XIII.49 npexacTaBiaAa0T cO00 IPOCTO HA-
0Op HECJOKHBIX YIPaKHEHUN (UaCTUUYHO — TEOPETHUUYECKOIr'o
xXapaxkTepa), HUIJIOCTPUPYIOIUX U MAOHOJHAIIINX TEeKCT IIa-
parpada. 3azaum XIII.50—XIII.55 perrarooTcsa cTaHZaAPTHO
yKasaHHBIME MeTogamu. IlosicHeHus OyAyT IIPUBENEHBbI JIHUIIb
K HEKOTOPBHIM 13 HUX (TIe pellleHre BUIHO He cpasy).
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Pemrenuss m yKkasaHuUA K 3agadaM

XII1.46. a) {2} (sameTuM, UTO cHCTeMa C OJHOM IepeMeH-
HoiIil). 0) &
A X;I}I-50- a) {(3; 4); (38; —4); (=35 4); (—3; —4)}. 6) {(4; 3);
(4; —3);.

XIII.51. a) {(7; 3); (—=7; =3)}. 0) {(—2; 1); (—1; 2)}.

XIIL.52. a) {(0 0); (3+[ HIJ (3_2£; 1_2£j}.

XIIL53. a) {(1; 1); (2; 2)}. 6) {(0;0);(2;—1); (‘ %_

ENIRES

}
XIIL54. a) {(1; 3); (—1; —3); (E \/?j (—\/?; —Ej}

6) {(o +2); (15 1); (-1; [( [] ( } —%J}

B) {(2; 1); (-2; —1)}. r) Oxuo mesounciaenuoe peirnenue (1; 1)
—3+\/_ 2
M JOABa UPPANUOHAJBHBIX:
- 68+2O —17 +5

—3-\13 2 1) (—2 -1y (2. 50,
[#_68_20@,3_17_55]. ) {(2, 1); (-2; ~1); (ﬁ JE]

[‘ %; —%j} e) {(3; 2); (-3; —2)}. x). {(1; 3); (-1; —-3)}.

XIIL.55. a) {(3; 2); (2; 3)}. 6) {(3; 1); (1; 3)}. B) {(4; 1);
(1; 4)). 1) {(3; -2); (=2; 3); (1++/6; 1—/6); (1-/6; 1+ 6)}.
m) {(3; 3); (—2++/15; —2—15); (-2— V15; =2+ \15)}. e) {(2; 0);
(0; —2)}. =) {(3; 2); (2; 3)}. 8) {(3; 1); (1; 3)}.

XIIL56. a) {(9; 12); (-12; —9)}. 6) {(10; 7); (~=7; —10)}.

XIIL.57. a) {(1; 2); (2; 1)}.

6) {(3; 1); (-3; —1); (-1; —-3); (1; 3)}.

r) {(3; 4); (4; 3)}.

B){(21)(12),(1—2)(2 )(

58 (58)

35, £J (JB EJ
0)’ 5 )’
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) {(g; 5)s (5 5 ) 25 (-2 —5)}.

e) {(2; 1); (1; 2); (=2; 1); (15 —2); (05 —3); (=3; 0)}.

2x+y=u,
’K) Yrasanue. 3ameHa y—x=v CTAaHOBUTCA BHUIHA

IIOCJIe PAa3JIOEeHHUusA Ha MHOMXHUTEeJIn JIeBOU dYacTu IIepBOTIro
(2x +y)x—-y)=5,
20y — x)=2x+ y)® +1.

XIIL58. a) {(0; 0); (+/7; £7); (J19; —19); (/195 \19);

(£2; £3); (£3; £2)}.
6) {(0; 0); (4; 4); (1++/3;1—3); 1 —B; 1+ 8)}.
5) {(o; 0); (2 -2); (-2; 2); (6 6); (- 6: — B);

o5, 82 (25, 855, o,

ypaBHEHUA: {

. .
b b

[—ﬁ;ﬁ; —ﬁ;ﬁ]},

r) {(%; 42); (- 485 - 42); [E E] (—@; —@}

XIIL59. a) {(1; 2)}. 6) {(2; 1); [1&:@ —%‘@]} B) {(2; 1);

(=2; -1} ) {(2; 1)}. 1) D. e) {(4; 4; —4)}.

XIII.60. Yrasanue. Bo Bcex TyHKTaxX MCIIOJb3yeTCs 00-
masg uaes: CJIENCTBUSA CHUCTEMBI HAKJIAALIBAIOT OTPAHUYEHUSA
Ha nepemeHHbIe. a) {(3; 2)}. Pemeunne. VI3 mepBoro ypasHe-
4-y*=(2x-3y)’
X —xy’=-9+2x
Bropoe ypaBHeHMe pacCMOTPUM KaK KBaApaTHOE OTHOCUTEJb-
HO X, WOJyYUM x> — x(y2 +2)+9=0. [NucKkpuMHUHAHT
D = (y® + 2)> — 36 momKeH OGbITh HEOTPUIIATETHHBIM, & 3TO
BO3MOKHO TOJBKO Ipu y° > 4. TakuMm o0pasoM, CHCTeMa MO-

’KeT HUMeTh peIleHus TOoAbKo mpu y° = 4. IlojcraBisem
W OpoBepseM IIapbl pemieHuul y = 2, x = 3 (aABiaderca pele-
HUeM) u y = —2, x = —3 (He ABIAETCA PEIIEHUEM).

HUS CHCTEeMbI { cjenyeTr, UTO y2<4.
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B) {(1; 0); (0; 1)}. Pemenmune. Ilepenuinem cucremy

3 3 __ 3
+yt=1 —3f1-

x4 y4 " B BUAC y4 14 g

x+y =1 xt+yt=1.

nyet, uto |x| < 1 u |y| < 1. JIBa pemenus BuasbI cpasy: (1; 0)

u (0; 1). JoxaskeM, 4TO APYTruUX peleHuii Her. (3mech moJies-
HO HapucoBaThb rpadpurm obomx ypaBueHwuit.) Ilpu 0 < x <1,

0 <y <1 Bepus HepaBeHcTBa x* < x°, y* < y?, 1. e. x*+

+ y4 < x3+ y3. Kpome Toro, mpu 0 < x <1 B mepBoM ypaB-
Henum y > 0. Taxkum o6pasom, mpu 0 < x <1 KpuBbie

> I3 BTOPOTO ypaBHEHUSA CJie-

y=31-x* u x* + y* = 1 o6mux Touex me mmeror. Emé mpo-

me curyanua B ciaydae —1 < x < 0: B IepBOM ypaBHEHUHU
y > 1, a Bo BropoM ypaBHeHuu |y| < 1. 3HauuT, APYyTUX pe-
HIeHn# cucreMa He HUMeeT.

§ 82. UppaumoHanbHbie YpABHEHMSI U CHUCTEMbI

Bce HeoOxommMbie, a mopoii M BecbMa IIOAPOOHBIE IMOsSCHE-
HUS W3J0YKEHBI B TeKcTe Imaparpada, KOTOpbIH (KaKk W cJenxy-
oruit § 83, MOCBAMIEHHBIN MpPpPaAMOHAILHLIM HepaBeHCTBaM)
COCTOUT M3 MOAPOOHBIX O0BSICHEHHUI TOro, Kak o0pallaTbCcsa C
TAKOTO COpTa 3aJadyaMM, M OOJBIIOr0 KOJUUYECTBA IIPUMEPOB.
Kaxk um o0bIuHO, K 3agauaM, KOTOPbIe HEOOXOAMMO PEeIINTh,
OTHOCSATCA TEXHUYECKU HECJOKHBbIe 3aJaum rpynmnbl A (HoMe-
pa XIII.61—XIII.65). Sagauu rpynnsl B mpegHasHaueHbl OJIA
ydJammuxcsa W KJIACCOB C XOPOIINO Pa3BUTHIMU HaBBIKAMU.
B mpunnumne mgis yyammxcsd 9TOT pasfies YacTO OKAa3bIBAETCSA
cJOKHee, UeM, HAIpuMep, ImoKasaTeJbHble W JoTrapumMuuec-
KMe ypaBHEHU:dA, IIOCKOJBbKY 3/eCh, KaK NOAUYEPKUBAETCA B
TeKCcTe yueOHUKAa, IMOABJIeHNe ITOCTOPOHHUX KOPHEeH, Kak mpa-
BUJIO, HE CBA3aHO C O0JIACTHIO ONpeleseHUsd ypaBHEHUA, UTO
co3maéT y ydamimxcs, KOTOpble He CTaJKHBaJNChL C STUM pa-
Hee, HEKOTOPHIN NCUXOJOTUUECKUU AUCKOMGDPOPT.

B samauvax XIII.61—XIII.62 ypaBHeHUA peIlnaiTCA CTaH-
IapTHBIMHU CcIIoco0aMu, KOTOpblie OBIIM pasobpaHbl B yueOHU-
Ke (yenuHeHUe paJuWKaja, BO3BeJeHNEe B CTeIleHb U T. I.).
ITpu sTOM HEOOXOAMMBIM BJIEMEHTOM PEIIeHUSA SABJISETCS IPOo-
Bepka uam (OJd JoOuTeseil) HaNIOKeHNe TOIOJHUTEIbHBIX
YCJIOBUI ¥ HCIOJIb30BaHNE PABHOCUJIBHBIX CHUCTEM. 3aMETUM,
YTO HPU IIPOBEPKEe He HYKHO ONMCHIBATHL CaM ITPOIIECC: MO-
CTAaTOYHO IIPOCTO HAIMUCATDH, «IOAXOMAT» JIA IOJYUEeHHBIE UUC-
Ja (T. e. ABJAAIOTCA JU HaWJeHHbIE UNCJIA KOPHAMU KMCXOTHO-
ro0 YpPaBHEHUA) UJIU SBIAIOTCSA IMOCTOPOHHUMHU KOPHAMU.

B mexoTopnIX 3amauax IOJEe3HO O0OpaTUTh BHUMAaHMUE Ha 00-
JacTb ompeneenus (Hanpumep, B s3azauax XIII.61 o) um c)).
B samaue XIII.62 6) ymoO0HO BOCHOJIB30BATBHCS COOOPAKEHUS-
MU MOHOTOHHOCTH.
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Pemrenuss m ykazaHuA K 3agadam

XIIL61. a) {~2; 3. 6) {3). B) {3}. 1) {%} m {7). e {3
) {(~2). 8) {~2). m) {__}. k) {~7; 8. 1) {9). wm) {10}. m) {8}.

0) {3}). m) 2. p) {i%} ¢) [3; +90) L {0}.

XII1.62. a) {£3./21}. 6) {2}. B) {-61; 30}. T) {— T 2}.

x) { i;}
XIIL63. a) {0; 2}. 6) {g} 5) {__}. 1) (-1} x) {2). €) {-3;

6}. ) [1; +00). 3) [%, 3}. Yrkasanue. Bce ypaBHeHUus peiia-

IOTCA C HCIIOJb30BAHMEM HECJIOKHBIX 3aMeH.
XII1.64. a) {2}. Yrxasanue. 3amena t = 3x* + x — 2 mpuso-

IUT K CTAHAAPTHO peIlaeMOMy ypaBHeHHUIo ¢° + ¢t — 10 = 0.
6) {-5; 2}. Ykasanue. Bsectu 3ameny u=33—x,

v=36+x )
B) {1; 2; 3}.
XIII.65. Yrasanue. cmonb30BaTh MOHOTOHHOCTD.

a) {4}. 6) {1}. B) {0}. r) {1}. m) {1}.
XTIL66. a){ } 6) {3); B) {~6 £ /33}; 1) {~2; O}; ;_-;){ }

XIIL.67. a) {3; g(g—ﬁ)}. 6) {8). B) {5}. Vrasanue.

3aMeHa t=\/x+4+\/x—4.
r) {3}. 1) {8‘“}. e) {1}. %) {5}.

XIII.68. a) {0}. 6) {3}. Vrkasanue. \/x -2 = %/5 + x — 1. Boc-

[IOJIb30BaThCA 3aMeHON u = .,/x —2, v=235+ x. B) {-2; —1; 7}.

r) {8; 8i12\/§}.

I) {i%} Yraszanue. Bociosib30BaThCA 3aMEHOM U = 5% + x,
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N

_ utv=l 16; 81 8
v=35—x, roraa | 5 s _ 4 e {16; 81}. x) {8}.

XIIL69. a) {-1; 1}. 6) {0; _”213}.

B) {3; 1_2 2}. Yrazanue. BHEeCTH MHOMKUTEJL IIOJ 3HAK

pazmkaa.
r) {1; 2}. Pemenue. YMHOKUM UYNCJUTEJNh W 3HAMEHA-

Jx+2+Jx—1
Jx+2 - -1

3HAMEHATEJIIO, IIOJIyYNM

Ha BBIPaKeHUe, CONPAKEHHOE

2¢+1+2Jx+2x—1 —ox—1=
3

TeJb Apoou

x=1,

9 x+2F=4(x_1)’ Orcrozna L/x+2=2\/x—1:>

x=1
z{ 2’ IIpoBepka mokKaswIBaeT, 4TO 00a KOPHS HOAXOMIST.
x=2.

w5 o |1 2B g .

4

3) {g} Yrasanue. Ilepenucarb ypaBHeHHE B BHE

J2x — 1+ \/5 = \/4x + 2+ \/x —1 m Bo3BecTHm B KBajapar.
u) {7; 38}.
XIIL84. a) {(5; 4); (5; —4)}. 6) {(4; 4); (2; 1)}. B) {(3+ V6;

2B 1) {[1” SRS ]} SXCRVACR Y

8
XIIL.85. a) {(4; 9); (9; 4)}. 6) {(1; 8); (8 1)}. B) {5; 7)}.
r) {(3; 2)}.

XTIL86. a) {(—1; —9); [—4; —%J}

6) {(8; 4)}. T) .

XIII.87. a=i. Vrkaszanue. 3agauy peniatb rpapuyuecku

(B mwrockoctu (x; y)).

XTIL.89. ae[—l; —%)u( L

—5
JuTUYecKoe mau rpaduueckoe pelneHme. IIpuBeném rpadu-
yeckoe perrenue. Ilyuyoxk npambeix y = ax — a — 1 mpoxomur
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uyepes Touky (1; —1). (Taxkum 06-
y pasoMm, oxHa 00IIIasg TOYKA y rpa-
¢uKoB ecTh Bcerga.) B saBucumoc-
TA OT YIJIOBOTrO Koa(dduiimeHta a
0 (puc. 13.10) mpsaMas IOBOpaYU-
1 X  paerca BOKpyr Ttouxkm (1; —1).

1 .
Ilpu a =—5 oHa Kacaerca KPUBOIi,

anpu -1<a<0 [ai—%j uMeeT

Puc. 13.10 .
IBe oO0Ilre TOYKU C KPHUBOIA.

§ 83. UppaunoHanbHble HEPABEHCTBA

IIpakTuuecku Bce KoMMeHTapuu K § 82 orHocATcA M K
§ 83. CyimecTBeHHOe pasjauuue JUIIMb B TOM, UTO IJA IpPUMe-
HeHUs MeToJa WHTEepBajJoB (a 9To Hambojiee MPEeNIOUTUTEb-
HBIA cIoco0 OelicTBUII) OKa3bIBaeTCsd HEOOXOAUMMBIM HANTU
obJiacTh ompenesieHnsI HepaBeHcTBa. Kax um 0ObIYHO, He00XO-
OIUMBIMHK SBJAIOTCA 3amauu rpymnbl A (momepa XIII.70—
XII1.73). IIpu :KedaHWK MOYKHO HMPEBPATUTL YPABHEHUS I'PYII-
bl A K § 82 (manpumep, XIII.61 u XIII.63) B HepaBeHCTBa,
4YTOOBI, C OJHOM CTOPOHBI, YACHUTH TECHYIO CBS3b MEMXKIY
YpPaBHEHUSAMMU W HepPaBeHCTBAMU, a C APYTOW — IOJYYHUTH HAa-
0Op HECJIOXKHBIX IOIOJHUTEJBHBIX 3aJaHUU IJIA CaMOCTOS-
TeJbHOU PaboThl (JOMAIITHEr0 KOHTPOJIsA). Bece Gojee cIoKHBIE
sagaun (rpymnna B) cHaG)xeHBI IMOAPOOHBIMI KOMMEHTAPUAMU
(cMm. HUKe).

Pemrenusa un YKa3aHudA K 3agadyaM

XII1.73 a) Yraszanue. Bocmmonb3oBaThCs 3aMeHOI IIepeMeH-
2x+1
X

HOW t = . 0) Yrasanue. Bocnonabp3oBaTbCcsa cooOpasKeHU-

AMN MOHOTOHHOCTH.

B) [-1; 8). Peme Hue. Comocob 1. MIsbaBuMCA OT UppaIiuo-
HaJBHOCTH B 3HaMeHareje Apobu. McxomHoe HepaBEeHCTBO

2
x
x—4<-—F7—5 upu x # 0 paBHOCHUJIBHO HEPABEHCTBY
1+ 1+ x)

x2(1— J1+ Jc)2
-4 < — ,2 > KOTOpOe, B CBOIO O4Uepejb, PaBHOCUJILHO

— _ 2 1<
cucreme {x 4=d \41+x),:>{\/1+x<3,:>{1 x<8,

x#0 x#0 x#0.
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Ocranocsb y4uecTb, 4YTO X = 0 Toxke BXOOAUT B MHOMECTBO pPe-
MIeHn HepaBeHCTBa.

Cmoco6 2. 3ameHa mepeMeHHOU t = ./x +1 OpuUBOAUT Hepa-

~ (t2 _ 1)2

D)2 unu t2—5<(t—1)% Nanbmeii-

BEHCTBO K BHAY t>—5
1ree OUYEeBUIHO.

XIIL.74. a) {1; %) 6) (1; +oo).

2
B) [5§; +00). Pemrenue. Ilepenumniem HepaBeHCTBO B BU-

ne \J(x = 3)(x = 5) + J(x + 5)(x — 3) > [x— 3)(4 x— 6).

Haiiném OOH: x € (—o0; —5] U {3} U [6; +0). O6parure
BHUMaHMe Ha usoampoBaHHyio TOuKy B OOH! IlocKoabKy
X = 3 He ABJAETCS PeIlleHNeM HePaBeHCTBA, PACCMOTPUM IBa
cayudas: x 2 b u x < —5. 1) x > 5. Ilogenum obe uacTu Hepa-

BeHCTBA HaA ./x —3. IlosyuumMm HepaBeHCTBO ./x —5+ . x+5>

> /4x — 6, KoTOpoe pelllaeTrcsi METOAOM HHTEpPBajaoB. B pe-

2
3yJabTare X > 55.

2) x < —5. Temeps momenum ob6e YacTH HepaBeHCTBA Ha

\/8 — X, moIyunm \/5 -—x+ \/—x -5> \/6 —4x. 9TO HEPaBEHCTBO
pellleHUI He HMeeT.

2
XIIL75. a) [-2; 2). 6) [0; (%} } B) (-1; 4). 1) (3; 11).
o) [9; 10) u (34; 35].
e) (—0; 0). Peme Hue. Beeném sameny u=+x>—2x+9,

2 2
—u?-4
v=4/x®+2x+9. Torga v? — u? = 4x, x—l=v+1/1x+ 1=

_ vi-u?+4

) HepaBenctBo mpuobperér Buzp v — u? +

2_ 2 _ 2_ 2
+[%) ‘u+ E%j-v<O:>4(vz—u2)+u(vz—u2—4)+

+o(i-u+4)<0=40*-ud+@w+v)(vi-uIH+4(v-u) <0 =
S@w-w@d@w+u+@w+v)i+4)<0=@w-u(utv+2)2<0.

ITockoabKy u + v + 2 > 0, mocjenHee HepaBeHCTBO PaBHO-
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CHJIBHO U > U, T. €. \/x2—2x+9>\/x2+2x+9. Pemasa sto

HepaBeHCTBO, moaydaem x < 0.

XIIL.76. a) (-1; 1].

6) [—oo; —% — %) Yrkazanue. YMHOXKUTL 00e yacTu Hepa-

BEHCTBA Ha BBIPAKEHUE, COIPAKEHHOE JIEBOU YacTHU.

§ 84. UppaumnoHanbHblie ypaBHEHMs
M HEPUBEHCTBA C NAPAMETPAMM

B maparpade Ha ogHOM HpmMepe paszduUpaeTcAd IPUMeHe-
HUe BCeX TPEX METOMOB peIleHus 3amad C IIapaMeTpaMu.
B yueOHuUKe 3amauym K 3TOMY Haparpady CrpyINIHPOBaHBI
MMEHHO II0 IIPUMEHAEeMbIM MEeTOJaM: aHAJUTUYeCKui, rpadu-
yecKHU# (IJI0CKOCTh (X; y)), rpadudeckuil (maocKocTh (x; a)).

3ametum, uTo rpadmuecKkuil cmocobd (HJIOCKOCTH (X3 Y))
MMeeT CMBICJI MCIIOJb30BaTh B IEPBYIO OUepenb MAJIA ypaBHe-

Huii Buga +/f(x) =ax+b. B atom cayuae (eciu mmapameTrp Ipu-

CYTCTBYeT B KauecTBe YIJIOBOTO KO3(P(pUI[MeHTa JUHEHHOH
(PYHKIIMM B IIPaBOM YacTH ypaBHEHUS) aHAJIUTHUUYECKUE CIIOCO-
OBl ¥ MCIIOJBb30BaHUE ILIOCKOCTHU (X; @) ualle BCero m3o0umiy-
I0OT TeXHHWYECKHMHN CJIIOKHOCTAMM MNJIM BOBCE€ HEIIPMMEHMMBI.
Pemrenne xe B mJ0oCcKOCTH (X; i) CBOOUT 3ajlauyy K UcCCJIeLOBa-

HUIO B3aMMHOTO PAaCIIOJIOMKEHUSA rpapura QyHKIUH Y = ./f(x)

U OpAMOU y = ax + b (cayyam KacaHUs, IIepeceueHus U T. 1.
WCCJIeAYIOTCS, HAIIPUMEP, C HOMOIIBI0 HPOU3BOAHON UIU U3
reoMeTpUUYeCKUX coobOpaskeHuii). Hamuuwme B yciaoBuu 3amadu
IBYX TepeMeHHBLIX X U Y (IMOMUMO ITapaMeTPOB) TaKKe yKa-
3bIBAET, KaK IIPABUJIO, HA yIOOOCTBO WCIIOJIb30BaHUS rpadu-
YEeCKHUX IOAXOJ0B B IJIOCKOCTHU (X; Y).

Pemrenus m ykasaHusa K 3agadam

XII1.77. a) a = -3, b = 2.

6) Ecmu a >0, TO x=a’+a; ecim a<0, TO
xe J.

r) Ecim a <0, To x € (-90; 2]; ecitm 0 < a <1, To x €
€ (—0; a® —a? + 2); eciim @ =1, TO HepaBEeHCTBO He WMEET
cMbIcJIa; ecau a > 1, To x € (a3 —a?+ 2; +00),

) Ecnn a>0, o x € {—g; +00); ect a=0, 1o x € [0; +0);

a
eciin a <0, TO xe[;; +OO). Vrkaszanue. O6pature BHUMAaHIE
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Ha B3aMMHOE PACIIOJIOMKEHNEe TO-
yeK (B 3aBUCHMOCTM OT 3HAKAa IIa-
paMerpa a) HPU MKCIIOJb30BAHUU
MeToJa WHTEPBaJIOB!

XIIL.78. a) a > 3. VrkaszaHue.
IToctpouTrs rpadpurm QYyHKIUN

y=+x—-3 uy=a-—|x (puc. 13.11).

6) a<-1 wmau a=>0,5. Pe-
menue. llocrpoum rpapux QyHEK- 5 1317

muu y=.6-x+.x+3. Ypasue-

HUe UMeeT PeIlleHNre, eCJIU IIpsaMas
Yy = = ax mnepecekaer nayry AB,
rae A(—3; 3), B(6; 3) (puc. 13.12).
Vraosoii kosdduimeHT mnpamoin Y = ax, Y4 y=ax,a> 5
OA paseH —1, a yriaoBoii koappu- @ <-1 5
nueHT npamoir OB pasen 0,5. A B
B) a< —2 wiu a > 4. YkasaHue.
PelrteHne aHaJOTMYHO PEIIEHUIO y=—x 7= %x
dagauu XIII.78 06). 0

XIIL79. a) a < -2 mm a>3. -3 6

0) a<\/§. Yraszanue. Uccneno-  p,. 1312
BaTh B3aMMHOE pacIoJio)xeHHE II0-

x| y =3 — |xl

y=II

JIYOKpYsKHOCTH Yy =+/1— x® u mpamoit y = a — x.

3ameuanue. 3amavyy MOKHO pelllaTh M B ILIOCKOCTHU (X; a).
BoamoykHO 1 aHAIUTUYECKOE pellleHne, IJA Yero HepaBeHCTBO

HY’KHO IIepemmcarb B Buge a<x++1—x?> U MDOIOXKUTH

f(x)=x+1- x2 HepaBencTBo OygeT mMeTh peIieHHNe, eCIU d

OymeT MeHbIle HambOoJibiiero sHauvenus [. HawmOosibiiiee 3Ha-
yenue [ MoOKeT OBITH HANAEHO CTAHZAPTHBIM CIIOCOOOM C
MCIOJIb30BAHNEM MPOMU3BONHOM ((pyHKIUA [ mMeeT HA CBOeH
obaactu ompeneaenus [—1; 1] eTUHCTBEHHYI0 KPUTUUECKYIO

1 ..
TOUKY x=ﬁ, OPUUYEM BTO TOUKA MaKcmMyMma). Bo3MOKHO

TaK/Ke HCII0Jb30BAaHME TPUTOHOMETPHUUYECKOH ITOACTAHOBKU
x = cos0, o€ [0; n] (Ha aTy MBICJIb HATaJKWBAaeT BbIpasKeHUe

\J1—x?). TIpencraBisercsa IOJEe3HLIM IPOBECTH PpeIleHHe He-

CKOJIBKUMM CHOoco0aMu ¥ CPaBHUTH WUX.

B) Eciin a <0, To x€ (\75; —a}.
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XIII.80. a) Eciin a <0, To x=1+.1—a; eciu 0 < a <1,

TO xe{l—\/l—a; 1+\/1—a}; ectma=1, 0 x =1; ecoti a > 1,
To x € . VKa3aHue. YpaBHeHUEe PaBHOCUJILHO CHUCTEeMe
a=2x—x2

{x =>0.

B) Eciimu a < 0 uau a > 1, To pemenuin #Her; ecau a = 0,

TO Tpu peineHusd; ecau 0 < a < 1, To yeThbIpe peIlleHUd; eCU
a =1, To g1Ba pelleHusd.

1

r) ae [—%; —E)U(O; %]u{—l}.

XIII1.81. a) Eciiu a < —4, To x€ &J; ecnu a = —4, 10 X = 2;

eciu -4 <a <0, TO xe[—%;2+ 4+a}; ecau a = 0, TO

xe[0; 2+ 4+al.

_ _1.31. - 1.4
6) Eciu a = 0, To xe[ 1; 5], eCcIu a =5, TO xe[ 1,5}.

Vrkaszanue. 3gech ymobmee (XO0Td M Heo0sS3aTeIbHO) CTPOUTH
rpauK ypaBHEeHUA B ILIOCKOCTHU (a; Xx), paccMaTpuBas X cpa-
3y KakK 3aBHCHUMYIO IIEPEMEHHYIO M OTKJIAAbIBAT €€ 3HAUYeHUA
Ha OCH OPAMHAT; B 9TOM CJyuae IpsMbIe a = const OyayT Bep-
TUKAJbHBIMHU.

B) ac[0; l)u[l; “f}. r)a<-1.

XII1.82. a) Ecau a <0, o xe€ J; eciz a = 0, To x = 0.

<
Pemenue. OOH: {i @

IIpu a < 0 jeBas yacTh ypaBHe-
HUS /a— X —./a+ X =Xx He CyIllecTByer, a upu a > 0 PyHK-
1Sl B JIEBOM YaCTU CTPOro yObIBaeT Ha CBOEM 00JiacTH oIpe-
meneHus [—a; a], T. e. ypaBHeHUe mMeeT He 0oJiee OTHOTO
KopHA. OueBUIHBIA KopeHb X = 0, Ipyrux KOpHEH HeT.

6) x = a. B) Eciu a <4, To KOopHell Her; ecau a =>4, TO
OIUH KOPEHb.
r) Eciu a <0 unu a > \/5, TO KOopHeill HeT; ecau 0 <a < \/5,

TO oAuMH KopeHb. Pemenwue. Ilepenumiem ypaBHeHUe

B BHUeE \/2x +8 — \/Zx + 3 = a. u nepeBenéM MPPALMOHAIBLHOCTD

5

B JIEBOI uYacTH B 3HaMeHAaTeJb IPOOuM: =a
J2x+8+2x+3
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5
J2x+8+2x+3

Dyurmua f(x)= cTporo yObIBaeT Ha CBOel 00-

3 ..
JacTU OIpefeNeHus |—5; +o°|. Eé mambonbluee sHaueHUE J0-

3 3
CTUTaeTCsA B TOYKE X =—5 U PaBHO f(—§j= J5; MHOKECTBO
sHauenuin E(f)=(0; \/5]. Ecau uuciao a npunagnexkur E(f), To
2
) (3/a - a?-8)
ypaBHEeHUE MMeeT eINHCTBEHHBIN KOPeHb. ) X = 3y
e) x =a. XK) x = a.

XIII.83. a) ae{—Qi}u(—Q; —3). Vkasanue. YpobHee pe-

ImaTh 3agady B ILTOCKOCTU (Xx; a). YpaBHeHHe PaBHOCUJILHO

x2—4x+3=3x+a,$ a=x%-Tx+3,
3x+a=0 a>—-3x.

6) Eciz a <0 to x € [1; +0); ectu 0 < a<1, 1o x € [4a® +
+ 1; +0); ecir a > 1, To x € [1; a®) U (4a® + 1; +0). Yka3a-
Hue. YmobHO pelnaTh rpaduuecku B miaockoctu (x; a). O6pa-
TUTh BHUMAaHIe HA TO, UYTO €CTh ONACHOCThH IIPOTJIAAETH IIPO-
MeXKyTOK pernenuii (4a® + 1; +0) gua a > 1.

3ameuwanue. VIMeeT CMBICI TaKKe MPEMIOKUTH YUAIIMCS

PeIuTh, HecTporoe HepaBEHCTBO (\/; —a)/x—1-2a) >0 u He-

cucreMe {

paBercTBO ¢ obpaTtHbIM 3HakoM (Wx —a)(/x—1-2a)<0, uro-
OBl IIPOCTEAUTDH, KaK M3MEHsSeTCsS IPU dTOM OTBET.

1 —3+:{—7—16a 1 7
B) Eciu a < —5» TO X€ [a; 3 }; ecnu —5 <a < ~16°
—7-16a_ -3+ ,/—7—16a}_
b

7
3 ; 3 ecimi a>——, To x€ .

16’

-
TO X¢&

(a—1)*
|

r) Ecau a <1, 1o x€ J; ecau a > 1, To xe{O;

mlal >2. e) a=5-5 wm a=-5+5.

§ 85. MokazartenbHble YPABHEHUS M HEPOBEHCTBA

IIpocreiiiniue moKasaTe/ibHBIE ypaBHEHUs W HepaBeHCTBA
ObLTu paccMoTpeHBbI B Kypce 10 xiacca (rsiaBa V). Marepuan
aToro maparpada pasBUBaeT TEOPUIO, MBJIOKEHHYIO B ryiase V
(B UacTHOCTH, 0 MOHOTOHHOCTH IIOKa3aTeJbHOHU M JorapudmMu-
YeCKOU (PYHKIIUI), MPUMEHUTEJIbHO K PEIIeHUI0 pasHooOpas-
HBIX yYpaBHEHUI, CBABAHHBLIX C IIOKA3aTeJIbHON (QYHKIIUENH.
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IIpu mayueHUM MaTepuaja Ba’KHO He CKATUThCA K KJac-
cupuKanuy ypaBHeHUN (OSHOPOIHBIE, CBOAUMBIE K IIOACTA-
HOBKe U T. A.). lHaue roBOps, IIOMHUMO PACIO3HABAHUS IIPU-
BeIEHHBIX THUIOB YPaBHEHUI, HEOOXOAUMO IPUMEHATL 3HAHUE
CBOWCTB IIOKas3aTeJIbHON (PYHKIIMYM U HABBIK IPeoOpasoBaHU
CTEeIIeHHBIX UM II0OKA3aTeJbHBIX BBIDAKEHUU K peIIeHUIo He-
CTaHIAPTHBIX 3amau (HampuMmep, s3amgada XII1.95).

Tak:ke caeayeT oOpaTUThL BHUMAHWE HaA OuepegHOe IpU-
MeHeHNWe MeTOoJa WHTePBaJOB, Ha 3TOT pasd MAJA peIlleHus
IMOKAa3aTeJIbHBIX HepaBeHCTB. Iloje3HBIM IIpU peIllleHuu Hepa-
BEHCTB, O0COOEHHO CMEIIIaHHOro Tuia (T. €. C yJYacTueM BhIpa-
JKeHUHM pasHbIX BUIOB — MOKas3aTeJbHBIX, Jorapupmudec-
KHUX, TPUTOHOMETPUUYECKUX U T. I.), ABJIAETCA OCHOBHASA TeO-
pemMa o IoKasaTeJbHBIX HepaBeHcTBax. O0a yTBep:KIeHUS
9TOM TeopeMbl MOYKHO OOBEIMHUTH B cJjenymiiee: npu a > 0

BeiostHeHo a'™® > 4™ o (a — 1)(f(x) — g(x)) > 0.
Pemrenns u ykasaHus K 3ajadyam

XIIL.90. a) {-4}. 6) {—%} B) {2). 1) {25). m) {1}. e) {log,2T}.

x) {2). 8) {1}. 1) {—%; g} K) {i%n—HZnn: neZ}. ) {2). ) {3).

XIII.91. a) {2}. 6) {3}. B) {-1; 3}. r) {-3; 0}. m) {1}.
XII1.92. a) {2; 3}. 6) {—4; 4; 2}. B) {0; 6}. r) {log:3}.
2

. 2 3 _3 1 8 1
I) {O, loggg}. e) {2} K) { 2}. 3) {2} 179 {1°g§§}° K) {2}
Ykaszanue. Bce ypaBHeHUs (IIocje COOTBETCTBYIOIIEH 3ame-

HBI; B HEKOTOPHIX TpedyeTcA MepPerpynnupoBKa U PasiioKeHue
Ha MHOMKUTEJNU) IMIPUBOAATCA K OJHOPOTHBIM.

XII1.93. a) {nn: ne Z}. 6) {~2; 2}. B) {~2; 2}. 1) {L;\é}

XIIL.94. a) {0; log;15}. PemeHnue. 3anumeM ypaBHeHUe
B BHUJE pxixtl _ 5. gx o priox _ gx IIposiorapudpmupyem
06e YacTH II0 OCHOBAHHIO 3, mosyuuMm (x2 — x)logsb = x. Or-
cioga x= 0 mmu (x — 1)log;5 = 1. I3 mocienHero paBeHCTBA
x—1=1log;3 = x =log;3 + 1 = log;15.

6) {-1; log,3}. B) {3; log5[5}. r) {3; logz(%J}.

XII1.95. Vrkas3aHue. YpaBHeHUs PeINalOTCA C HCIOJL30Ba-
HHEeM CBOICcTB (PYHKIUN (KaK IPaBUJIO0, MOHOTOHHOCTU U
OTPAaHUYEHHOCTH).
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a)x{2}. Pemenue. Pazmenum o06e uvacTu ypaBHeHUSA

2*-32=1 ua 35, TMOJIyYUM [%] —1=[%j (unu, ecau Tak

X X
4\2 1)2
KaskeTcsa ymoOHee, [g] —1=[§j ). JleBaa uvacTb ypaBHEHUS

€CTh CTPOTO BoO3pacramolnad (QYHKIIUA, a IpaBasd — CTPOTO
yOBIBamoIas, IMOITOMY ypaBHeHUe mMeeT He 0ojiee OTHOTO
KopHaA. OH JIeTKO yraJabIBaeTcs.

6) {1}. B) {2}. r) {1}. m) {2}.
e) . Pemenue. OueBUaHO, JieBasi YaCTh YPaBHEHUS IIO-
JIOKUTEJbHA IIPU BCEX X, a B IIPABOI YacTU HAMOOJbIIIee 3HA-

yeHHe KBaJpaTHOTO TpéxuieHa —2x° + 6x + 9 mocrturaercsa

3 1
npu X = W DPaBHO —45, T. €. IpaBas 4YacTh 3aBeIOMO OTPU-

nateabHa. TakuM o6pasoM, MHOKECTBA SHAUEHUUN 3TUX (PYHK-
IV He IepecerarTcs (MOJe3HO MJIA WJJIIOCTPAIU HAaPUCO-
BaTh rpadMKu 3TUX (PYHKI[UI).

&) {0}. Vraszanue. Bocosb30BaTbCA OTrPAHUYEHHOCTBLIO
GyHKIUE B 00eMX UACTAX YpPaBHEHUS.

4
— >4

3) {1}. Pemenue. B yieBoil yacTu ypaBHeHusa 2° +

(manpumep, m3 HepaBeHcTBa KorIim), a B IIpaBoOll UYacTu

. Tx
4s1n7<4. PaBeHCTBO BO3MOJYKHO TOJIBKO mpu x = 1.

u) {0}. ) {0}.

a) {0}. Pemenue. Bocmoinbsyemcsa OTPaHIYEHHOCTHIO
QYHKIIUA B 00emx dacTAX ypaBHeHUdA. B JeBoit uacTu 2% > 1.
B 1mpasoii uwactu cpenaem 3ameny ¢ = 3*. @OyHKIUA

g(t)=,/2t —t® mocTuraeT cBOEro HAHMGOJBIIETO0 BHAUEHUS OJ-

HOBPEMEHHO C KBaJpPaTHBIM TPEXUJIEHOM IIOJ 3HAKOM paguKa-
aga npu t =1, npuuém g(1) = 1. Takum o6pazom, B IpaBoOii

JacTu ypaBHeHHuS BhIpakeHume /23" —38% <1. PaBeHcTBO

BO3MOJMHO, TOJBKO KOorga 0o0e uacTu PaBHBI 1.

M) {1}. Yraszanue. CpaBHUTHL MHOKECTBa 3HAUEHWH JI€BOU
W IIpaBOUW YacTell ypaBHEHUS.

XIIL96. a) (—00; +0). 6) (=2; +0). B) [__. _}
1

r) (—%0; —3)U[ +oo). m) (-2;1). e) (log,;90; +c0).

7) (555} 9 (005 21 U [55 09 m) (55 -3) U (35 +o9).
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k) [15 21U (55 +00). ) (—00; —4) U (05 +00). m) [-15 1 — 2] U
U1 + 4/2; 8]. 1) (—o0; —4) u[—g; 1}. 0) (=05 0) UE; +OO}

XIIL.97. a) (1; +o°). 6) (—1; 1]. B) (—°0; O)U[g; +°°]-

r) (T =Bl U Y3 D). m) (mo05 3-4B) U B+ 35 +09).
e) [—oo; %j ®&) (—o0; —1). 3) (—OO; log%}u[logs%; loggg).

XIIL98. a) (3; +0). 6) (—/3; 4/3). B) (-0; 1] U [2; +o0).

r) (2905 8] U [05 8] @) (~o05 ~1] U [1; +00). €) (-1; 2).
XIII.99. a) (—o°; 0).

6) [-1; 3). Yrasarnue. 3amena 1,‘=2‘/g
B) (—1; 2] U [3; +2°). VraszaHue. 3ameTuTh, UTO \/5—1=

=5 Torma (J2-1)* = (2 +1)"

r) [-2; 1) U [1; +°). Vka3aHue. AHalorudyHo 3zamaude
1
XIII.96 B) 3aMeTHUTBH, UTO /D —Z—W.

I) (—o°; —1]. Peme Hue. 3ameTuM, UTO (\/5—1)2 =3 —2\/§=
1

3+22

nepermcars B Buge 2(/2 —1)* — (42 —~1)* <-1. Bocmonnsayem-

u 3+22=(/2-1)2 Temeps HEPABEHCTBO MOMHO

cA 3aMeHOU t=(\/§—1)x. Pemtasa mosyuymBIiieeca HepaBeHCTBO,
HaxoguM ¢ = \/E +1. Taxkum o6GpasomM, (\/5 -1)*> \/§+ 1=
:>(\/§ -1)* >(\/§ —1)". IIockoabKy \/5 -1<1 u QyERIUA
(/2 -1)* y6sBaromas, To x < —1.

e) (—1; 1). Vkasanue. Amanornuno samauve XIII1.99 nx) za-

mcaTs 2—\/§=ﬁ n T+43=(2+3)2

XIII.100. Yrxasanue. HepaBeHcTBa NPUBOAATCA K BUILY
a’™ > p#®, HamomHuM, 4YTO TaKkuWe HePAaBEHCTBA PeEIIAIOTCH
JorapudmMupoBanreM o0emx dYacTell mo J0O0MYy yZOOHOMY
GUKCUPOBAHHOMY OCHOBAHWUIO.

a) {0} U [log;3; +©). Pemenmue. Ilepenumem HepaBeH-
CTBO B BHJE 37 .10 < 5 - 10 = 3°° < 57, IIposorapudmu-
pyem obe gacTu 1Mo OCHOBaHWIO 5, moayumm x° - log:8 < x* =
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= x*(x — log;8) > 0. 6) [-1; 0) U y
U [log;16; +0).

XIIL101. ae(—2; \2). Pe- 1
meunue. Bocnonb3dyemcsa saMeHON
t = 2%, HcxomHoe ypaBHEHHE MMeeT
pellieHure TOTAAa W TOJBKO TOTAA,
Korga ypaBHeHume 8t% + 5t + a® —
— 2 =0 umeer X0Ta OBI OZHO IIOJIO-
JKUTEJIbHOE PellleHne, a 9TO yCJIOBUE
PaBHOCUJIBHO TOMY, 4T0 a’ — 2 < 0
(HampuMmep, mo TeopeMe Buera; 1mo-
JIE3HO TaKJKe M300pasuTh 3Ty mapa- -871
00J1y, Y KOTOPOI OpAMHATA TOUKHU IIe- (\
peceuenus ¢ ocvio Oy paBHA a’ - 2).

XIII.102. a € {-8} U (0; 1]. YKa- pyc. 13.13
3anue. Bocmoab3oBaTbcAa 3aMeHOM

t = 3*. Iloctpouth rpadur QyHKIUN

t2 “l

-t I

f(®) PRy (puc. 13.13). l,_16s
XII1.103. Ecau a <0, 1o x€ I

€ (—oo; logy(—a)); ecam a =0,

To x€J; ecau a >0, TO XxE€ NN t

a sa=-t
xe(—OO; log4ﬁ). Pemenue. 3a- \\\

Jadqy ymoOHO pellaTbh B IIJIOCKOCTH
(x; a). Bocmoansyemcsa 3ameHoi Puc. 13.14

t = 4%, oHAa NPUBOAUT HEPABEHCTBO K

Buny a’ — 15at — 16¢t2 > 0, ¢ > 0. IlocTpouM B ILIOCKOCTH
(t; a) MHOKecTBO, 3aJlaBaeMoOe 9TUM HepPaBEHCTBOM, IJS Uero
samnumniem ero B Buze (a + t)(a—16t) > 0, ¢t > 0 (puc. 13.14).
ITonyuaem, uro ecau a <0, To 0 <t < —a; ecau a = 0, TO

a
xe J; ecim a >0, To 0<t< 16" BosBpamasick kK mepemeH-

HOM X (@A yero HmMpuUAETCS PEIIuTh HepaBeHcTBa 4 < —a
a
u 4x<ﬁ), MOJYUYNUM OTBET.

XIIL.104. a e (—oo; 24 — 8,/3).

§ 86. Jlorapudpmmnueckme ypasHeHWs U HEPOBEHCTBA

IIpakTuuecku Bech maparpad COCTOUT U3 OOBSICHEHUH, mde-
MOHCTPAI[UN CTAHZAPTHBIX IIPHUEMOB, IMOACKA30K WM IIPHUMEPOB.
Pexomenayem 3mech o0paTuTh 0co00e BHUMaHMe Ha paszen «Jlo-
rapu(pMuUecKrie ypaBHEHUS 1 HEPABEHCTBA C IapaMeTPaMI».
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B samauax XIII.105—XIII.108 umcrosib3yHTCs TOJBKO OC-
HOBHas TeopeMa O JIoTapu(MHUUECKUX YpPaBHEHUSIX W CTaH-
JapTHBIE IMOAXOAbI (IpeoOpa3oBaHUA C YUYETOM O0JIACTU OIIpe-
IeJleHUs YpPaBHEHUs, IIPOBEPKA).

Homepa XIII.118—XIII.120 mpexacraBiaAaioT co0OM YMCTO
TeXHUYECKUe 3aJaHUs U HECJOKHbIe YIIpa'KHeHUs, CBA3aH-
Hble C IPUMEHEeHNEM OCHOBHOII TeOpPeMbI O JOorapu(pMUUECKUX
HepaBeHCTBaxX U CTAHAAPTHBLIX IPeoOpa3soBaHUIA.

B momepe XIII.121 mpepJaraioTcd HepaBeHCTBa C Iepe-
MEHHBIM OCHOBaHUWEM, IIPUUYEM peIlaTh UX PeKOMEeHIyeTCs IIe-
pexomoM K Jo6oMy (DUKCHUPOBAHHOMY OCHOBAHHWIO (HAIOM-
HHUM, YTO TaKOM IIepexo]] eCTh PaBHOCUJIBbHOE IIpeobpasoBa-
HUe, HUKAK He U3MeHSAIoIee MHOYKECTBO DPeIeHUI).

B mepasencTBax 3azau XIII.122 ucmoan3yioTCA HAEN U
IpuUEMBI TPEAIIeCTBYIOIUX 3aJad, HO B PA3HBIX COUETAHUAX
M Ha HEeCKOJIbKO 0oJjiee BBHICOKOM TEeXHHUYECKOM YPOBHE.

B Bamauax MOYKHO OTrpaHUYUTHCA CTAHJAPTHBIMU MeTOHa-
MU: IIepexoJoM K (PUKCHPOBAHHOMY OCHOBAHUIO U METOJOM
MHTEPBAJIOB, OJHAKO Tropasmo yao0Hee MCIIOJH30BATh COBIIAJe-
HUe 3HaKOB BeIpakeHui log,f(x) m (a — 1)(f(x) — 1) Tam, rme
omnpenesieHo mepBoe BhIpaskeHue. 3agaun XII1.125 ymo6HO pe-
11aTh, MUCIOJIL3Ys 3aMeYaHUe O TOM, UTO

(@ —1)(f(x) — g(x)) 20,
f(x)>0,

log,f(x) > log,g(x) < <g(x)>0,
a>0,
a+l.

Pemrenuss m ykazaHuA K 3agadam

XII1.105. a) {2}. 6) {2}. B) {6}. 1) {8}. m) {2+/3].
XII1.106. a) {log,13}. 6) {3}. B) {-1; —3}. 1) {3; 2}.

XIIL.107. a) {§+2nn; 31, omn: neZ}.
5) {—§+2nn: neZ} B){ + 2nn: neZ}
r) {§+2nn; %+2nnz neZ}.
XIIL108. a) {7}. 6) {2}. B) {9}. 1) {~1). ;;){ ﬁ}

XII1.109. a) {é} 6) {12 ;} B) {—% } r) {2 %}
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) {5; 5%}. e) {9%}. x) {2; 16). 3) {2 8. n) {% 9}.

) {% 8}. x) {2; 3.

x <0,
M) (—2; —1) U (-1; 0). Pemenune. OOY: x#1, VYpasue-
x>-2.

HUe IIpeoOpasoBLIBAaeTCA K BUIY log|x‘|x + 2| = log_(x + 2);
¢ yuérom OOV mnoxnyuaem log_.(x + 2) = log_(x + 2), a aroO
To:xaectBo Ha OOY. Torma orBerom sBiserca mpocto O0Y.

XII1.110. a) {1; \/§}, Vrasanue. Ilepeiiném B obemx uac-

TAX ypaBHEHUS K Jorapudmam II0 OCHOBAHUIO 3, IIOJYUUM

3log s x 5log 5 x
€s¥ _ _°98s% femepr oueBmmHA 3aMeHa { — log;x, KOTO-

1+loggx o 2+log3x
8t _ 5t
1+t 2+¢t°
ObOpaTure eiré pa3 BHHMAaHINE Ha TO, YTO Iepexod K (PUKCHU-
POBAaHHOMY OCHOBAHHNIO €CTh PABHOCUJIBHOE IIpeobpasoBaHUeE,
mosromy OOV 3mech MCIIOJIB30BATh He HYIKHO!

6
6) {1; %} B) {1; %} r) {1; %} ) {% 1; 23}. Yiaszanue.
Ilepexon K jgorapudmaM MO OCHOBAHUIO 2 IIPUBOAUT ypaB-
6log,x log yx log yx

pasgd IpUBOAUT K JIETKO pemaeMoMy YPaBHEHMIO

1 II0CJIe 3aMEHBbI

HeHNe K BHU =
Ay 3+logyx 2+logyx 1+logayx

t = log,x K APOOHO-pPaNIOHAJBHOMY YPaBHEHUIO
6t>2 ¢
t+3)(t+2) t+1°

e) {3; %} &) {1; 2}. 8) {2}. Pemenue. YpaBHeHUe IIpe-

lg(4 - x)—1
lgx
lgx +1g4 —x)—-1=1g4 - 1=
=>lgx(d —x)=1lgd > 4x —x*=4=>x = 2.
ITpoBepka mokaswiBaer, uto x = 2 npuHamiaeRuT O0Y.

XIII.111. YkaszaHue. Bocmosb30BaTbCsi IPUEMOM, KOTO-
pBIii MBI Ha3BaJU «IIPEABAPUTENBHBLIM JOTapu(pMUPOBAHUEM »
(srorapudmMupoBanme obenx dYacTeil ypaBHEHHSA II0O OJHOMY U
TOMY K€ (PUKCHUPOBAHHOMY OCHOBAHUIO).

obpasyerca K Bunpy 1+ =(lg4—-1)- lng’ OTKyaa

a) {%, 3}. Pemenue. Jlorapubhmupysa obe wacTu ypaBHe-

ausa x'°%33Y = 9 nmo ocmosammio 3, momyumm (1 + logsx) X
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X logsx = 2. BBoga sameny t = logsx, Haxogum t = —2 uIu

t =1, orkyza x=% uimm x = 3.
0) {%; 100}. Yrasanue. IIponorapudpmupoBats 00e dacTu

ypaBHeHUA II0 ocHoBaHUMiO 10.

B) (205100} 1) {5 i 10:100). A {mem}

100° 10°

e) {arctg%Jr nn; arctg2+ nn: ne Z}.

V29 -1

2

XIII.112. a) {1; } 6) {1000}. B) {1; 3}. r) {5}.

I {2nn; g+2nnz neZ}. e) {g+2nn: neZ}.

XIII.113. a) {4}. 6) {2}. B) D. 1) {3}.

n) {2}. Pemenmue. JleBaa uacTs, ypaBHeHHUs He Goibiae 1
(log,(4x — x* — 2) < 1), a mpaBas yacTh He MeHbIIe 1 (2"“2| >
> 1). PaBeHCTBO BO3MOKHO, JUIIL KOTrga ob0e YacTH ypaBHE-
log (4x — x*—2)=1,

HUSA OJHOBPEMEHHO PaBHBI 1: {2"2 1

XIIL114. a) {3}. 6) {~1}.
1
XIIL115. a) {16}. 6) {%} 5) {3). 1) {~3; —6}. 1) {‘Z}'

e) {-101; —2}. Ykasanue. O0Y: x < —1. Ilpu sTom B mpa-
BOIi YaCTH ypaBHEHUA IIOJIYUYUM

lg\(x+1)2=1g|x+1|=1g(—x—1).
xK) {1; 5}.
XIII.116. a) {4}. Peme nue. Bocmosbayemcss 3aMeHON

t = xlog,x. Torma t = log,x* mam x* = 2'. Tem cambIM

t t
(\/;)x =22 VpaBuenue mnpuobperaer Buna 22+ t=24. JleBaa

YacThb 9TOr0 ypPaBHEHUsI — CTPOTO Bo3pacramolinasd (QyHKIUd,
II0O3TOMY OHO MMeeT He 0OoJiee OZHOro KopHsaA. Ilombopom Ha-
xoaum t = 8.

Temepr pemum ypaBHeHue xlog,x = 8. IlepenmcaB ero
8
B Buge log,x = ~» CDbasy BHINM, YTO yDaBHEHUE HMeeT He 60-

Jee omHOro KopuHsa. ITogbopoM HaxoguM KOpPeHb X = 4.
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6) {1; 3). B) {i 2}.

XIIL117. a) {ﬁ 100; 10% 10%} 6) {33}. B) {% 3}.

r) {1; 6}. Yrxasanue. BBectu BsameHy: u = log,x, v =
= logsx. Tem cambiM, u = vlog,3. Ilonyumm cucremy

u+v=uv,
u =vlog,3.

o (21,

8

e) {22}. Vkaszanue. OO0Y: x > 12. Bpectu 3aMeHY:
u=lgx, v =I1g(x—12). YpaBueHue mIpUOOPETET BUL UV = U +
+v-1.

XII1.118. a) (1; 3). 6) [-7; —6) U (0; 1]. B) {3‘213; oju
u[s; 3_+2\@} r) [-5; —4) U (0; 11. 1) [1; 3). e) (1; 21.

XIIL119. a) (5~ 1;+%). 6) {1—‘5@ —1]u[1; ”67‘1.
B) {3@; +°°J‘ r) (0; 2).

2

XIIL.120. a) (0; %} 6) (é 10g224}. B) [2; +0).

r) (—%0; —1). @) [-9; 0) U (0; 1). e) (1; 2) L (2; 11].

XII1.121. a) (0;%]u(1;+00). 6) (-2;—+/3) U[-1; 11U

U3; 2). B) (0; 1).

2

sxkeHusa log,f(x) u (a — 1)(f(x) — 1) nmeroT ofMHAKOBBIE 3HAKU
TaM, TJe OIIpeneeHO IepBoe.

1000 O D @ B w9 (0 555 8] o) [0 5]

1+4/5
) [1; ] Yrasarnue. BocriosibzoBaTbCsi T€M, YTO BbIpa-

u(%; 1). ) [3 %]u(l; 3). ®) (—o0; 1) u[l; 2]
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XIIL.122. a) (1; 5] U[25; +0). 6) (0; %]u[l-

5 1]u[3; +00).

B) (1;81). 1) {312 116)u[4 +00). ;) (05 1) U (2; +0).

,2+i
\/g} )/ [i; 2 */51 U [4; +00).

XIIL123. a) ( 1; ——] 6) (0; 1]. ) [1; %} r) [logsm, 2).

Yrasanue. Ilepenucatsb HEepaBEeHCTBO B BUIE
x—1—10g3(9—3x)+3 9-3~%
o 3 <0. Bamerurs, uto ——— <1, a moaTOMY
log3[ — ]

27

27

3HAMEHATeJb APOOM 3aBeJOMO OTPHIIATENICH, M HEePABEHCTBO
PaBHOCHJIBHO cleAyoolieMy: x + 2 > log,(9 — 3%).

XIII1.124. a) [%, %] Vraszanue. TIoCcKOJIBKY BBIPasKeHUS
logg,x m (6x — 1)(x — 1) mMeOT OJMHAKOBBIE 3HAKU IIPU

x>0, x;t% (paBHO Kak u BbIpasKeHUA log;.x m (3x — 1) X

1
X(x—=1) mpu x> 0, x;tg), MCXOJHOE HEePaBEeHCTBO PAaBHO-
CUJILHO CHUCTEME

6x—1)(x—-1)Bx—-1)(x—-1)<O,
x> 0.

6) (0; %]u(% l]u(l; +00). B) [0; %]u(l; +00).

) [0; ﬂ u[%; %j
XII1.125. a) [—3; —ﬂu(l; 2). 6) (-2; 0). B) (/5; +o0).

r) (0; 1) U [8; +90). m) (1; 2].

e) (1; 2). Yrkasanue. HepaBeHCTBO DPaBHOCUJIBHO CJIEIYIO-
memy: log (x+2)+ m>3. Samerna t = log, (x + 2)
IPUBOAUT HEPABEHCTBO K BULY © +%> 3.

x&) (1; 2) U (2; +0).
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3) [\/E— 1; 2) u(2' 5] Yraszanue. Ilepenuiliem HepaBeH-

cTBO B Bujme log 2| | >log ,x u mepei€éM K PaBHOCUJIbHON
cucreme
4x -5
(x> —1) -x|>0,
| —2|
5
x>,
4

XIII.126. 3amewanue. HamoMHUM, YTO OCHOBHOU IIPUEM
npu paboTe ¢ IMOKaszaTeJbHO-CTEIIeHHBIMU YPABHEHUSMHU U
HepaBeHCTBAMU — IpPeABAPUTEJIbHOE JIOTapUPMUPOBAHUE IIO
MIPOM3BOJbHOMY (DUKCUPOBAHHOMY OCHOBAHUIO.

a)[ }u[\/_ +00). 6) ( 100] )[O; ﬂum; +00).

r) (10; +0). m) (0; 1).

XIII.127. VrkasaHue. Bocmob30oBaThCA cBOMcTBAMU (PYHK-
i (KaK OpaBUJIO — MOHOTOHHOCTBIO).

a) (3; +°0). 6) [9; +°). B) (—°°; 1).
1 1 11
XII1.128. a) (0; ?]U[E; 1]. 5) {g; 5)' B) (003 —7) U
U (=5; —2] U[4; +0). 1) [1; 9]. 1) (-2; —/81U(1; 0).
XIIL.129. a) (0; 3). 0) [2\f [] Yrasanue. Ilpu x < 0

HepaBeHCTBO pemieHuit He mMmeer. IlosTomMy paccmarpuBaem
ToabKo Xx > 0. Temeps HepaBeHCTBO MOYKHO IIepenmucaTh
B BHIE

log,x+1og(16x*— x*+1) > -1.
9

B) [2; 3]. T) (0; 1) U (3; +0).

3

XIIL130. a) (0; 2 V%] U[2'% +00). 6) (05 1]. B) (05 2 V7] u

3
1+ =
ul2 +‘E; +00),

IIpexnaraem pacmimpuTts 9Ty cepuio, foOaBUB eIllé IBe 3a-

1
log lo x 2log 5 l0 2x
Jadym: T) [ix]z >241 g2 ) [ix]m “2 >x41 2 Ilpuseném
orBerhl: T) (0; 1] U [16; +0). m) (0; 1) U[/32; +00).

255



a
\2+1 a=x*-x-1
1
1
'To ' x
1-42 'ﬁ<a=—x
Puc. 13.15 Puc. 13.16

XIII.131. ae(—o0; -1Ju{l - \/5}. Yrkasanue. YpaBHeHUe

x+a=x%-1,

x+a>0,

PaBHOCHUJIBLHO CHCTEeMe 9 KOTOPYyI0 ymZOOHO pe-
x°—=1>0,
x?-1#1,

HINTh Tpadpuuecku B miaockoctu (x; a) (puc. 13.15).

XIII.132. a e (2; %J ] (g, 3} U {%} Yraszanue. Pemiats 3a-

mauy rpadudeckm B miaockoctu (x; a) (puc. 13.16).

XIII.133. a= —%. Ykaszanue. Pemarts rpaduyecku B IIJOC-

Koctu (x; a) (puc. 13.17).

XIII.134. a < —6. Vkas3aHue. PemaTrs rpapuyecku B ILJIOC-
Koctm (x; a).

3ameuanue. Ilose3HO CPpaBHUTH YCJIOBUE C YCJIOBUEM 3ana-
yp XII1.133. UpesBbIuaiiHO ITOXO0’Ke, HO pe3yJJbTaThbl PasHbIE.
9Ty HOMepa yAOOHO AAaBaTh Ha CAMOCTOATEJIbHOUW pabore (Ha
IBa BapuaHTAa).

XII1.185. ae(-2; 0] u[g; 2]u

N
N \ I 5 1
N \\ 1 U (5; 3) U {75; +OO). Yrkaszanue. Pe-
[
Y
N !E, maTth rpaduuecKd B IIJIOCKOCTHU
C1hM 1 x (x5 a).
2 \:\ XII1.136. Ecin a < O uam a =1,
_34+3 Na=—x TO ypaBHeHUe He MMeeT CMbICJAa; ec-
21 v N ma e (0; 1)U (1; 2) umu a = 3, To
a=-3x x=a+2; ecnu a € (2; 3) U (3; +0),
T™O X, =0a+ 2, x,=a— 2; ecau
Puc. 13.17 a=2, 10 x€ J.



XIII.137. a) Ecaum a < -1, ToO xe(—a; —éa}; ecanu

3 4 3
—1<a<—Z, TO xe[l; —ga]; ecaum a=-,, TO X€ J; ecan

—%<a<0, TO xe{—%a; lj;ecm/Ia 0, To x€ (0; 1). 6) Ecan

1 1-—
a <3, Toxe[T,Z a];ecnn3<a<4, Toxe(2—a; 2a];
eciu 4 <a <5, o xe (-2; 2—-a); eciu a> 5, To x€ .
B) ECJII/Ia< 81/1J11/1a——2 TO X € J; ecoiu —8 < a < —3,

a—4
TO xe{T,l ,ll—a), ecim —3 < a < -2, TO xe[ 5 ,—lj,

-4
ecau a > —2, TO xe(—l; aT

]. r) Ecan a < -2 uam a = 0, 1O

xe Dy ecaum —2<a<0, toxe[l-+—2a;a+1); ecim a > 0,

a
TO X € (—OO; E]'

1) Ecmm l|a|>2, To xe@; ecam 1<la|]<2, ro

x€(0; \|2—a®; ecau |a| < 1, To xe(0; 1—\/1—a2]u(\/2—a2;

1+.1-a%. Ykaszanue. Hepa-

BEHCTBO PAaABHOCHJIBHO CHCTEeMe

x%+a? x%+a?
[_2 1][_ ]>o,

2 2
+
X a 1

2 b
x>0.

I'panunsr B mepBOM HepaBeH-
CTBE CHCTEMBI IIPEACTaBJIAIOT CO-

Goit nBe okpyxHOCTH: X2 + a? =2  Ppuc 13.18
u (x — 1)2 + a® = 1, opuuém nep-
Bas M3 BTUX OKPYKHOCTell M3o0paskaeTcsA IITPUXOBOH JMHU-

2a2 #1). Cm. pucynor 13.18.
XIII.138. a) {(5; 1); (3; 3); (45 2)}. 6) {(3; 2)}. B) {(3; 9)}.

r) {(2; 8)}. m) {[—g; 3]} Yrkasanue. BBectu s3ameHy u = Xx,

el (B cuay ycJaoBUSA

v=2Y e) {(0; 3); (38; 0)}. Yrasanue. Brectu sameny u = 3%,
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XIII.139. a) {(2; 4); (4; 2)}. 6) {(8; 2)}.
B) {[2; %j} Vraszanue. 3amena u =2x +y, v=2x -y

uv =2,

IIPUBOAUT CHUCTEMY K BUIAY {log u—log v=1
2 2 °

r) {(3; 9); (9; 3)}. m {(512; 1)}. YVrkasanue. 3amena
2u—v =15,

u = log,x, v = 3Y IPUBOAUT K CHCTEME
2 uv — 2u = 3v.

e) {(10; 4)}. Vrasanue. Beectu 3ameny u = lgx, v=\/;.

XII1.140. a) {(1; 1); [% %J} 6) {(1; 1); [[gf (gfﬂ

B) {(x; x): x € (0; +o0)}. Pemenmue. Jorapuhmupysa oba
ylnx=xlny,

Cnoxxum
xlnx=ylny.

ypaBHEHUS CHCTEMBI, II0oJIyuyaeM

Y BBIUTEM YPABHEHUS CHUCTEMbLI, IIOJYUYUM
(x+y)nx=(x+y)lny, N (x+y)(lnx—Iny)=0,
(y—x)lnx=(x—y)lny (y—x)(Inx+1ny)=0.

ITockonbky x >0 mw y > 0, To x + y # 0. Torga u3 mepBoro
ypaBHeHUs y = x (mpu x > 0), uTOo ABASETCA TaK)Ke PEIleHU-
eM U BTOPOTO YPaBHEHUS.

XIII.141. a) {(4; 16)}. 6) {(4; 16)}.
B) {(@, 3@]} Yraszanue. I3 ycaoBus cienyer, UTO

x—y>0, x +y>0, xy# t1. Ilepenumiem cucremMy B BUe

x -y =|xyl, x—y=|xyl,
2In|xy| In(x+y) = _
n5 nlxy| 1 In(x + y)—ln\/g.

x?+y®—2xy=x%y?

— .2 2
x?+y%+2xy =5. 3amena u = x° + y°,

Orcrozma ciaenmyer {

u-2v="0?

V=X IBOAUT CUICTE: K B
Y HPHEOR wy PI“:“>’{u4r21;=5.

o)
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XII1.142. a) {(100 100); (100, 100] (100 ﬁ] (m; 100]}

6) {(1; 1; 1); (4; 2; \/2_)}. Pemenue. U3 ycaoBus x, y,

z > 0. OueBugnHoe perrenue — Tpouika (1; 1; 1). Hamee, ecau
x #1, To U3 mepBoro ypaBHeHusa z = 1, a Torma m y = 1.
IlycTs Temeps x, y, z # 1. IIposmorapudpmupyem Bce ypaBHe-

xInz=1nx,
HUA cuCTeMBl {ylnz=Iny, W3 AByX MepBBIX ypaBHEHU

ylny=Inx.

x Inx
52@; xIny = ylnx. IloacraBuM ciofa BMecTO Inx BbIpake-

HHe U3 mocJaefHero ypaBHenus ylny: xlny = y’lny. ITockois-
Ky lny # 0, orcroma x = yz. Torma mociensHee ypaBHEHNE CH-

CTeMbI MOXKeT GBITH mepemmcaHo B Buie ylny = Iny?; ylny =
= 2lny; y = 2. 3Hauur, x = 4, a U3 IEPBOTO YPABHEHUS CHU-

1
creMbl Inz = Zln4, OTKyHma z = \/E

§ 87. TpuroHomeTpuyeckMe ypaBHEHMs
M HepaBeHCTBA

Tar ke Kak U B pasjesiax 3aJad, CBA3AHHBIX C HPPAIUO-
HaJIbHBIMU, IIOKa3aTeJbHBIMU U JIOTApU(PMUUECKUMU ypaBHe-
HUAMU U HepaBeHCTBaMU, cHayaJia pacCMaTPUBAIOTCSA ypaBHe-
HUA, 3aTeM HepaBEeHCTBAa, YpPaBHEHWA U HepPaBeHCTBA C mapa-
MeTpaMu, U JIUIh B 3aBepIlieHre — CHUCTEeMbI ypaBHEHUI. ITO
MIPOUCXOMUT II0 ABYM NpuumHaM. Bo-lepBbIX, IPUEMBI pelile-
HUSA CHUCTEM IIPAaKTHUUYECKU Be3Je OJMHAKOBBI U CBOLATCA B OC-
HOBHOM K peIlleHUi0 Habopa ypaBHEHUM, O UYEM YIIOMUHAaETCs
B 1.4 § 87. A BO-BTOpPBIX, 9T TEeXHUUECKU HATPY:KeHHbIE U
00BbEMHBIE 3aaUll MMeeT CMBICI JaBaTh Ha OTPa0OTKY MMeEH-
HO B KOHIIE KaK CBOEr0o poJla BapUaHT IJA 3aKPeINJeHUusdA u
0000IIleHrA MaTepHuaja.

ITpuHNIUTNATIbHO HOBBIM MOMEHTOM JJIS YYAITUXCSA B 3TOM
OueHb OOIIHMpPHOM maparpade OyaeT pellleHHe TPUTOHOMETPU-
YeCKUX HEePaBEHCTB METOJOM HHTEPBAJOB Ha TPUTOHOMETPU-
YEeCKOM KpyTre. 37eCh COBEPIIIEHHO HEOOXOAMMO NTOOUTHCA ITOJI-
HOTO ITOHUMAHUSA OCHOBHOTO aJITOPUTMAa W OTHOCUTEJIBHO CBO-
6omHOTO TIpMMeHeHUuA MeTona. HoBirecTBoM (M AOCTATOUYHO
TPYLHO ycBauBaeMbIM pas3lesjoM) OKasKyTCA TaKyKe ypaBHe-
HUSA U HEepaBeHCTBA, CBABAHHBIE C OOPATHLIMU TPUTOHOMETPU-
yeckKUMU (GYHKIUAMHU. OITOT pasjgea He HUMeeT TaKoro
6OJBIIIOTO Beca, W TPU HeXBaTKe BPEeMeHU UM MOKHO IIO-
JKepTBOBaTh, OIPAHUYUBIINCH O3HAKOMJIEHVMEM U OOIIUM IIO-
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HUMAaHUEM IIpoucxonAiiero (T. e. He HOOMBasACh CTAOMIBHOTO
HaBLIKA PeIIeH’s TaKuxX 3azau). BooOlle 3amadu K 9TOI TeMme
U30BITOYHO MHOTO, CIOJIa BKJIIOUEHO MHOKECTBO 3aJad BCTY-
IUTEJbHBIX 9K3aMEHOB B BY3bI. ¥ UUTEJb MOKET caM O0TOOpaTh
3alauM M IUKJBI 3aJlad Ha CBOW BKYC, HE CTapascCh OXBATUTH
Bce, HO oOpaTWB BHUMAaHHNE Ha 3a7adyud C OTOOPOM KOpHEH u
TaK Ha3bIBAEMYIO «CMEINaHHYI TPUTOHOMETpPU (umppammo-
HaAJbHO-TPUTOHOMETPUYECKUe, JIoTapupMUUeCKU-TPUTOHOMET-
puUuecKue U APYyrHe YpaBHEHUS W HEPaABEHCTBA).

3amaHus K 9TOM YacTHW HAUYWHAIOTCSA C HOBTOPEHUSA CTAH-
IapTHBIX METOMOB peIleHUs TPUTOHOMETPHUYEeCKUX ypaBHe-
HUM, paccMOTpPeHHBIX B Kypce 10 Kjacca.

Bagmaun XII1.153 mpeacraBisoT coboii HAOGOP HMPOCTEHIITUX
yOpasKHeHU#, NPUBENEHHBIN OJAd HATOMUHAHUSA OCHOBHBIX
IpuéMOB PabOTHI ¢ MHOYKECTBAMM Ha ILJIOCKOCTHU, 3aJaBaeMbl-
MU HepaBeHCTBaAMHU C AByMs mepeMeHHbIMU. Cepusa Hepa-
BeHcTB XIII.154 BKJtOuaeT B cebA pasjaudHbIE ACHEKThI MPU-
MEeHEeHNs MeTOJa MHTEPBAJOB HA TPUTOHOMETPUUECKOM KpPyTre
U OpeAHasHaueHa AJsA paboTel B KJjacce (C pa3sdopoM M KOM-
MeHTapueM yuuteisd). IIpm sTOM MOKHO, HampuMep, pasdou-
paTts TYHKTHI a), B), 1), *K), W), a OCTaBIIHeCcAd HepaBeHCTBAa
MIPeAOCTABUTD JJIsI CAMOCTOATEJIbHOTO PEIIeHUsT TeM YyUallluM-
cs, KOTOpbIe TOTOBBLI paboTaTh 0e3 IIOCTOPOHHEI ITOMOIIH.
Samaunm XIII.155—XII1.156 mpemHasHaueHbI AJIA OTPabOTKU
MeToJla MHTEPBaJIOB Ha TPUTOHOMETPUUYECKOM Kpyre (Bce oco-
0eHHOCTU NTPUMEHEeHUs KOTOPOTo OOCyKIajluch B 3amaue
XIII.154). Ix MOKHO HCIIOJIB30BATH OJA AOMAITHUX 3aJaHUN
M CaMOCTOATeNbHOUW paboTbl. Ilpu peleHWU HEPaABEHCTB
XIII.155 MOKHO BOCIOJIB30BATBLCA ViK€ PeIIéHHBIMU ypaBHEe-
Huamu us3 3amaum XII1.144. B ypaBHenusax samaum XII1.159
HUCIIOJIL3YIOTCSA Te JKe CTaHJapTHBbIe IPUEMBI, uTo 1 paHee. On-
HAKO TeXHHUecKas YacTh YCJOKHsIETCSI U, KpoMe TOTo, Tpe-
OyeTcsi oTOOP KOpPHEI.

Pemrenuss u ykasaHusaA K 3agadam

XIII.143. Vrkas3aHue. YpaBHEeHUS IPUBECTU K YPABHEHUAM
OTHOCUTEJIHHO OSHOM (PYHKIMK OJHOIO M TOIO JKe apryMeHTa.

a) {ig+2nn; T+ 2nn: ne Z}. 0) {arctg3+ nn; §+ nn: ne Z}.

B) {%+2nn; %+2nn: ne Z}. r) {n+2nn; i4—3n+47m: ne Z}-

T n 51 n T
v, o A, 4+ .
) {24+2,24+2.neZ}. e) {_6+nn.neZ}.

XII1.144. Vraszanue. YpaBHEHHU PEIIAOTCS PA3JOKeHIEeM
HAa MHOMHTEJIN.

T n T
T, mn, T .
a) {44— P _3+nn.neZ}.
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0) {—%Jr nn; 2nn; g+ 2nn: ne Z}.

2nn T T . n, T, TN,
B){g, 2+2nn,4+nn.neZ}. r){3,8+4.neZ}.
1) {%n, ig+ mn: ne Z}. e) {%Tn, T+ 27n; §+ mn: ne Z}.

T Tmn T 2nn. 5w , 2mn
-t =t =+ — .
%) {4 2° 18" 3°18 ' 3 nez}

XIIL.145. a) {g +2nn; 854 2mn: ne z}.

0) {i%—l—%: ne Z}. B) {ii’—ngz%: ne Z}.

) {%+nn; i’—g+ nn: ne Z}. Pemenue. Heo6xogumo yuecTb

OOY u mpousBecTu OTOOpP KOpHe# (JyuIllle BCcero Ha TpPHU-
TOHOMEeTpUUYEeCKOM Kpyre). JlelicTBUTeNIbHO, YypaBHeHUE

T
2x =——x+1n,

4
tg| X - x |=tg2x paBHOCHIBHO cucTeMe - =
4 2x # T Tn
r=" 4 ﬂ,
12 3
= x mn OrTOumpas KOpHH, IIOJyuyaeM OTBET B BUeE
x#Z7+ o
4 2
o b 51
IBYX cepuii x = ﬁ+ mn Uin X = ﬁ+ nn, ne Z.

T T n

~+mnn:neZ;. =4+ = )
) {4 } e) {8+2 neZ}

2n |, 2nn, 2¢m .
K) {9 + 35 3 +2nn.neZ}.

XIII1.146. YVraszarnue. YpaBHEeHHUS dTOH CepPUU IIPUBOLATCS
K omHOponHbIM. IIpm aToMm ciemyer obpaTuThb ocoboe BHUMA-
HUe Ha cJjyuaii, KorjJa BBIpasKeHHe, Ha KOTOpPOe MbI [AeJIUM

obe YacTu ypaBHEHUSA, PaBHO HYJIO (MHAUYe €CTh OMAaCHOCTH
IIOTEPATL TAKHE PEIleHU’d).

a) {nn; %—!— mn:ne Z} . 0) {—arctg% +mn:ne Z} .
B) {—g + %1 ‘ne Z} (MoOKeT BCTPeTUThBCA OTBEeT B BHUIE
x = arctg(1 = \/§)+ nk, ke Z). r) {arctg5 + mn; —%—F mn: n € Z} .

261



XII1.147. Ykaszanue. Pelllenue cieayeT HAaUYWHATBL C Ipe-
00pas3oBaHUA IIPOU3BEAECHUS TPUTOHOMETPUUYECKUX (OYHKI[UH
B CYMMYy.

a) {ngnn:neZ}. 6) {%, T;—n:neZ}. B) {%3’162}-

r) {i%+ nn:neZ}.
XII1.148. Yrkaszarnue. Bocnoab3oBaTbcAa (opMyaaMu CJIO-

SKeHUS OJHOUMEHHBIX (DYHKIIMI C IOCIeAYIOINIUM Pa3JI0KeHU-
eM Ha MHOMKUTEJH.

2m n o, mn n, m , 27mn,
a) {i?+2nn, §+7.neZ}. 0) {3, 11+ 1 .neZ}.
XIII1.149. Ykasanue. 3mech ciaenyeT MCIIOJNb30BATH METOL
BCIIOMOTATEJIBHOTO apryMeHTa. a) {%ﬂ +2nn; t+2nn:n e Z} .

6) {%’HL%; 4?”+21m: neZ}. B) {—arccos%+%+ 2nn: neZ}.

T) {iarctg%—l— I, —%arctg%#— @: ne Z}

XIII.150. a) {%n, —§+nn: neZ}. Yrasanue. Bocnoib-

30BaThbCsI 3aMeHO# ¢ = sinx + cosx.
n .
0) {?: ne Z} . Pemenue. Beeném sameny t = cosx —
— sinx, Torga sin2x = 1 — t%. Ilomyuaem ypaBHeHme |t| = 3 —

— 2t2. Haiigs orcioga t = +1, Bo3BpalaeMcs K [I€PeMEHHOH X:
sin2x = 0.

B) {i%ﬁ + 27nn; §+ 2nn; %n +2nn:ne Z} . Yrkasanue. Boc-

IOoJb30BaThCA 3aMeHOM { = sinx — cosx. B KoHIle peleHusa
MOABJAETCA HEOOXOAUMMOCTH OTOOpa KOPHeI: M3 YyCJIOBUA

. V3,1 )
SINX — COSX = 7 i E cijaenyer, 4To Sinx > COSX.

r) {ig+nn; J_rg+nn:neZ}.
XIII.151. Yrxasanue. Pemuth HepaBeHCTBa Ha TPUTOHO-

MEeTPUUYECKOM Kpyre.

2 2n 7  2n 1 5
a)(9+3,9+3),nez. 6)(3+2n,3+2n),neZ.

XIII.152. VrkaszaHue. HepaBeHcTBa 3TOil cepuu ymoOHee
pematb C HCHOJIb30BaHMeM rpad@ukoB (GyHKOIUN Yy = tgx
u y = ctgx.
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a) E—knn —+7tn), neZ. 0) [§+nn; n+nn), neZz.
b T nn_ 51
B) [2+1t 3+nnj,neZ )[——I—?,ﬂ—l- ) neZ.

1
) g nn; —arctg§+ nn)u(nn; Z+ nn), neZ.
Y T Y I T
) [—3+nn, —4+nnju[nn, 4+nn)u(3+nn, 2+1mj, neZz.

XIII.153. a)—e) Cm. puc. 13.19.
XIIL.154. a) [—g+2nn; —§+2nn) U [2nn; g+ 27cn) U

uE+2nn; 2?”+ 2nn)u[n+2nn; 76—n+27tn), neZ.
0) (2nn; g+ 211:77,) U [% + 27nn; %Tnjt 2nn]u
57 4n 57
u(n+ 2nn; T+2nn}u[?+2nn; ?-f' 2nn}, neZz.
b 3n
B) (E +4nn; w+ 4nn) ) (?+ 4nn; 2w+ 4TU’L) ]

) (Zn +4nn; %n + 4nnj ] (311: +4nn; '%t-f' 41m), neZ. Ykasa-

Hue. B oramume OT MPEeABIAYINNX IMYHKTOB 37€Ch TJIABHBIN IIe-
pUon JIEBOM UacTM HePaBEeHCTBA pPaBeH 4T.

a) Yh,' 72 2 ¢ 6)’ I‘)

Puc. 13.19
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T) (12nn; i—n+ 12nnju(2n+12nn; i—n+ 127tn)u
151 21w
U[T+12nn; 4n+12nnju (T+12nn; 6n+12nn )u

U [% +12nn; 8m+ 12nn) u(% +127n; %‘i‘ 12nnj U

U (10n+ 12mn; 450

" +121tn), ne Z. Yrkaszanue. Bocmoiabso-

BAThCA 3aMeHOU t =

o|R

1 3
II) {arctg§+ nn; Tn+ nn), neZ. Vrkazaunue. Kopau uuc-

JUTeNsd JIpo0du, cToAIlleil B JEeBOW YacTu HepaBeHCTBAa:
1 b
x = arcth + mn, KOpHU 3HaAMeHAaTeJsd APo0ou: X = ~3 + ntn. He-

IIOCPEICTBEHHO HA TPUTOHOMETPHYECKOM KpPyre BHIHO, UTO
IIPOMEXKYTKH, BXOASAIINE B OTBET, CUMMETPUYHBLI OTHOCUTEIb-
HO IIeHTpa Kpyra (9To BUAHO TakKiKke u3 (GopMyJ KOPHEH uuc-
JIUTEJII W 3HaMeHaTeJlsd APoOM, 3aJaiolliX KOHIILI 3TUX IIPO-
MeXKYTKOB). IlooTOoMy HOJIyMHTEPBaJbI B OTBETE II€PUOSUUHBI
C IIepuoaOM T.

e) Bvﬂtn; n—arctg%—k nn), neZ. x) (—%+2nn; 2nn)u

L T 2% | omn; 242 )
u(g+ 27nn; §+ Znn) U |3 nn; & nn|v
u(n+2nn; 7Fn4—21tn)u(4?n+27m; 37“+21m), neZ.
3) (—§+2nn; 2nn)u(%+2nn; g+2nnj )

T 2n 51
u(§+2nn; ?+2nnju(?+2nn; Tc+27tnju
u(%n+21tn; 37“+21:nj, nez.
n) (% + 27nn; §+ 2nnj ] (g + 21n; g+ 27tn) )
u(%n+21m; %nJannju(%njLZﬂ:n; 5?754-271:71), neZz.
K) (—§+2nn; —%+2nn)u(2nn; %+ 21m)u

3n 51 51
U(T+2nn; F+2nn)u(?+2nn; n+2nn), neZz.
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XIII.155. a) (2nn; n+ 2nn) U (%—FZnn; %+2nn), neZ.
0) (g+2nn; §+2nn)u(43—n+2nn; 37n+27m), neZ.
B) {—%%—nn; %+nn}u{g+nn;%ﬂ+nn}, neZ.
) [ZTm; %+2nn}u[g+2nn; EZl—n-l-ZTcn}, neZ.

I) [—g + 27n; 2nn} ) [E + 271n; %’T + 2nn} U

e) {—% + 21n; 21tn} {% + 271n; %4— 2nn} ]

3 7
] §n+2nn +21‘C } [;+2nn; ?n+21m}u

B 9 11
] n+2nn; §n+2nn}u{?ﬂ+2nn; =T

3 + 2nn} ),

13
u—n+2 3TE+21trL},neZ.

XIII.156. a) (—g + 27n; ng Znnj ) [2—n+ 21n; 3—n+ 2nnj )

u(%+2nn; 4?”+27tn] neZ. 6) [——+27m 27m) {g+2nn;

[%+2nn}u(n+2nn;%+2nn}, ne”.

B) (—Tt+47tn; L 4nn)u(n+4nn; %—l— 4nn), ne Z.

391

r){ +127n; 37c+1211:n} [%ﬂznn; T+12nn}u

u[9n+12nn; Tn+121m}, ne Z.

I) {Znn; % + 2nn] ] {g + Znn} u[%ﬁ +2nn; ®+ 2nn}u

7 11
U {?ﬂ + 271n; =L 21m} , ne Z. YVrkazanue. O0paTuTh BHUMA-

6
T
HUe Ha KpaTHbIe KODHU X =5 + mn.

e) (arctg%— T+ 271tn; arctg %+ 2nnj U (g+ 2nn; m+ 2nn), neZz.
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K) (‘%4‘ nn; —arctg2 + nn)u(—%Jr nn; ng Tcn], ne Z.

. 2t
Yraszanue. BBectu zameny t = tgx. Torma sin2x= L
1-¢2
cos2x = 5
1+¢

XIII.157. a) J. 6) &. B) {%+ nn:neZ}. ) {%+ nn:ne Z}.
n) {tn:ne Z}. e) {§+n?n; nn:neZ}. 3K) {ZTm; §+ TCI’L:TLEZ}.
3) {2nn; %4— mn:ne Z}.

., mn T . 3n
XIII.158. a) {Tcn, i 2}. 0) {i 10 T ilo +nn}.
T T, Tn T . 3n
B) {§+Tlin, Z+ ?} r) {i 10+TCI’L, J_r—10+7cn}.

XIIL.159. a) {%+nn; f—’z‘+nnz neZ}. 6) {§+%; %Jr’;—”;

5t , mn T nn T b
= . . — . +_ . +_ .
36+3.neZ}. B) {Tcn, 20+10 neZ} P){_G—th, _8+7tn,

i%—# Tn: ne Z}.

XIII.160. Ykaszarnue. Mcmosnb30BaTh OrPaHUYEHHOCTH BBI-
pakeHMUii, BXOAAIINX B ypaBHEHUeE.
a) {2nn: n € Z}.

0) {g+2nn: ne Z}. B) {g+2nn:ne Z}. T) {%+2nn: ne Z}.

XIII.161. a) <. 6) {(—l)karcsin%—k nk; (—l)karcsin[— %j+

+ nk: keZ}. B) {iarccos%Jr 27n; iarccos[—ngr 27n: neZ}.

XIII.162. Yrasanue. Bocmoib30BaThCSA OTPAHUUYEHHOCTHLIO
BXOASAINNUX B ypaBHEHUE BBIPAKEHUU (BKyIle C HEKOTOPBIMU
CIIEIIUABHBIMU ITPUEMAMM).

a) {—g +27nn: ne Z}. Pemenue. Bocroab3dyemcss meTo-

IOM BCIOMOTATEJbHOTO apryMeHTa /MAJisd IIpeoOpasoBaHUSA
JeBoii uwacTM ypaBHeHua: 41+ cos’4x -sin(x+ @)= -2.

(Bupenn, Korga o9TO He SBJISETCA HEOOXOAUMBIM 5JeMEHTOM
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pelleHUsA, MBI He OyJleM YTOYHATH, UeMy DPaBeH apryMeHT ¢.)
OmeHvM  MHOMKUTEJIW B JIeBO  YacTHW  ypaBHEHUA:

1<41+cos?4x <2 =-1<sin(x+ ¢) <1. Ouesuano, sesBas

JacTb paBHa —\/§ TOJIBKO B TOM CJjIyuae, Korga OOHOBPEMEH-

HO 1+ cos’dx=+/2 nu sin(x + ¢) = —1, T. e. UMeeT MecTO

[ 24..
cucreMa ‘1+ cos 4x = \/5’ 3 mepBoro ypaBHeHHsA HaWIEM
sin(x+ @)=-1.

cos4x = *1 u moAaCcTaBUM B MCXOJHOE YpaBHEHUE.
cosdx=1,

Hnmnu
) Wrax, sinx + cosx = —+/2.

Pemmus BTOpOE ypaBHEHUE

T o e
(kcraTw, IONYTHO IOJYYHTCH, UYTO @O=7), Haixém

3n
x=—T+ 2nn. Ho mpum sToM OKasbIBaercs, uTo cosdx = —1,

u, ciaeagoBaTeJsIbHO, CHCTeMa pe]l[eHI/Iﬁ HE HnMeerT.

cosdx=-1,
2) 3§ . Pemaa BTOpoe ypaBHeHUe, Haxo-
sinx + cosx = —\/5.
Iy
UM X =— + 2nn. OueBUAHO, BCe OTHU YHCJIA ABJISIIOTCA pe-

IIIeHUSAMU CUCTEMbl ¥ MCXOJHOTO ypPaBHEHUS.
0) {g+2nn: ne Z}. Yraszanue. Penienne aHaJOTUYHO pe-
mrenuio sagauu XII1.162 a).
B) {i%+ nn: neZ}. Pemenue. 3amerum, 4TO ypaBHe-

HUe MOYKHO pacCMaTpMBaTh KaK KBaJpPaTHOE OTHOCUTEJIHHO
sinx. S3amena ¢ = sinx IIpUBOAUT YypaBHeHUEe K BUIY

. 1
t* —sin3x -t + 1= 0. IucKpruMUHAHT B 9TOM YPaBHEHUU HEIO-

noxuTesen: D = sin?3x — 1 < 0. Ho sT0 03HaUaeT, 4TO ypas-
HeHHe MOXKeT HMeThb pelleHue Jauimb upu D = 0, T. e.

sin?3x = 1. PasbepéM II0 OTAEIBHOCTH ABa CJIyYas, IIOLCTAB-

. sin3x =1,
naa sindx = *1 B KBajgpaTHoe ypaBHeHme. 1) { , 1
t’—t+=0.
4
1 sin3x =1,
Torga t ==, u, caemoBaTeJbHO, . _ 1  Pemenuamu Io-
2 sinx = 5.
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o T
cjieqfHeun CHCTEeMBbl ABJIAIOTCA YHMCJIa BHIOA X=E+2TCk nJjan

5
x= _n + 2nk, k€ Z (oT60p JIeTKO IIPOBECTH HA TPUTOHOMETPU-

sin3x =-1, sindx=-1, [sin3x=-1,
YecKkoM Kpyre). 2) 4. 1_ .0 9,2 1, oo 1
t+t+4—0, 2= 5 sinx=-—g.

o T
PemreruamMm 3TO#M cucTeMbl ABJIAOTCA UYHCIA x=_g+2ﬂ',k

5
UIn X = _?n_'_ 2nk, ke Z . Pesyabrar nyHKTOB 1) u 2) mojes-

HO M300pasuTh Ha OJHOM KpyTre, TOTJAa MOYKHO YBUIETH OoJiee
KOMIIaKTHYIO (pOpMy OTBeTa.

r) {t + 2nk : k € Z}. YVkasanue. PellleHne aHaJOTHUUYHO
pemiennio 3amauu XIII. 162 B).

XIII.163. a) {fg, Sn} 0) { g+2ﬂ:n; §+ mn: ne Z}.

B) {n+27cn; §+ nn; i%+21tn: ne Z}.

1 1 nn
XIII.164. a) (——arccos3 + = 2 ; Earccos§+ ?) , neZ.

1
0) ( arcs1n—+ %, g— Earcsm + —], ne Z. Ykasanue. Pe-
IIeHe aHaJOTWMYHO pemieHuio 3agauu XIII. 164 a).
XIII.165. Yrasanue. 3amaum 9Toii cepuu o0beguHAET (QOP-
Ma ¥ METOAbI PeIIeHHUI: Peub UAET 00 MPpPallroHaJIbLHO-TPUTO-
HOMETPUUYECKNX ypaBHEHUAX.

a) {—%+2nn; £+nn: ne Z}. 6) {%+2nn; —§+nn: ne Z}.

B) {n - arcsin(\/gz_ 1) +2nn: ne Z}.

r) {arccos(\/gz_lj-i-Znn: neZ}. ) { +4nn; —+41cn neZ}.

2
Yraszanue. BBectu 3ameny t= s1n—. e) {i?n +4nn: ne Z}.

Yrasanue. BBecTu 3ameny t =cos%. XK) {nn; §+ 2nn: n € Z}.

3) {g+ nn; i%n+2nn: neZ}. n) {i%+2nn:nez}.
K) {nn; §+nn:neZ}.
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J5-1

2

T . T
JI) {—Z + mn; 2nn; arcsin - Z+ 27n: ne Z}. YraszaHue.
sinx + cosx = cos*2x,

cos2x >0. 3a-

VYpaBHeHne PaBHOCHUJIBHO CHCTEME {

MeHa { = sinx + cosx HpUBeIET IepBOe ypaBHEHUE CUCTEMBI K
Buny t*— 2¢2 + t = 0. Bropoe ypaBHEHHE CHCTEMBI HMEET

-1+

5 - Ho mockoabKy m3 cmucrte-

-1- \/g
2
cpasy. Pas6op cayuaeB t = 0 u ¢t = 1 He mpeacTaBJsaeT Tpyza.

J5-1
Ilycrs t= 5 -
CKOJIBKY IIPOBEPKAa BTOPOIO0 HEPABEHCTBA CHCTEMBI HJIA 3Haue-
_1—£+2nn uian x _3r_ r in\/g_1
) 1 JI 2=, —Aarcs B
OKas3bIBaeTCs BechbMa 3aTpyaHuTeabHoM. IlocTynum Tak:

KopHU t; =0, t, =2 u t3, =

MBI OUEBUIHO, uTOo ¢t > 0, 3HaueHue t = oTOpachIBaeTcs

dto Hambosiee HENPUATHBINA cJydyai, MO-

Hull x, = arcsin +2nn

. . J5 -1 T
cos2x = (cos x + sin x)(cos x — sin x) = I \/Ecos (x+ Z)'
Temepb sCHO, UTO MOCTATOYHO IIPOBEPUTHL BBINOJIHEHUE

Z1>0. E
ycJIOBUA cos| x + + |~ 0. Emy ynosnersopsier cepus X, u He
VIOBJIETBOPAET Xj.
M) {§+2nn: ne Z}. Yrkasanue. YpaBHeHUE DPaBHOCUJIBHO

sinx 4+ cosx =1 — 2sin xcos x,
sinx — cosx > 0.

XIII.166. a) {n + 2nn: n € Z}. Yrasanue. Beectu 3ameny
U = COSX, U = COSX.

CMeIIIaHHOM cucTeMe {

b1 11n b4 9 13n
0) { 3 + 21n; 3 + 21n; 16+27cn, 16+27cn, 16 + 27nn;
21
l—ﬁn +2nn: ne Z}. Vkaszanue. YpaBHeHUE DPaBHOCUJIBHO CHC-

et 1+ sin2x = 2cos?3x,
cos3x =>0.
B) {1; 37“—27m; —%4— 2nn; —%n+ 2nn: n € N}. Yraszanue.

YpaBHeHUe PaBHOCUJILHO CHCTEMe
xcos2x +sinx = cos2x+ xsin x,
xcos2x +sinx =0.
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) {1; %-l— 2nn: ne N}. Yrkasanue. YpaBHeHUE PABHOCUJIIb-

x%sinx + cosx = x%cosx + sin x,

HO cucTeMe 5 .
x“sinx + cosx = 0.

XIII.167. a) [ZTcn; g—k 2nn}, ne Z. 0) {—g + 21n;
E+21tn) neZ. B) —arccosiJr 2nn; —~+2nn |U| 2+ 2nn;
2 ’ ' J5 3 3 ’

1 . 3 b
arccos \/54— Znn}, ne Z. ) {arcsm\ng 27n; 3+2nn}u

9 .
u{?n—FZnn; n—arcsm\/ngZRn}, neZ.

) (—%+2nn; g+2nn], ne Z. e) [27511; %JrZTm} neZ.

XIIL.168. a) {g %“} 6) {g} 5) {§+2nn; arctg2 + 2mn:

neZ}. r) {%+2nn; 5%+21m: neZ}. ) {%+2nn: neZ}.
XIII.169. a) {Znn; i%—knn: neZ}. 0) {ig+nn: neZ}.
B) {§+2nn: neZ}. r) {—§+2nn: neZ}. In) {—%+2nm: meZ}.

e) {—% +mm: me Z}.

XII1.170. a) Y. Pemenue. Bocrmoab3yemca TeMm, UTO

. T
arcsinx =5 —arccosx, u mpeobpasyeM ypaBHeHUE K BUIY

4n o
arccosx=?. OueBHOIHO, TaKoe YypaBHeHHEe KOPHeH He

nMeer.
0) J. Vrasanue. Pemmenue amasornuno perrenuo XIII.170
a).
143 ; B .
B) NG Pemenue. Beegém 3ameny y = arcsinx, Tor-
TC_ T

. T .
masiny=xwuye [—5, —} . IIpu srom arccosx = 5 —arcsinx=

2 5 2
=%— y. YpaBHeHuUe mnpuobOperaeT BUJ y2+(%—y) = ;6 .
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1 Y
Pemtaa sTo ypaBHeHUE, HAaXOAUM Y =3 WM Y= . Bosspara-

. . . T . T
ACh K CTapoil IIePeMeHHOM, Ioly4aeM X =sing mim x =sing.

) {ig} . o {—%} . Pemienue. Ilepenuitem ypaBHeHUe
T

B Buje arcsinbx = — B

arcsin(G\/gx) u o003HAUUM IJIA yIO0-
cTBa arcsin(ﬁx/?jx) = y. Orcroga 6x = —sin [g + y] < 6x=—cosy.
ITockonbKy @O oUpefeeHHIO siny = 63x m ye [—%; g}, TO

2
cosy =+/1—-108x“, m ypaBHeHHMe MOKHO IIepelHucaTh B BHJE

6x =—+/1-108x>. Orciofa HAXOZUM x=—%.

e) {i} Pemenue. Ilepenumiem ypaBHeHUe B BUe
r_
2

+ 2arctgdx = g+ arcsin(3x—1) = arctg4 x= g = 4x=1 =

arcsin(3x —1)+ 2arctg4 x= arcsin(l1—-3x) = arcsin(3x—1)+

= x= i (Hy>XHO eIlé MPOBEPUTH, UTO 3TO 3HAUEHHNE IOIIAJI0 B
00V: [8x — 1| < 1).

sx) {0; 1}.

3) {0; +1}. Pemenue. Beeném zameny y = arctgx. Torzga

tgy=xu ye [—g; g) VYpaBHeHUe mpumeT Buj arcsinx = 2y.

. 2t 2x

Orcroma x = sin2y; x =—gy2 >x= 5. Pemaa sTo ypas-
1+tg%y 1+x

HeHue, HaxoguM x = 0 miaum x = =1. OueBuUAHO, BCe 3TU 3HA-

YeHUusdA ABJIAITCA PEIlIeHNAMU NCXOJHOI'O ypaBHEHUA.

n) { %} Pemenune. Cuocob 1. VI3 ypaBHeHUsA cIeny-

er, uto x = sin(arcctgx) = x? = sin®(arcctgx). Ilycrs y=

= arcctgx, Torga ctgy = x = Sinlzy =ctgly+1=x’+1=sin’y=

1 2 1
= . CaemoBaTeIbHO X = OTK a HaxogmumM
x2 +1 A ’ x2 +1 ’ YA pis

5—-1 _
x= i,}\/—T. IIpoBepka mMOKAa3BIBAET, UTO IMOAXOOUT X = 1}%,

Cmoco6 2. Bocmosib3dyemcs ompeleeHUAMHN apKCcuHyca u
apkkoraunreunca. Ob6osnaumm arcsinx = y. Ilo ompemesenuio
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9TO O3HA4YaeT, 4YTo Siny = x u ye[ PE 2} C mpyroi#i CTOpPOHBI,

U3 WUCXOLHOI'O ypaBHeHUdA y = arcctgx, UTO O3HaAUYaeT II0 OII-
penenenuio, uto ctgy = x u y € (0; w). I3 37X COOTHOIIIEHUH

siny = ctgy,
moyuaeM |, (O n} Pemrasa nmepBoe ypaBHeHUe, HaAXOAUM
2

2

2
JydaeM siny = 1fl - (%) . Ho siny = x, moatomy x = %

) {+1}. m) {%}

e T
Cosy = . OTCIO,Z[a, C y4eTOM OI'pPaHUYEeHUudA Y e (O, E:l, II10-

M) {0; £1}. Pemenme. OGO3HaAUUM arcs1n—= y u
. JC\/g . X xz
arcsin——=z. Torpa siny =3, cosy = 1- e (3HAK KOCUHY-

ca BpIOpaH B CBS3U C TeM, YTO ye[ 2 2}). AHaJIOTUYHO

. X\/g 3 2 . o
sinz=—5—, cosz= 1- x5 BosbMéM cuHyc oT obemx dacrein
ypaBHeHUsdA, nosyuum sin(y + z) = x = sinycosz + cosysinz =

x+/3

X
—x:> \/1__+\/1_T'T=x‘ Pemntas mociaenmHee, Ha-

xoguMm x = 0 maum x = £1. Heobxomumo yOeauThbCsI, UTO BCe
STU YMCJIA ABJIAIOTCA KOPHAMMN MCXOLHOI'O YPABHEHMUS.

H) {—2}. Pemenue. O6o3HaUUM arccos(—§]= y. Torpma us

ypaBHeHus cienyer cos2y=x + 3 = 2cos’y —1=x+ 3 =
2 2
= 2[—%) -1=x+3= x? —x—4=0. U3 mocaenHero ypaBHe-

HUA X = 4 naum x = —2, HO X = 4 — MOCTOPOHHUII KOpPeHb (U3
yeaoBus |x + 3| < 1).

2 o
0) {O; i%} Yraszanue. B3ars cuHyc oT o0emx uyacTeil

yDaBHEHUS. II) [\/25, } p) [0; 1].

1
c) {5} Pemenue. Ilepenuimem ypaBHeHUE B BHUE

3arccosx = 2arcsin2x u BO3BMEM KOCHUHYC OT 00emX dYacTel
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ypaBHeHHsA. IIpm 9TOM HOCKOIBKY cos30. = 4cos’a — 3cosa,
To cos(3arccosx) = 4x® — 3x. Jlamee, ecau arcsin2x =y, To
siny = 2x, a cos(2arcsinx) = cos2y = 1 — 2sin’y = 1 — 8x%.
TakuMm o0pasoMm, mosyuaem ypaBHeHme 4x® — 3x = 1 — 8x2,

1 -5++21 V21 +5
uMerllee KOPHU X =5 wiu X=— 5 . Koperp x=—-—"5—
orOpackiBaeM cpasy, IMOCKOJBbKY dT0 umciao MeHbIme —1. Ko-

J21-5
2

TeJIbHOEe YHNCJIO, W IIPW IIOACTAaHOBKE€ B MCXOJHOE YpPaBHEHUE

pPeHb X = TOKEe He IIoAXOoOUuT, IIOCKOJIBKY 9TO OTpHuIla-

1
JieBad M IIpaBasd YaCTU MMEIOT pPa3HbI€ 3HaKM. A BoT x=§

IeNCTBUTEJbHO SBJSETCSI KOPHEM MCXOIHOT'O ypaBHEHU.

3ameuwarnue. IIpoBepka 31ech IPOIle, HEMKEJIN YUIET BCEBO3-
MOXKHBIX OIpaHMUYEHUIN B IMONBITKAX COXPAHUTH PABHOCUJIbL-
HOCTBH II€PEXO0B.

T) {~1}. Pem e uue. Pelrenne mouru aHaJOTHUYHO peIlle-
HUIO IIPeABIAYINel 3aJaul, HO CYIIeCTBEHHBIE CJIOYKHOCTH BO3-
HUKAIOT B CBA3U C IIPOBEPKOI (IIpoBepKa 37ech HeoOXOoaumma:
MMOCKOJBKY MBI paccMaTpuBaeM ypaBHeHue cos20 = cos3f, rue

X
0L = arccosx, [3=arccos§, Ha orpeske [0; 2w], To MOKeT OKa-
3aTbcs, uTo O = 27 — ). COMHUTENbHBIN KOPEHb, KOTOPHIN He

5-17
2

yIoaéTcsa IPOBEPUTH HNPAMOI IIOMCTAHOBKOW: X = . ITpwu-

X
XOOUTCS Y4YUTHIBATH, YTO IO YCJOBHIO arccosx > arccos-,

a orciozna (B CHJIy TOTO UTO apKKOCHUHYC — yObIBaroimas QpyHK-

5—-417 .
1) x<§ u x < 0. 3umavur, x=T\/_ — TIIOCTOPOHHUI
KOPEeHb.
1 3 1-4n+9
y) {ig; ig} d) {icoslg; icosf—g}. X) {i—‘;}.

Pemenue. PaccmorpuM cHauajia JIeBYI0O YacTh ypPaBHEHU:
cos(2arccosx) = 2x% — 1 (x| < 1). Torma ypaBHenume npumer
Bug 2x2 — 1 = arcsin(cosx). Orcroza

sin(2x? — 1) = cosx = sin(2x* — 1) = sin(g - xj =

2x2—1=§—x+27m, 2x2-1 +x=§n+2nn,
= = neZ.

2x2—1=g+x+21m 2x2—1—x=§n+2nn,

Ilpu sTOoM mOMYKHBI BBIIIOJHATHCA HepaBeHcTBa —1 < x < 1
m —1 < 2x® — 1 < 1. HepaBeHCTBa BBINOJHAITCA TOJBKO IPHU

273



n = 0. Takum oOpasomM, OCTaéTcs PENIUTh COBOKYIHOCTL

2x2 -1 4+ x=

2

YpaBHEHUMN He 3a0bIB M 3IeCh IIPO OKOHYA-

2x2 -1 —x=

2

A No|a

TeJbHBIN OTOOP.

By
NN

-

|
—

) {0; 1}. Pemreane. OOY: arccosx <1, Baexmém 3a-

|
[y
VA
N aloaio -

arcsinx <1.

MeHy t = arccosx; Torja arcsinx = —t¢. YpaBHeHHe IIPUOO-

2 . 2
peraeT BHUI arccos (;tj = arcsin (1 - ;tj. Ecin raxayro dacTb

ypaBHeHHUs O00O3HAUUTh OJHOM U TOH Ke OYyKBOI Yy, TO
2t . 2t )
cosy =", siny=1-"-. IlockoIbKYy sin?y + cos’y = 1, TO

T

Orcioga wHaxoaum t=0 wuanm t=§.

Bocmonb3oBaBIINCh IPAMOI MOACTAHOBKOI, yOe:kaaeMcs, UTO
o0a 3HaYeHUs HOAXOIAT. Bo3Bpalasch K CTapOi IIepeMeHHOI

4¢2 -24)?
F-F—(n 2) =1

Iy
U pemras ypaBHeHusa arccosx = 0, arccosx=-

5> HOJIyYaeM
OTBeT.
XIII.171. a) {1}. Vkaszarnue. OOY szamaércsa cucreMoil He-
lx|<1,
paBeHCTB % <1. Pertenme aTOl cucTeMbl COCTABJSET €IWH-
X

crBeHHoe umciao x = 1. IIpamasi mpoBepKa IIOKA3bIBAET, UTO
9TO UYHUCJIO ABJSAETCA KOPHEM ypPaBHEHUS.

6) {1}. Pemenue. BocrmoibsyeMcsa MOHOTOHHOCTBHIO (DYHK-
nuii. B 1eBo#l yacTy ypaBHEHUs CTOUT CTPOT'O BOo3pacTaromiad
dyHKIUA y = arcsinx, a B mpaBoil — cTPoro yObIBarOIasi, Imo-
9TOMY ypaBHEHHe mMeeT He 0oJiee OMHOrO KOpHsA. OueBUIHBIHN
KOopeHb: x = 1.

B) {10m + 20ntk: ke Z}.

2

XIIL172. a) {—1;£j. 6) [g@ B) (—%;Jroo].

r) (-=9; —/3). @) (-°; 1]. e) (—o0; 0]. x) [0; %j 3) [-1; 0).

) [g 1}. k) (13 +00). 1) (0; 1]. ) {\/i‘g’; %}
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XIII.173. a e (—o0; —7] U {-5} U (—3; +©). Pemenue.
Bropoe ypaBHeHUWe NPUBOAUTCA K BUILY

. . . a+5
sin2x(sin2x — 1) - (stx + T) =0.
Pemrenuss mepBoro ypaBHEHUS OAIOTCS COBOKYIHOCTBHIO
) sin2x =0,
s%n2x =0, a BTOPOTO — COBOKYIIHOCTHIO |sin2x=1,
sin2x =1, ) a+5
sin2x =—

5
fcHO, UYTO MHOYKECTBO peIleHuIl IIepBOro ypaBHEHUS SIBJIS-
eTcsd TOAMHOKEeCTBOM MHOJKECTBA PeIIeHuH BTOPOro. ¥ pas-
HEHUS OKaXKyTCs PaBHOCHUJIBHBI, €CJAW UX MHOKECTBa pelle-

HU# CcOBIAAyT, T.e. B OJaHHOM cJiyuae JubO ypaBHeHHe

. a+5 .

sm2x=—T He mMeeT KOpHel, 00 ero KOPHU BXOIAT B

MHOJKECTBa DPeIlleHuil INepBBIX IBYX ypaBHeHuiul. IlepBasa cu-
a+5b a+5b

Tyalnus BO3HUKAaeET, ecJu _T>1 Uan _T<_1 (ypaBHe-

HUe He MMeeT KOPHeil B CUJIy OrpaHMYeHHOCTH cuHyca). Bro-
a+5b a+5b
5 =0 mam — 3 =1.
O6parnTe BHHMAaHMWE Ha TO, UTO peIIaTh CAMU YPABHEHUSA
sin2x = 0 u sin2x = 1 He moTpeboBaJOCh. 3alHCh PEIIeHUI
OKasaJiach ObI KOpOUe U ColepKaTesbHee, eClIu Obl Mbl BBEJN
3amMeHy t = sin2x, He 3a0bIB yKasaThb orpanuuenue: —1 < ¢ < 1.
XIII.174. ae (—°0; 0) U {2; 3} U (4; +0).
XIII.175. ac (—o0; 1) U {8; 4} U (b; +0).
XII1.176. ac (—00;—+/10) U(—+/6;0) U{3} U(12;+9). Vka-

3anue. IlepBoe ypaBHeHUHe NPUBOAUTCI K BUAY COS2X =
a?-8 6—a

=~ » @& BTOpoeé — K BHUIY cos2x=T. 3mech 0COOEHHO
Ba’KHO He 3a0bITh, UTO YPaBHEHUS PABHOCUJIBHBI 1 B TOM CJIY-
yae, KOTJa OHM He MMEIOT PeIleHUuil, T. €. UX MHOXKecTBa pe-
IeHWHA MOYCThI (9TO OUeHb KOBapHBLI MOMEHT, KOTOPBIA Uac-
TO yIycKaeTcs W3 BUAY). B IpeabIAyminx TPEX 3agadax 3To
OBLIIO HECYIIeCTBEHHO, ITOCKOJbKY ypaBHEHUS 3aBEIOMO HMMe-
JIX HeIlyCThble MHOKEeCTBa pellleHuit! 371ech sKe ypaBHEeHUS pPaB-
2

pas curyanus MMeeT MeCTO, €CJIU —

6—a

HOCUJIBHBI, €CJIM OJHOBPEMEHHO >1. Kpo-

>11/1‘

2
a“-8 6-a
Me TOTO, YPABHEHUS DABHOCHJIBHBI, €CIH —— =~ — (mposBe-
pATH, UTO o0a Umcjia He HNPeBOCXOoAAT 1, HeobA3aTEIbHO).
XIII.177. a=0. Pemeunue. [lo ompeneseHui0 YUCIO T
Oyzaer nepuonoM MYHKIUU f TOTAA U TOJHKO TOTa, KOTAA IJs
Bcex x € D(f) BeimoaHsetrca f(x + m) = f(x). Bospmém, Hampu-
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T
mMep, X =7. HJisgs aTOrO0 3HAYEHUS MOJYKHO BBIMIOJIHATHCA pa-
. T e
sin sin (Z + ﬂ?) g g
BEHCTBO = , T. €. = , UTO BO3-
a—cosE a — cos E-i—1t \/5 \/E
a—— —a——
4 4 2 2
MOXKHO ToJIbKO 1Ipu a = 0. A npu a = 0 mamma QyHKIUA Ipe-
Bpaijaercs B ¢yHKIUO f(x) = —tgx, KoTOpas AefCTBUTEIHLHO

mepuognYHa C IIepuogoM T (IIocje BBISCHEHHUS, YeMy MOXKEeT
OBITh PABHO A, HEOOXOAMMO yOeZUTHCS, YTO OHO HA CaMOM Je-
Je OymeT mepuomom).

XIII.178. a = 0.

XIII.179. (-1; 0), (0; 0), (1; 0). Peme uue. Ilo ycioBuio
PaBEHCTBO [OOJXKHO BBIIMOJHATHCA IIPH Bcex x € R. Ilomoxxum
x = 0. Torga mcxommoe ypaBHeHUe sin(ax + b) = asinx + b
IpeBpaTUTCSA B ypaBHeHUe sinb = b, xoTopoe, Kak H3BECTHO,
nMeeT eAuHCTBeHHoe pemienue b = 0. 3mauuT, OOMIUII BUL
ypaBHeHUs Sinax = asinx. 3aMeTHM, UTO M3 STOI'0 YPaBHEHUS
B CHJIy OTPAaHMYEHHOCTH cHHyca ciexgyer, uro |a| < 1. IToso-
KuM Tenepb X = N. Ilomyumm sinan = 0; an=7nn = a = n,
ne Z. Orcroona, ¢ yuérom ycaosud |a| < 1, a = +1 uau a = 0.

XIII.180. (0; 0), (1; 0). Pemenue. Ilomosxkum x = 2m.

Torza b® = cos(2an + b?) — 1. JleBas uyacTh ypaBHEHHSA HeEOT-
puiiaTesbHa, a HpaBas HEMOJOKUTEeJbHA, W PaBEHCTBO BO3-
MOKHO TOJabKO pu b = 0. IIpu sTomM mpaBas YacTh TOXKE pPaB-
Ha HYJIO, T. €. cos2an = 1, otkyna 2an = 2nn > a =n, ne Z.

Bepuémca K wucxommomy paBeHCTBYy. OHO umMeeT BUI
a(cosx — 1) = cosax — 1. 3ameTuM, UTO OTCIOZA, B CUJYy Orpa-
HUYeHHOCTU KocuHyca, 0 < a < 2. IlockoabKy a — 1eJjoe
YKMCJIO, TO MOKeT ObiTh a = 0, mau a =1, mau a = 2. Ilpu
a=0ua=1 geficTBUTEJbHO IIOJYYAIOTCA TOXKIECTBA, a BOT
npu a = 2 — ypaBHeHHUe cos2x — 2cosx = —1. Herpyauo yGe-
IUTBCA B TOM, UTO OTO ysKe He TOXKIeCTBO, IIOJACTABUB, HAa-

opumep, x=%.

XIII.181. Ecau a =0, To x€ R, x¢g+ﬂ:k, ke Z; ecan
a>0, To x=i%n+2nk, ke Z; eciu a <0, TO x=%+2nk,
ke Z. Pemenme. Ilepenumiem ypaBHeHuWe B BHUIE

a(sin®x — 5cos®x) =|alcosx+/3+ 5tg >x. Paccmorpum Tpu ciy-
yasg. 1) a = 0. Torga o6e uactu paBHbl HyJdI0 Ha 00V, T. €.
npu x;é%—knk, ke Z.

2) a > 0. VpaBuenue npuoOperaer Buz (sin’x —5cos®x)=
= cosxy3 +5tg %x. Orcroga (sinx —5cos?x)? = 3cos®x + Hsin’x =
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V2

4 2 2 1 CoOSX="5"
= 18cos*x — 5cos“x — 2 = 0 = cos x=5= /2 IIpo-
cosx =—.
2
2
BePKAa IIOKAa3bIBAET, YTO MOAXOAUT TOJBKO COSX =—"5 . Taxum

o . 3
o0pasoM, B OTBeT BOHMIET cepus x=iTn+27tk, ke Z.

3) a < 0. B sTroM cayuae moJsiyuaeM CepHIO x=%+2nk,
ke Z.

XIII.182. Ecau -1 <a <1 uam a=\/§, TO ypaBHeHUe
“MeeT OBa KOpHs; ecau a = 1, TO Tpu KOpHS; ecau a > 1,

2, To yeThipe KOpHsA. PemeHnmue. YpaBHeHUe Ipeod-

cos2x
pasyerca K BHAY —_ — =acos2x = cos2x|a— prp =0=
cos2x =0,
= 1 —u ITepBoe ypaBHeHue mmeer Ha orpedke [0; m]
sinx -
T 3n
ABa KOPHA: 7, . Bropoe ypaBHeHme npu la| <1 u mpm

a < —1 He umeeT KopHel Ha orpeske [0; ], a mpu a > 1 ypas-
1

HeHne MOMHO IIepernrcaTh B BUIOE sinx = ; qTO6bI BBIACHUTH

KOJIMYECTBO KOPHEN HCXOMHOTO YPAaBHEHUS, OTMETUM HAa TPU-

T 3n

TOHOMETPHUYECKOM KpPyIre TOUKN Z’ T u 6y,lIEM ABUT'aTh T'OpHU-
. 1 o .

B0HTJIbHYIO NPAMYIO Sinx = Haiiném kKoamuuecTBO TOUeEK

mepeceueHUsA 3DTOU NIPSAMON € OKPYKHOCTHIO U COBHOaje-
HMEe 9THUX TOYEeK C YyiXe OTMEUEHHBIMM Ha OKDPYMHOCTH TOY-
KaMu.

XII1.183. ae (—0;1) u{g; g} U[2; +0).

XTI1.184. a = 8% win a—8k+4 ke Z.

1

XIII.185. Ecan a<%, TO X =Tn, n€ Z; ecau a= >4, TO

2—
X =Tn Uil x = +—arccos—+ nn, ne Z.

XII1.186. Eciau a<—§ ui a> 2, To x=—£+nn, ne Z,

2 1 2a
eciau ac|—g; 21|, To x————l—nn, nuin x—Earcsm 5 tnn,
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UIu X = = — arcsin 2a
2 a+2

MOJKHO IIPUBECTU K BUIY

+nn, ne Z. PemeHnue. YpaBHeHUe

(sinx + cos x)(sian— a(l - %sinZ x)]= 0.

sinx +cosx=0,
. 1 .
OHO DaBHOCHJIBHO COBOKYIHOCTH | io, a(l _ §s1n2x].
T
ITepsoe ypaBHEHHE BCeT/a MMeeT pelueHue X =—, +mn, ne Z.

Bropoe ypaBHeHuMe MOXKHO Ilepenucatbh B Buzae (a + 2)sin2x =
= 2a. Ilpu a = —2 oHO pellleHUI He MMeeT; IPU a = —2 IOJy-

. 2a
JyaeM s1n2x=m. Ilocnennee ypaBHeHUEe HMeEET peIleHUE

2a
TOJIBKO TPU YCJIOBUU

2
PR <1, oTKyza ac [_5; 2}.

3ameuanue. Ecau pemiath ypaBHeHUE C HCIIOJIH30BaHUEM
3aMeHBbl t=sinx + cosx (Torma oHO TpuoOpeTaeT BUJ

2_
t(t2—1)=at(1— : 1], 2 <t<+2), To momyuum coBoxym-

t=0,
HOCTBb {(a+2)t2=3a+2. Tor,ua OTBET IIOJIYUUTCA B BHE:

2 T 2
ecyu a<—§ uiu a > 2, To x=—Z+nn, neZ;ecau ac [_5; 2],

b g . +2
TO x=—Z+nn win x = — * arcsin +rn, ne Z.

a
4 = 2a+4
XIII.187. Eciu a =0, To x =nn, ne€ Z; ecau a = *1, To
x=§+ﬂ, ne Z;ecmua#0; £1, To xe J. Pemenune. Pac-

CMOTpHUM YyYpaBHEHHEe KaK KBaJpaTHO€ OTHOCHTEJBHO tgx

- D
U HaAWAEM ero AUCKPUMUHAHT. YucJjo Z=a2(cos24x—1) He-

IIOJIOKHUTEJIBHO, CJjiegoBaTe/JIbHO, yYpaBHEHNEe MNMeeT KOPHHU

D
TOJBKO IIPU Z=O’ T. e. mpu a = 0 miau cos’4x = 1. Paccmor-

pum Tpu caydas. 1) a = 0. YpaBHeHue mpuoOpeTaerT BUJ
tgzx = 0. Torna x =1n, ne Z.
(tgx +a)?=0,

Pemrenusa sBToporo
cosdx=1. b

2) cosdx = 1. Torna {

o nn .
YPaBHEHH NOCTABJIAIOTCA Cepuei x =, n e Z, 1o, ¢ y4éTOM

T .
obJjiacTu ompeaeneHus, (x =5t nk, ke Z) octaércs TOJBKO
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x=mnn, ne Z. A rorga tgx =0 u a =0, T. e. MBI IIOJYUYUTIU
TO K€, YTO B IIPEeALIAYIIEM IIYHKTE.

3) Ilyctp Temeps cos4x = —1, Torga
(tgx—a)?=0, tgx=a, a=*1,
cosdx=—1; x=%+n7n, x=£+%.

XIII.188. Ecau a <-—1, To HeT KopHeli; ecau —1 < a<1,
TO ABa KOpPHA; ecaum a = 1, To oAUH KOpeHb; ecau a > 1,
TO HeT KOopHe#. JVkaszaHue. BBectu 3ameny ¢ = cosx,

2° 2

CcosSx = t mMeeT OJHO pellleHue Ipu ¢t = —1 U [OBa pPeIIeHUs
mpu KaskmoMm ¢ ms moayuHTepBasa (—1; O].

3
xX€e [n _n} 3ameTuTsb, 4To mIpu dToM t € [—1; 0], a ypaBHeHUe

1 o 1
XII1.189. Ecawu a<-7, TO KODHeil HeT; eclIu a=—,, TO

1
iBa KODHA; €CIIu — < a <0, To uernIpe KOpH:A; ecau 0 < a <1,

TO OBa KOPHSA; ecau a = 1, To oguH KOpeHb; ecaum a > 1, To
KOpHEH HeT.

XIII.190. Ecau a < -1, To KopHeir HeT; ecau a = —1, To

1
OIUH KOpeHb; ecan —1 < a <0, To gBa KopHsa; ecau 0<a <7

TO TPU KOPHS; €CJUu a =i, TO IBa KOPHSA; €CJIu a >i, TO KOp-
Hel HerT.

XIII.191. Ecauz 0 < a <1, To nBa KOpHs; ecau a = 1, To
TPpU KOPHSA; ecJin 1<a<+2, 10 YyeThIpe KOPH:A; ecJiu a=+/2,
TO TPU KOPHSA; €CJIU a>+/2, o yeTbipe KOPHJI.

XIII.192. a € [-8n; —67] U [67; 8n]. VKaszaHue. VI3 ypas-
HEeHUs cienyer, 4to +Ja’— x> =2nk, ke Z. Iocienuee ypas-
HeHUe ynoOHO pemraTh rpadpuuecKku B miaockoctu (x; y). Pac-
CMOTpeTh ceMmeiicTBa (PYHKIMH Yy =+a’— x> u y=2nk, ke Z.

IlepBoe mpexacraBasdgeTcsa CeMeHCTBOM IIOJYOKPYKHOCTEH C
IeHTPOM B Hadaje KOOPAMHAT U paguycoM r = |a|. Bropoe 3a-
IaéT CeMEeMCTBO IIPAMBIX, IMapaLIeJIbHBIX OCH abcIiucc.

XII1.193. ac [—i; 0}.

XII1.194. a>%. Yraszanue. Bsectu sameny t = tgx,

DN| =

te _i’ L HNccinemoBaThs HepaBeHCTBO ‘t__‘__ <a Ha
\/g,\/g . pis P
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1 1 .
nHTepBaJje (_ﬁ; _3) C IIOMOIIIBIO KOOPAMHATHOU IIJIOCKO-

cru (t; a).

XII1.195. a > —.

w

4n b
XII1.196. Ecau a=_7> The n, ke Z, To x—§+2nk,

4n .
eciu a # -7, TO PeIlleHuii Her. YraszaHnue. YpaBHeHUE paB-

sinx=1,

HOCUJILHO CHCTeMe
cosax =1.

5

XIII.197. a > 13"

XIII.198. a) {Jr + 27n; iarccos\F+ 2nn: ne Z}.

8
6) ac [1 57}
4’ 32

XII1.199. a) { + arccos 1;\/%5 +2nn: ne Z}. Yrasanue.

BBectu sameny t = sinx + cosx.
0) ac [—\/5 - %; —\/g} ) [\/5— %; \/g} . Yrkasanue. Ilpu 3a-
MeHe f = sinx + cosx ypaBHeHI/Ie npuobperaeT BUL
Jima= -2 —<i<.

XIII.200. ac [—\/5 —1; 0] u{1}. Yrkasanue. 3ameHa
t = sinx + cosx NPHUBOAUT ypaBHEHHE K BULY

2 _
\/2[ 2 t21]=1—t, 11| < V2.

XII1.201. Ecmnr a = 1, 1o xe [—§+2nn; %Tn+27m}, ne Zz;

T
eciu a = -1, TO x=Z+1m, ne”Z; ecau a<-1, TO

5m T
x=z+2nn, neZ;ecaua>-1,a#1, 10 x=Z+2nn, neZ.

XIII.202. Ykasanue. CucteMbl peIIalTCA IOACTAHOBKOI.
Nmeer cMbIca OOpaTUTh BHUMAHWE ydyaIllUXcA Ha yIoTpeodie-
HIe Pa3HBbIX M OJAMHAKOBBIX IIEJOUYMNCJIEHHBIX IIapaMeTpoB k,
n (BBIICHUTH eIIé pas, KOrjga 5TO HeoOXOAMMO, a Korjga He
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IPpUHINONAJbHO). B myHKTax a) u 0) mepeMeHHbIe X U Y He
CBA3AHBI HENOCPEICTBEHHO are0pawmdyecKUMM COOTHOIIEHU-
MU, HaIpUMep B INIYHKTe a) CcuUcTeMa NIPUHWUMAaEeT BU
sinx=%,
. 1 TmodTOMY OYKBBI HCHOJBL3YIOTCA pasHble. A BOT
siny =5,

B IIYHKTaX B) W I') BTOPOe ypaBHEHHE CUCTEMbI HAET JIMHEMH-
HYIO 3aBUCUMOCTL MEXXAY X W Yy (Hampumep, B IYHKTE B)

x+1
y="— ), IIO3TOMY OYKBY MOXKHO HCIIOJIB30BATH TOJLKO OIHY:

T n 1 n 1
eCIN X =+ 21N, T0 Yy =15+ 5+ 1n, ne Z, ame y =15 +5 + k.
a) {(%+2nk; o tanns (5 2nks Ta2mn) b ne Z}.

0) (g + mtk; §+ nn]; (arctg§+ nk; arctg%Jr nn): k, ne Z}.

b b 1
6+21tn, 12+2+nn). neZ}u

u{(5n+2nn; f—g+%+nn): neZ}u

1 1 .1
=+ 21nn; —arcsin—

arcsin 5 P 5

+%+ nn): neZ}u

2 2 2

nn_ mn nn_ 5nn i . .
{(?, 7), (?, T).nez}. ) {(6+nn, 3+nnj.neZ}.

e) {(g—knn; %—nn); (%—an; %—nnj :neZ}.

U {[n - arcsin% + 271n; T_ larcsin%+ l+ nn j: ne Z}.

T T 3n T
3K) {(Z+2nn, §+nk)’ (T+2nn, 5T nkj. n, keZ}.
n

3) {(g+—; %+ nkj: n, keZ}. u) {(g+nk; —§+ nn);

2
n, n(ntk) m(n-—k)
(2+ 2 ’ 2

n+i+nk n+i—nk
K) g ; g tneZf.

XIIL.203. a) {(—ﬂ +n(k+n); S+ (k- n) ); (g+ w(k+ n);

j; (g+nk; nnj: k, neZ}.

6
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_n — - Tk, T _ Ik
6+ﬂ:(k n)j.k,neZ}. 0) {( +nn+2,6+ nn 2),

(3+nn+%k, X4 )k neZ}, WIH, 9TO TO Ke camoe,
{((—w% + X(n+ B ((1)"E+ H(n— Ry ): k, ne Z}.

B) {(—§+n(k+n); srath-m s (5t n)y; L+ nh-n):
k, neZ}.

r) {(—§+n(k+n); srmth=m) )i (5 mtetn); —5+mh-m )

kR, neZ}.
XII1.204. a) {(a + 2rnn; £b + 2nk); (. — a + 2nn; tb +
+ 2nk) : n, ke Z}, roe a=arcsin(1— g], b= arccos(2 — Ji)

0) {( + 271tn; arctg%jL nkj:n, keZ}u

NS

u{( + 271tn; —arctg%+ nk) 'n, ke Z}u
u{( + 2nn; arctg\/—+nk):n,keZ}u

)

"‘|§° M:!

+ 2nn; arctg$+ nkj :n, ke Z}.

B) (J_r

‘k, ne Z}. r) {(§+g(2n+ k); g(zn—k)j:k, ne Z}.

+ 2nk; §+2nn):k, ne Z}u {(J_rng omtk; %‘Jr onn ):

ola

1) {[4nk; +2 4 4nn): E, ne Z}u {(J_r§+ Ank; 4nn): k, ne Z}.

XIIIL.205. a) {(%ﬂ + 2nn; nmj; (Znn; —§+ nm) ‘n, me Z}.

0[5+ 20 g e w2

u{(g+2n(2n+k); Xt 2n(n+ k)):n, keZ}u
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U{(£+2n(2nk). E+2n(n+k)) . keZ}u

2 3 > 2 3
{3
U

r) {(a+21m; §+2nk) ‘n, keZ}u

(?n+2n(2n+ k); —§—2n(n+ k)) :n, ke Z}. B) J.

u{(—a+2nn; —§+2nk) 'n, keZ}u
u{(n—a+2nn;2§+2nk) 'n, keZ}u
u{(a—n+2nn; —23—n+21tk) 'n, keZ}, a=arccos\/§.

nk 21 b 21 T
—), (?+ mn; 5+ nk), (—§+ mn; —5+ ﬂk) ‘n, keZ}.

{
T+n(n+k); n(n—k)|; [n(n+k); S+ n(n—k)|:n, ke Z|.
(G Jo (s 1wt i ke 2)

Ul -E24+n(n—-2k); Z+nk|:n, ke Z\ U
= k)i, ke 2
(

™ 4 n(n - 2k): —§+ﬂ:kj ‘n, keZ}.

T

6 + arcctg§+ (k- 2n)) :n, ke Z} U

6
T
(6+27m, -
%n—k 2nn; —%n—k arcctg%—k (k- 2n)) :n, ke Z}.

K) (3—“+“k- “+§(4n—k));

16 4’16
3n nk n b
(?Jr?’ —§+§(4n—k)j.n, keZ}.

J) { arctg§+ nk; arctg§+ (k+ 2n)) :k, ne Z} U

offfme Fonann)bnes).
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M) {(g+n(n+k); Iy n(k—n)j:n, keZ}u
. 7 T . 7T &
v, {(iarcs1n\/§+ 5T n(n+ k); iarcsm\/g— 5t (k- n)]: n,
keZ}u{(g+n(n+k); §+n(k—n)) 1, keZ}u
U {(iarccosgﬂL n(n+ k); iarccos\/§+ (k- n)] :n, ke Z}.
Y T T
0 {0 5): (55
0) {(%+ nin; arctg2 + nk; 3—n—arc’lsg.gz— w(n+ k)): n, ke Z}u

U {(—% + mn; —arctg2 + nk; ‘%n+ arctg2 — m(n+ k)) :n, ke Z}.

XIII.206. a = uau a € [2n; +°). Peure H me. YpaBHe-
uue |x| + |y| = a npencraBiserca ma miaockoctu (x; y) cemeti-
CTBOM «DPasAyBaloONINXCA» KBAaAPATOB C BePIIMHAMH HA OCHX

KoopamHaTt, a o0pa3 ypaBHeHud sin(x + y) = 0 — aT0 cemeii-
CTBO TapajjieJIbHbIX IPAMBIX Bujga y = -—-x t+nn, ne Z
(puc. 13.20).

Puc. 13.20
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